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Abstract. With symmetric rotors, tip vortex helices develop regularly before experiencing the leapfrogging
instability. This instability can occur earlier when the consecutive helices are radially offset, which is the case
for a rotor with non-identical blade lengths. Inspired by this, the current study investigates the spatiotemporal
development of near-wake behavior for a rotor with significant blade length differences. Large-eddy simulations
with an actuator line model are performed on a two-bladed wind turbine rotor under laminar and turbulent
inflow conditions to evaluate the impacts of blade length differences ranging from 0% to 30 % of its radius.
The study analyzes the formation and development of helical tip vortices, the onset of leapfrogging, and the
growth rate of this instability. The results show that the relative distance where leapfrogging takes place and
the growth rate of the leapfrogging instability both decrease with increasing blade length difference, which
agrees fairly well with the prediction of the two-dimensional point vortex model. The results also reveal that the
effects of inflow turbulence on the leapfrogging instability are minimal in the context of the growth rate. While
the considered rotor asymmetries accelerate the leapfrogging, the outcomes demonstrate that the leapfrogging
does not necessarily induce large-scale breakdowns of the helical vortex system and has little impact on the
wake recovery rate. Particularly, this work discovers that the inflow turbulence plays a dominating role in wake

recovery, promoting the breakdown of helical tip vortices regardless of rotor asymmetry.

1 Introduction

Wind farms, clusters of wind turbines, often face a challenge
known as the wake effect. This phenomenon occurs when
wakes produced by upstream turbines interact with down-
stream ones, reducing the available kinetic energy of the air-
flow and increasing turbulence. Consequently, downstream
turbines suffer from reduced power output and higher fatigue
loads. Wake can persist for up to 10 rotor diameters, often
causing downstream turbines to operate within the waked re-
gion of upstream turbines (Porté-Agel et al., 2020). Wake
effects drive research into strategies to accelerate wake re-
covery, optimize wind farm layout, and improve overall effi-
ciency.

Wake recovery occurs through mixing with the ambient
flow (van Kuik et al., 2016). In the early stages, the low-
momentum region behind the rotor is bounded by a shear
layer formed by helical vortices shed from the blade tips,

which has been shown to inhibit the mixing process (Medici,
2005). Wind tunnel experiments conducted by Lignarolo
et al. (2014, 2015) demonstrated that in the near-wake re-
gion, kinetic energy fluxes exhibit a quasi-zero mean and are
dominated by periodic fluctuations, with energy being trans-
ported into and out of the wake at comparable rates. In their
work, they concluded that significant net entrainment of ki-
netic energy from random turbulence does not occur before
the leapfrogging zone, where tip vortex pairs exchange their
streamwise positions. They argued that the vortex dynamics
of the leapfrogging event enhance mixing and promote wake
recovery.

Previous studies have investigated various methods for in-
troducing small disturbances to trigger an earlier onset of
the leapfrogging phenomenon, based on the assumption that
this would accelerate wake recovery. These methods can be
classified as either active or passive. For instance, Ivanell
et al. (2010) applied a small sinusoidal perturbation in the

Published by Copernicus Publications on behalf of the European Academy of Wind Energy e.V.




1776

tip regions as an active approach. Similarly, Odemark and
Fransson (2013) employed two pulsed jets behind the na-
celle of a small-scaled turbine in a wind tunnel experiment.
Huang et al. (2019) used large-eddy simulations (LESs) to
analyze the effects of two oscillating flaps, placed near the tip
and mid-span, on the tip vortex growth rate. Quaranta et al.
(2015) experimentally studied the relationship between insta-
bility growth rate and wave number by varying the rotational
speed of a single-bladed rotor. More recently, van der Hoek
et al. (2024) conducted wind tunnel experiments demonstrat-
ing the effectiveness of the dynamic individual pitch control
strategy in increasing overall power output, as initially pro-
posed by Frederik et al. (2020).

Passive methods have primarily focused on modifying ro-
tor symmetry. Quaranta et al. (2019) conducted water chan-
nel experiments using a two-bladed rotor, where one blade
featured a radial offset of 3 % rotor radius. The resulting in-
stability growth rate, determined from the displacement of
the tip vortex cores, aligned with theoretical predictions by
Gupta and Loewy (1974). These experimental findings were
later compared with numerical studies by Abraham et al.
(2023a), who applied the periodic point vortex model derived
by Aref (1995) and the vortex filament model of Leishman
et al. (2002). Their analysis concluded that the point vortex
model effectively captures non-linear vortex dynamics for
specific vortex core sizes and helical pitches under typical
wind turbine operating conditions. Similarly, Abraham and
Leweke (2023) introduced blade add-ons, such as winglets
and fins, to induce rotor asymmetries, demonstrating that the
leapfrogging event happens earlier with the asymmetries in-
troduced by those add-ons. Expanding on the work of Abra-
ham et al. (2023a, b) extended their study from vortex dy-
namics to wake recovery using a multi-fidelity vortex method
solver (Ramos-Garcia et al., 2023). Their investigation of a
2 % rotor asymmetry demonstrated an 11 % increase in avail-
able power for downstream turbines under laminar inflow
conditions.

Previous studies have shown that small radial offsets can
accelerate the onset of leapfrogging instability. However, the
broader implications of rotor asymmetry remain largely un-
derexplored. Most existing research has focused on blade
length difference below 3 % (Quaranta et al., 2015), leav-
ing the effects of larger asymmetries underexplored. Further-
more, those studies have predominately been conducted un-
der idealized laminar inflow conditions, with limited investi-
gation into how realistic turbulent inflow influences the be-
havior of asymmetric rotors.

To address these gaps, this study systematically investi-
gates the effects of a broader range of rotor asymmetries on
the onset of leapfrogging instability and evaluates the robust-
ness of this phenomenon under both laminar and realistic
turbulent inflow conditions. Blade length differences ranging
from 0 % to 30 % of the rotor radius are considered. Further-
more, the investigation aims to link the local effects of rotor
asymmetry on tip vortex behavior to global wake dynamics.
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Parametric studies on vortex core size and flow diffusivity
are also conducted, demonstrating that the key conclusions
remain robust within the tested parameter range. The primary
objectives are to provide insights into whether rotor asymme-
try can serve as a viable passive strategy to accelerate wake
recovery and to assess both its potential benefits and limita-
tions. However, practical considerations such as the impact
of asymmetry on structural loads, rotor imbalance, and dura-
bility are beyond the scope of this study and remain topics
for future research.

To achieve these objectives, the flow field of a wind turbine
model is simulated using the large-eddy simulation com-
bined with the actuator line model. The article is structured as
follows: Sect. 2 introduces the numerical methods and sim-
ulation setups. Additionally, a 2D vortex model is presented
to provide a theoretical framework for predicting the growth
rate of leapfrogging instability. The results and discussion
in Sect. 3 are divided into three parts. Section 3.1 exam-
ines the spatiotemporal behavior of the tip vortices qualita-
tively, Sect. 3.2 investigates the leapfrogging-related proper-
ties quantitatively, and Sect. 3.3 analyzes the axial evolution
of the wake momentum and its recovery. Then, detailed para-
metric studies are presented in Sect. 4, which is dedicated to
justifying the numerical settings used in this work. Finally,
the overall impact of rotor asymmetry on leapfrogging insta-
bility and the following wake recovery is summarized in the
concluding section (Sect. 5).

2 Methodologies

2.1 Large-eddy simulation

The computational fluid dynamics (CFD) simulations are
performed using large-eddy simulations (LESs). The soft-
ware used is OpenFOAM v2312 (OpenCFD Ltd., 2023).
The flow is treated as incompressible and Newtonian, where
the flow density p = 1.225kg m~> and the kinematic vis-
cosity v =1.5x 107> m?s~!. Coriolis and thermal effects
are neglected. The spatially filtered incompressible Navier—
Stokes equations governing the flow in Cartesian coordi-
nates are given in Eq. (1), where u;, p, and fyody,; denote
the ith component of the filtered velocity, the pressure, and
the body force fields exerted by the actuator lines, respec-
tively. Furthermore, the term vges in Eq. (1) represents the
subgrid-scale viscosity, which is used to address the well-
known closure problem for LESs. The Smagorinsky model
(Smagorinsky, 1963) is selected in this work for its simplic-
ity and robustness, where v is modeled through Eq. (2) and
C; is the Smagorinsky constant. If not mentioned otherwise,
Cs = 0.168 is chosen, assuming the grid size A (filter width)
lies within the inertial sub-range (Lilly, 1967). Previous stud-
ies have shown that the choice of subgrid-scale model has
limited impact on the current application when the resolu-
tion is sufficiently high, particularly when the mesh points
per line exceed 30 (Sarlak et al., 2015). Additionally, a sen-
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sitivity test on the value of Cs is conducted in Sect. 4, further
supporting that the choice of turbulence model has minimal
impacts on the results obtained and the conclusions drawn.
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2.2 Wind turbine model

In this study, the rotor is modeled using the actuator line
method (ALM), originally developed by Sgrensen and Shen
(2002). This approach models the rotor by replacing the
blade geometry with actuator lines composed of discretized
blade elements, depicted in Fig. 1. This method eliminates
the need to resolve the boundary layer, thereby largely re-
ducing the required computational resources. At each blade
element, the sectional aerodynamic load f,p, is determined
based on the 2D tabulated airfoil data and the local flow ve-
locities through Eq. (3).

1
fap= 5pU§c(CL<a>eL, Cp(a)ep) 3)

As depicted in Fig. 1b, the apparent wind speed seen by an
actuator element is U, = /U2 + (Up + Qr)2, where U,, and
Uy are the axial and tangential velocity components, respec-
tively. 2 is the rotor rotation speed, and r is the radial posi-
tion of the blade element. The angle of attack is ¢« = ¢ — y,
and the inflow angle is ¢ = arctan( Ugli’gr). y is the local
pitch angle. Here, ¢ represents the chord length, while Cr. ()
and Cp(w) are the lift and drag coefficients, respectively, de-
termined by the tabulated airfoil polar data. The unit vectors
er, and ep denote the directions of the lift and drag forces,
respectively.

The resultant sectional forces are then projected onto the
flow field as body forces using a 3D Gaussian regularization
kernel 7. to avoid spatial singularities (Sgrensen and Shen,
2002), as written in Eq. (4).

Np NAL
fbody(x) = Z Z Fl(rp,q/RO)fZD(rp,q)’?e(|rp,q —XxDAAL,
p=lg=1
- —(d/e)?

Here, x denotes the position vector of the point of inter-
est, and r 4 denotes the position vector of the gth actuator
line element of the pth blade. N, and Ny are the number
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of blades and number of actuator line elements per blade,
respectively, and Ay is the blade span that an actuator line
element accounts for. F(r/R) represents the Shen correction
factor (Shen et al., 2005), which is employed to account for
the over-prediction of the blade tip load (Sarlak et al., 2016;
Sgrensen et al., 2016). n(d) is the regularization kernel. This
kernel controls the distribution of the force field based on the
smoothing factor, denoted as €, and the distance from an ac-
tuator element to x, denoted as d.

The ALM is implemented with the module
turbinesFoam, developed by Bachant et al. (2019).
As pointed out by Jha et al. (2014), three of the most
important ALM parameters are grid spacing A, smoothing
factor €, and the discretization of the actuator line Aap.
Note that sensitivity tests of A and € are provided in
Sect. 4. First, the blade is discretized into 40 actuator line
elements per blade with a uniform spacing Aar. Notice
that with these settings, Aap is very close to A, which
ensures that the force distributions are continuous along the
blades (Martinez-Tossas et al., 2015). Then, following the
recommendation of Troldborg (2009), € = 2A is set for the
smoothing factor as a compromise that mitigates numerical
oscillations while keeping the force concentrated, both of
which significantly influence the structure of tip vortices.

The NREL 5 MW baseline wind turbine (Jonkman et al.,
2009) is chosen as the reference wind turbine for this study.
Its original design features a three-bladed rotor, with a swept
radius Rgp = 63 m. The rotor is set to operate at a tip speed
ratio of QRg/U~ = 7.0, and the aeroelasticity and controller
are omitted for simplicity. To focus more specifically on vor-
tex pairing phenomena, the number of blades is reduced to
two, positioned directly opposite each other. While this mod-
ification impacts induction and overall rotor loading, the tip
vortex pairing motion analysis remains valid as long as rele-
vant parameters, namely, vortex separation distance and cir-
culation, are controlled (Quaranta et al., 2019). Moreover,
the tower, nacelle, and ground effects are neglected, ensur-
ing that the only asymmetry present is from the blade length
difference.

2.3 Blade truncation and effective diameter

The rotor asymmetry is achieved by introducing a blade
length difference across the two blades. One of the blade
lengths is truncated with a length of AR, while the other
blade is left unmodified. The blade truncation is implemented
in the ALM by removing a certain number of actuator line
points at the tip, which is depicted in Fig. 1a. Based on the
current discretization of the actuator line, removing each ac-
tuator line element will result in reducing the blade length by
around 2.5 % of Ry. It should be noted that, as reported in Ta-
ble 2, the circulation strengths I" of the tip vortices are very
similar between the truncated and un-truncated blades. This
supports the idea that introducing a blade length difference
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Figure 1. Illustration of the actuator line method (ALM) used in this study. (a) An asymmetric rotor is modeled by blade truncation, with
definitions of the unmodified blade length Ry and truncated blade length A R. The horizontal lines with a series of dots schematically show
the un-truncated and truncated actuator lines, where each red dot represents an actuator element. (b) The velocity triangle illustrates the
forces exerted by an actuator element. An airfoil cross-section is superimposed to enhance the clarity of the diagram.

by directly truncating the blade is a suitable method for the
current study.

As one may have postulated, the overall power perfor-
mance of the rotor decreases by truncating one blade (see
Table 1). Given that performance coefficients in wind en-
ergy fields are conventionally normalized by area, the effec-
tive swept area A. is defined as the average of the original
swept area, 7 R?, and the area swept by the truncated blade,
7w (Rg — AR)?. Consequently, the relations between Ry and
the effective swept area A, effective radius R, and effec-
tive diameter D, can be derived as shown in Eq. (5). In this
work, the effective diameter D, serves as a bulk length scale
for wake statistics, while Dy = 2R is used for analyzing tip
vortex behavior, reflecting the physical position.
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2.4 Simulation setups

The simulation setups employed in this study largely follow
those used by Li (2023) and Li et al. (2024), which have been
validated and benchmarked against other independent exper-
imental and numerical studies.

2.4.1 Grid layouts

For the laminar inflow cases, the computational domain is set
to 12.5Dg x 5Dg x 5Dy in the x (streamwise), y (spanwise),
and z (vertical) directions, respectively, as in the work of Li
et al. (2024). A sensitivity test on the ratio of the rotor-swept
area to the domain’s cross-section is carried out in Sect. 4.2,
showing that the effects of blockage are minimal. The rotor
center is placed at the origin and is 2.5Dy downstream from
the inflow boundary and centered in the yz plane, as indi-
cated by the white line in Fig. 2b. Within this domain, levels
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of refined mesh are arranged in a cylindrical shape with di-
ameters of 3D, 2Dg, and 1.44Dg for different refinement
levels, as shown in Fig. 2a. Grids are generated using the
application snappyHexMesh, containing 10.6 x 10° cubic
cells. As for the cases with turbulent inflow, the domain ex-
tends to 6 D¢ upstream from the wind turbine rotor, which
is the origin, with a refined region at the inflow, resulting in
12.0 x 10° cells (see Fig. 2¢). This modification accounts for
the development of the turbulent structures and helps miti-
gate undesired pressure fluctuations caused by the synthetic
turbulent inlet. For both mesh layouts (Fig. 2b and c), the
grid cell size is A/Ry=1/5 (i.e., 12.6 m) at level 1. At the
most refined level around the rotor, which is level 4, the grid
refines to A/Rg = 1/40 (i.e., 1.6 m), which falls within the
range suggested by Jha et al. (2014). Note that unless oth-
erwise mentioned, A refers to the grid size at level 4 in the
remaining part of the current work.

2.4.2 Spatial and temporal discretization

The choice of spatial differencing scheme for the advec-
tive term influences energy dissipation levels and numeri-
cal stability in the simulation. It is well known that upwind
schemes introduce numerical diffusion, whereas central dif-
ference schemes can lead to dispersion errors (Ferziger et al.,
2002). To balance preserving wake structures and mitigat-
ing numerical oscillations, a blended scheme is employed
(Gauss fixedBlended) (Ivanell et al., 2010; Jha et al.,
2014). The composition of the scheme is 95 % fourth-order
central difference scheme (cubic) and 5 % upwind scheme
(upwind). The performance of the selected scheme is as-
sessed and compared with several other common schemes in
Appendix A.

The time step At is set at 1.4 x 1072 s, corresponding to a
one-degree rotor rotation. This ensures that the distance trav-
eled by the rotor tip is below a grid size per time step, which
is around 0.7A with the current setups. Note that this Atz re-
sults in a Courant—Friedrichs—Lewy number of 0.09, which is
well below 1. In the simulations, the pressure—velocity cou-
pled system is solved iteratively with PISO (Pressure Implicit
with Splitting of Operators) algorithm. The time marching
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Table 1. The main test matrix of the current study. Columns from left to right indicate the case name, inflow turbulence intensity TI (see
Eq. 6), mesh resolution, blade length difference AR, effective rotor diameter De (see Eq. 5), thrust coefficient C, power coefficient Cp,
effective thrust coefficient Cp, and effective power coefficient Cpe (see Eq. 12). Case names follow a convention, starting with a prefix
indicating the inflow conditions, followed by two digits representing the percentage of blade length difference, and having a postfix denoting
the mesh resolution. The prefixes Lam, LT, and T correspond to laminar, low-turbulent, and turbulent inflow conditions, respectively. The
postfixes S and D refer to the standard (A = Dg/80) and dense (A = Dg/160) mesh configurations, respectively.

Case name TI[%] Meshresol. AR/Rg[%] De/Dg[-] Performance ‘ Effective performance

Cr Cp | Cre Cpe
LamO00S Lam. standard 0.0 1.00 0.543 0.426 | 0.543 0.426
Lam02S Lam. standard 2.4 099 0.532 0417 | 0.546 0.427
LamO05S Lam. standard 49 098 0.520 0.407 | 0.546 0.427
LamO08S Lam. standard 7.3 0.96 0.508 0.397 | 0.546 0.427
Lam10S Lam. standard 9.8 095 0.494 0.387 | 0.545 0.427
Lam12S Lam. standard 12.2 094 0482 0377 | 0.544 0.426
Lam15S Lam. standard 14.6 093 0470 0.368 | 0.544 0.426
Lam17S Lam. standard 17.1 0.92 0.458 0.360 | 0.543 0.425
Lam?20S Lam. standard 19.5 091 0447 0.351 | 0.543 0.426
Lam?29S Lam. standard 29.3 0.87 0405 0.321 | 0.540 0.428
LT00S 0.57 standard 0.0 1.00  0.540 0.420 | 0.540 0.420
LT10S 0.57 standard 9.8 095 0.492 0.382 | 0.542 0.422
LT20S 0.57 standard 19.5 091 0444 0.346 | 0.539 0.420
TOOS 5.14 standard 0.0 1.00 0.534 0.417 | 0.534 0.417
T10S 5.14 standard 9.8 095 0489 0.379 | 0.539 0.418
T20S 5.14 standard 19.5 091 0441 0.343 | 0.535 0.416
LamO0D Lam. dense 0.0 1.00 0.550 0.445 | 0.550 0.445
TOOD 5.87 dense 0.0 1.00 0.548 0.442 | 0.548 0.442
Lam10D Lam. dense 9.8 0.95 0.500 0.402 | 0.553 0.444
T10D 5.87 dense 9.8 0.95 0498 0.401 | 0.551 0.443

Table 2. Characteristic quantities of the vortices, measured when the vortex age corresponds to half a rotational period, as indicated by the
magenta circles in Fig. 10. The parameter & is determined based on the streamwise separation between the rotor plane and the centroid of
the vortex of interest, and the vortex core size ry, is determined by the tangential velocity profile (see Sect. 4). Note that for all LES-based
analyses in this study, the values of &, ', and fge are taken from the un-truncated blade in the case with AR/Ry >~ 10 % under laminar
inflow conditions with the standard mesh (Lam10S). Notice that fye] = Zh% /L.

Standard mesh (Lam10S) ‘ Dense mesh (Lam10D)

Property Value ‘ Property Value

Fun-truncated 99.9m?s~! Iun-truncated 103.0m?s~!

Ltruncated 99.2m?s~! truncated 103.0m?s~!

ho,un-truncated/ Do~ 0.189 ho,un-truncated/ Do~ 0.193

Hel, un-truncated 11.41s Hel,un-truncated 11.51s

T, un-truncated 478 m Tw,un-truncated 2.79m

Tw,truncated 4.63m Yo, truncated 271 m
scheme employed is the Crank—Nicolson method with a co- pling windows are five revolutions for the laminar cases and
efficient of 0.9 (Crank—-Nicolson O0.9).The simulations 100 revolutions for the turbulent cases. Li et al. (2024) have
are conducted for 75 and 170 rotor revolutions for the cases demonstrated that these sampling durations are sufficient to
subjected to laminar and turbulent inflow conditions, respec- achieve convergence of the second-order statistics.

tively, corresponding to approximately 375 and 850 s. Statis-
tical data are collected after the 70th revolution to eliminate
the influence of initial transients. The corresponding sam-

https://doi.org/10.5194/wes-10-1775-2025 Wind Energ. Sci., 10, 1775-1805, 2025




1780

P.C. Yen et al

.. Near-wake behavior of an asymmetric wind turbine rotor

5Dy

d Level 3|

Level 4 1.44DoR 82 DoRI3D,

Figure 2. Mesh layouts for the simulation cases. (a) Cross-section at the rotor plane (x/Dg = 0) for cases with both laminar and turbulent
inflow conditions. Cross-section at y/Dg = 0 (b) for laminar inflow cases and (c) for turbulent inflow cases. The white strips in (b) and
(c) indicate the rotor position. The labels denote the different grid refinement levels.

2.4.3 Boundary condition

For the cases subjected to laminar inflow, the inflow con-
ditions are specified as Dirichlet, with the velocity set at
Uso = 11.4ms~! and no velocity shear imposed. Slip con-
ditions are applied at the boundaries on all four sides. At
the outlet, an advective outflow condition, D/Dt = 0, is im-
posed to ensure mass conservation and to prevent distortion
of the flow structures near the outlet (Troldborg, 2009).

In addition to the inflow conditions, the cases subjected
to turbulent inflow conditions share the same boundary con-
ditions as those with laminar inflow. To introduce inflow
turbulence, the divergent-free synthetic eddy method (Po-
letto et al., 2013) is applied, which is implemented through
turbulentDFSEMInlet. The time-averaged streamwise
velocity profile is again uniformly set to Uy, = 11.4ms™!.
To characterize the strength of inflow turbulence intensity TI,
it is measured at 2Dg upstream from the rotor, using more
than 40 probes. Additionally, the turbulence spectrum ob-
tained is Kolmogorov-like, similar to those reported by Li
et al. (2024). The definition of TI is given in Eq. (6), where
oy, 0y, and oy, are the standard deviations of u, v, and w with
respect to time. Two turbulence intensity levels are tested,
which are a minor level (~ 0.5 %) and an atmospheric bound-
ary layer level (~ 5%). The former represents flow condi-
tions typically encountered in controlled wind or water tun-
nels (Lignarolo et al., 2014; Quaranta et al., 2015), while the
latter corresponds to typical inflow conditions for offshore

Wind Energ. Sci., 10, 1775-1805, 2025

wind farms (Troldborg et al., 2011; Hansen et al., 2012).

V302 +02+02)

Uso

TI = x 100 % (6)

In addition to closely matching the turbulence intensity
typically found in controlled wind or water channel experi-
ments, conditions with TI < 1 % are also of interest for other
reasons. Although these levels are significantly lower than
those observed in typical offshore environments, previous
numerical studies (Sarlak, 2014) have shown that even weak
turbulence (TT < 0.5 %) can trigger instabilities that lead to
wake breakdown, which is not observed with perfectly lam-
inar inflow. Motivated by these findings, the present study
also investigates whether ambient turbulence at such low lev-
els influences leapfrogging instability and, in turn, affects the
wake structure of an asymmetric rotor, with the aim of devel-
oping a more comprehensive understanding of the impacts of
ambient turbulence.

2.4.4 Setups with a denser grid

In addition to the setups described earlier in this section, re-
ferred to as the “standard” setups (see Table 1), cases with
denser grids are also tested, which are the “dense” cases.
In general, the setups for the dense cases follow the same
structures as for the standard cases, but the grid size A is
halved. Specifically, A = Dy/160 (i.e., 0.8 m) is achieved at
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level 4 in Fig. 2. This results in the cell count for the lami-
nar and turbulent cases reaching 85.4 and 96.1 x 10, respec-
tively. Additionally, the time step size At for the dense cases
is also halved to ensure that the distance that the tip travels
per time step is less than one grid. Thus, for the dense case,
QAr =0.5°. As one might expect, halving the cell size A in-
creases the required CPU hours by approximately 16 times
and the required memory by approximately 8 times. There-
fore, cases with even finer mesh become unfeasible with the
available computational resources.

Running simulations with higher mesh resolution is ex-
pected to capture finer details, particularly for modeling the
vortex core size r,, which is crucial in terms of vortex
dynamics (Cerretelli and Williamson, 2003; Leweke et al.,
2016). Indeed, the numerical results of Selcuk et al. (2017)
demonstrated that the detailed dynamics of the tip vortices of
a two-bladed asymmetric rotor are affected by the vortex core
radius when 7,/ Ry falls between 0.03 and 0.10. Moreover,
the overview provided by Abraham et al. (2023a) indicates
that r,, for rotors used for common industrial applications is
around 1 x 10_2R0 to 5 x 10_2R0. However, to the authors’
best knowledge, the precise vortex core size of a large-scale
wind turbine (> 5 MW) is currently not publicly available.

Currently, r,, found in the simulations is 7.6 x lO’zRo with
the standard mesh and 4.4 x 1072R, with the dense mesh
(see Fig. 18). This indicates that the current setups for stan-
dard mesh can marginally meet the resolution requirements
to properly capture the vortex cores of an industrial rotor,
whereas the cases with the dense mesh are considered to
have adequate resolution. However, experimental data from
Ramos-Garcia et al. (2023) indicate that tip vortex core sizes
are around 0.11cqp (crip is the chord length at the rotor tip)
for the Joukowsky rotor (designed to have a constant circula-
tion profile along the entire blade and thus having concen-
trated tip vortices) they used, and this value is equivalent
to 1.4 x 10_2R0. For the NREL 5 MW turbine used in this
study, 0.11cgp corresponds to approximately 1.3 x 1073 Ry
(ctip = 0.75 m; Jonkman et al., 2009), demonstrating that the
vortex core size could be substantially smaller than what can
be resolved in the current simulations. Despite this, the nu-
merical results of Ramos-Garcia et al. (2023) showed that the
predicted leapfrogging distance closely matched experimen-
tal observations with a grid size of 4r,,. This finding suggests
that precisely capturing the vortex core size may not be nec-
essary to predict the leapfrog instability, and this also agrees
with the findings of Abraham et al. (2023a). In the present
study, the leapfrogging distances predicted by the standard
and dense setups are comparable, and the main conclusions
remain consistent despite the predicted values of r, being
significantly different (see Figs. 14 and 18). Therefore, this
work primarily focuses on results obtained using the standard
setup, while results from the dense setup are also frequently
included in the discussion to further examine the effects of
vortex core size on the detailed tip vortex dynamics.
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2.5 Two-dimensional point vortex model and the
definition of leapfrogging instability

To provide deeper insight, the simulation results from this
study are compared with theoretical predictions of leapfrog-
ging instability. Various approaches have been proposed in
the literature to analyze this phenomenon and define its
growth rate. Studies by Widnall (1972), Gupta and Loewy
(1974), Ivanell et al. (2010), and Sarmast et al. (2014) have
investigated the relevant instability modes in the frequency
domain, while Bolnot (2012), Quaranta et al. (2019), Sel¢cuk
et al. (2017), and Delbende et al. (2021) have focused on
time-domain analyses. The present study similarly evaluates
the growth rate in the time domain. For comparison, the
growth rates derived from LES data are assessed alongside
predictions from a simplified model based on the framework
proposed by Delbende et al. (2021), in which the tip vortex
dynamics of an asymmetric rotor are captured using a sim-
plified dynamical system.

2.5.1 Model definition

The 2D point vortex model used in this study is based on the
framework established by Delbende et al. (2021), which re-
duces the complex helical tip vortex system of a two-bladed
asymmetric rotor to two infinite arrays of point vortices, sep-
arated by a radial distance dr. This self-repeating vortex ar-
rangement is schematically illustrated in Fig. 3, where the
x and z axes correspond to the streamwise and radial direc-
tions of the helical system, respectively. Initially, the vortices
within each array are evenly spaced by a distance of 2k to
replicate the helical pitch, with §r set equal to AR to repre-
sent the blade length difference. The two vortex arrays are
staggered, with each vortex positioned midway between two
adjacent vortices in the opposite array.

The dynamics of the mth vortex, marked as w,,, is repre-
sented by its temporal displacement rates in the x and z di-
rections (dx;, /d¢ and dz,, /d¢, where x,, and z,, are the x and
z positions of w,,), which are determined by the velocities
Vi.m and V, ;. These velocities are the sums of the induc-
tion from all other vortices (Anderson, 2017), as formulated
in Eq. (7). The circulation I" is assumed to be constant across
both vortex arrays, and the index »n ranges from —oo to oo,
as the vortex arrays extend infinitely in the +x directions.

i Xm | _ Vin,x
dr | Zm N Vm,z

r oo in—Zm
[Ezm—m,n#mm} -

I e’} Xp—Xm
27 n=—00,n7#m (xn_xm)2+(zn_zm)2

Due to the inversion symmetry and periodicity, the magni-
tude of the induced velocity is identical for both arrays and is
uniform across all vortices, i.e., |V, x| = Vy and |V, ;| = V;.
Specifically, when T is positive in the y direction, w,, and
wm+2 in Fig. 3 travel with +V, and +V,, while w,,11 and
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Figure 3. Schematic diagram illustrating the temporal evolution of self-repeating point vortex arrays from ¢ to ty + Ar. The point vortices
are labeled as w, (n =m,m=+1,m=+2,...), with their induced velocities Vx , and V; , shown by red and blue arrows, respectively. All
vortices share the same circulation I', indicated by green circular arrows. Black solid circles represent the positions of the nth point vortex
at the given time, while gray solid circles indicate their initial positions at ¢ = #(. Initially, neighboring vortices are spaced by k¢ in the
x direction and by AR in the z direction, with §A(fg) = 0 and 6r(f9) = AR (upper diagram). Under induction from surrounding vortices,
each w;, is displaced by these induced velocities over a time step At (lower diagram). Note that §# and 6r evolve over time, and § is defined

as arctan(ér/(hg — 6h)).

wm+3 travel with —V, and —V,. This leads to the pairing
motion of w,, and wy,+1. Consequently, the variations of the
streamwise and radial separations between a vortex pair, de-
noted as 64 and §r (see Fig. 3), change at rates of 2V, and
2V,. Furthermore, V, and V, can be completely described by
8h and ér, as written in Eq. (8). Note that the infinite sums
can be expressed in closed algebraic expressions, and the de-
tailed derivations can be found in the work of Delbende et al.
(2021). The main advantage offered by the formulation in
Eq. (8) is that the synchronous displacement across the vor-
tex array ensures identical temporal evolution for any pair,
thereby simplifying the study of vortex pairing growth rates
to a single representative pair and reducing the system’s de-
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grees of freedom.

d [8h(t) | _ [2Vi(8h(t),8r(1))
dr | 8r(t) |~ | 2VL(8h(1), 87(1))

Lzoo Xp+nho—38h
27 £wn=—00,n¢even (x,+nhy—8h)>+(5r)2
sinh(7ér/hg)

I' | Cos(roh/ho)+cosh(msr/ho)
sin(r8h/ho)
cos(rwéh /hg)+cosh(dr/hg)

I |:f3h(3h(f)» 8r(1)) }

Ly [
_ |:271 n=—00,n&even (x, +nho—8h)2+(5r)2 :|

= 2 | f3r(6h(0). 8r(1)) ®

To find out how 84 and §r evolve in time, the equations of
motion for vortex arrays written in Eq. (8) are integrated in
time numerically, as given in Eq. (9). It should be noted that
with the definitions of §k and 8r given in Fig. 3, d6h/df and
dér/dr are both O when 84 = §r = 0. Also, the initial condi-
tions are given as h = 0 and §r = AR for the cases consid-
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ered in this work. Notice that because AR # 0, déh/dr # 0.

d |:8h :| r |:f8h(5h,8r) :| Time integration |:5h(l) :|

di | 8r | = 2ho | f5-(8h.6r) 8r(t)

_ T | [ fon(8h(t),8r(e") dr’ [5,1(,:,0)} o
2k | [y for(8h(@), 8r(1')) dr’ 8r(t = to)

2.5.2 Leapfrogging instability

As derived in Sect. 2.5.1, Eq. (8) describes the vortex pair-
ing motion due to the misalignment of two vortex arrays of a
non-linear system. As detailed in Appendix B, by applying a
Taylor expansion, the system can be linearized, making it an
eigenvalue problem. After solving the eigenvalue problem,
an unstable mode with a growth rate of A can be found, and
its mode shape for [§h; 6r] is [1; 1]. Given the eigenvector
obtained for the unstable mode, selecting the L1 norm of 5k
and dr as the parameter estimating the growth of the unsta-
ble mode becomes natural, where the L1 norm is denoted as
[In]]1. The definition of ||n||; is given in Eq. (10). Further-
more, the time evolution of the L1 norm, ||5]||{, is chosen to
be the indicator of the leapfrogging growth rate. Note that by
the initial conditions of this work, when AR > 0, ||n||1/AR
is expected to grow exponentially in time from unity accord-
ing to the result after the linearization (see Appendix B), as
shown in Eq. (11).

[Inll1 = [8h]+|6r] (10)

lIn(®]l1/AR ~ e for large ¢ (1)

However, this linearization may not be valid when 8h
and §r deviate significantly from the point where the Tay-
lor expansion is carried out, as the system is inherently
non-linear. Additionally, Eq. (11) becomes inaccurate when
déh/dt and/or dér/dt have large values at t =ty (see Ap-
pendix B for details). To address these limitations, instead of
estimating the growth rate using the linearized system, it is
derived based on ||n||; obtained through carrying out time
integration in Eq. (9), which accounts for non-linear effects.
Consequently, the growth rate determined via time integra-
tion, denoted as osp, is preferred over that determined via
the linearized equations, denoted as A.

To give an example, Fig. 4 plots ||n||; obtained via the
time integration method against time ¢ for the case with
AR/Ry = 9.8 %, where the values of hy and I" are based on
the un-truncated blade of case Lam10S reported in Table 2.
An exponential growth of ||n||; is evident, as indicated by
the linear region in the semi-logarithmic plot. Specifically,
the range 0.6 <t /te1 < 0.8 (Where te] = Zh%/ I') gives the
most stable exponential growth rate, and this time window
is also applicable to the LES data presented in Sect. 3.2.3.
Therefore, the slope of this part is chosen to define the growth
rate of the leapfrogging instability, which is denoted as oop.
In general, oop is greater than A when AR > 0 (see Fig. 13).
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Figure 4. Temporal evolution of ||n|| obtained from the 2D vortex
model with AR/Ry = 9.8 %. The values for i and I' are based on
those in Table 2. The leapfrogging time 71 f is indicated by a vertical
dashed line. Here, ||n||1 = |8h| 4 |6r|, and the characteristic helical
timescale is fge] = Zh% /L.

Furthermore, the leapfrogging time #; , marked by the ver-
tical dashed line in Fig. 4, corresponds to the moment when
the vortex pair swaps their streamwise positions, which oc-
curs when 8h = hy.

In the results section (Sect. 3.2.3), the growth rate osp
obtained from the 2D model using the time integration
method is compared with the LES results (o1 gs). This com-
parison evaluates whether the CFD results align with the-
oretical predictions. Additionally, following Quaranta et al.
(2015), the characteristic timescale for the helical system of
a two-bladed asymmetric rotor, denoted as tye], is defined
as 2h(2) / I'. This timescale is commonly used in this study to
normalize quantities related to growth rate and time.

2.6 Test matrix

In this work, simulations are conducted to investigate the ef-
fects of blade length difference ranging from 0.0 % to 30.0 %
of Rp. Additionally, cases with varying inflow turbulence
intensity (TI) are analyzed to assess the effects of ambient
turbulence, specifically considering laminar, TI ~ 0.5 %, and
TI >~ 5 %. Simulations with a finer mesh are also performed
to examine the impact of mesh resolution. Furthermore, ad-
ditional parametric studies exploring the effects of different
simulation settings, including spatial discretization schemes,
variations in the smoothing factor €, and adjustments to the
Smagorinsky constant Cg, are presented and discussed in
Sect. 4.

The test matrix is presented in Table 1. The leftmost col-
umn lists the case name, followed by the inflow turbulence
intensity TI and mesh resolution. Next, the blade length dif-
ferences A R and the effective diameters D, are given. Lastly,
the corresponding (effective) thrust and power coefficients
obtained from the LES-ALM results are included. For the ef-
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fective performance coefficients, A. is used for the normal-
ization, as defined in Eq. (12). The consistency of the result-
ing Ct¢ and Cp across cases with varying A R suggests that
the proposed length scales, specifically R, and De, are more
appropriate for thrust- and power-related quantities. Notably,
this also implies that D, is preferred over Dy when analyzing
wake quantities, as these are mostly determined by the rotor
performance.

Cr— Thrust b Power
0.5pUL 7R}’ 0.5pU3 7 R%’
Cro = Thrust 7 oo = Power 7 (12)
©0.5pU2R2 ©0.5pU3 R2

3 Results and discussion

In this section, the results are presented and discussed. Sec-
tion 3.1 illustrates the dynamics of tip vortices using qualita-
tive methods, specifically through contour plots of vorticity
wy. Section 3.2 examines leapfrogging instability quantita-
tively, where vortex trajectories, leapfrogging growth rates
obtained from LES data o1 gs, leapfrogging distance x1 g, and
leapfrogging time #; r are analyzed. Finally, Sect. 3.3 evalu-
ates the impact of rotor asymmetry on integral wake charac-
teristics, such as the area-averaged mean streamwise veloc-

ity, (i) disk-

3.1 Qualitative assessment of the tip vortices behavior

This subsection explores the dynamics of tip vortices in an
asymmetric rotor using vorticity contour plots and three-
dimensional iso-surfaces. Sect. 3.1.1 and 3.1.2 provide qual-
itative overviews of tip vortex behavior under laminar
and turbulent inflow conditions, respectively. Additionally,
Sect. 3.1.3 qualitatively examines the effects of mesh resolu-
tion on leapfrogging instability. Lastly, Sect. 3.1.4 demon-
strates the three-dimensional vortical system of the asym-
metric rotor studied in this work with iso-surfaces. Beyond
the plots presented here, animations visualizing the time-
evolving three-dimensional vortical structures for selected
cases are available in the corresponding data repository (Yen
et al., 2025).

3.1.1  Contours of tip vortices under laminar inflow

As shown in Fig. 5a, the contours of the instantaneous out-
of-plane vorticity field (wy) reveal that tip vortices shed by a
symmetric rotor (AR /Ry = 0%) under laminar inflow con-
ditions are convected downstream in a highly regular pat-
tern. The consecutive tip vortices follow one another with
minimal variation in the z direction (radial direction). Be-
yond approximately 4Dy downstream, individual vortices
become indistinguishable due to vortex diffusion, ultimately
forming a stable vortex tube. Additionally, a shear layer is
formed across this tube and extends beyond x /Dy = 8 (see
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Figs. 5a and 15a). However, it is important to note that such
conditions are unlikely to occur in practical wind farm en-
vironments, as perfectly turbulence-free inflow is unrealistic.
Indeed, as shown in Fig. 6, even a minor level of inflow tur-
bulence can trigger the wake breakdown process.

Figure 5b presents the w, field for the case with a blade
length difference of 9.8 % (AR/Ro >~ 10 %). In this configu-
ration, tip vortices are shed at different radial positions. Ow-
ing to the velocity differences that can be deduced from the
Biot—Savart law, the outer vortices gradually overtake the
inner ones. During this process, the vortices exhibit signif-
icant movement in the z direction (radial direction), and the
streamwise spacing between consecutive vortices decreases.
At approximately x/Dgy = 1.2, the outer vortex of a vortex
pair overtakes the inner vortex (corresponding to §k = hg, as
defined in Fig. 3), marking the event of leapfrogging (fur-
ther discussed in Sect. 3.2.3). During this overtaking event,
both tip vortices deform from circular to elliptical shapes,
which promotes vortex merging shortly after leapfrogging
(Cerretelli and Williamson, 2003). Following the merging, a
secondary helical vortex structure forms and remains stable
beyond x /Dy = 8.

The observed vortex pairing and merging under lami-
nar inflow conditions are consistent with findings reported
in the literature (Selguk et al., 2017; Ramos-Garcia et al.,
2023). However, these results do not fully align with the
predictions of Delbende et al. (2021). Under similar condi-
tions (ho/mw Ry < 0.3 and AR/Ry < 0.3), their inviscid vor-
tex model predicts that outer vortices continuously overtake
inner vortices without precession motions and merging. This
discrepancy can be mainly attributed to the sizes of the vortex
cores (Cerretelli and Williamson, 2003; Leweke et al., 2016),
which is surveyed and discussed later on in Sects. 3.1.3 and 4.

For cases with larger blade length differences, the radial
separation between the inner and outer vortices naturally in-
creases. When the blade length difference reaches approx-
imately 30% (Fig. 5d), it is observed that after the first
leapfrogging event (defined when 8k = hg), the outer vor-
tices continuously overtake the inner vortices without merg-
ing. This behavior aligns with the predictions of Delbende
et al. (2021). On the other hand, for a 20 % blade length dif-
ference (Fig. 5c), the tip vortex behavior falls between the
cases observed for 10 % and 30 %. In this intermediate case,
the inner tip vortices become sufficiently stretched such that
portions of them merge with the outer vortices, while other
segments continue to be overtaken within the range of 2 <
x /Do < 4. Another noteworthy observation is that larger val-
ues of AR/ Ry cause the outer vortices to overtake the inner
vortices at more upstream positions. For instance, overtaking
occurs at approximately x/Dg ~ 1.2 for AR/Ry = 10 % but
shifts upstream to x /Dy ~ 1.0 for AR/Ry = 20 % and 30 %.

Despite the occurrence of leapfrogging, the vorticity con-
tours in Fig. 5b—d show that the wake structures remain rela-
tively stable, with no signs of wake breakdown. This finding
suggests that, under laminar inflow conditions, triggering the
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Figure 5. Contours of instantaneous out-of-plane vorticity wy for cases subjected to laminar inflow conditions with standard mesh and blade
length differences of AR/Rg =~ [0%, 10%,20 %, 30 %]. The corresponding AR values, together with their case names (see Table 1), are
labeled at the top left of each panel. The black lines indicate the position of the rotor.
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Figure 6. Contours of instantaneous out-of-plane vorticity wy for cases subjected to turbulent inflow conditions of TI = [0.6 %, 5.1 %] with
standard mesh and blade length differences of AR/Ry >~ [0 %, 10 %]. The corresponding TI and AR values, together with their case names
(see Table 1), are labeled at the top left of each panel. The black lines indicate the position of the rotor.

leapfrogging instability is not beneficial for enhancing wake
recovery rates. This observation is further supported by the
velocity field analyses presented later in Sect. 3.3.

3.1.2 Contours of tip vortices under turbulent inflow

In addition to laminar inflow conditions, this study also con-
siders two levels of inflow turbulence intensities, which are
TI=0.6% and 5.1 %. Simulations are performed for both
symmetric rotors and asymmetric rotors with varying blade
length differences, as detailed in Table 1. However, for con-
ciseness, this section focuses on the cases with AR/Ry =
0% and AR /Ry == 10 %, as these configurations are the most
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representative of leapfrogging behavior, as evidenced by the
vorticity contours in Fig. 5.

Figure 6a and b show the instantaneous vorticity field w,
for cases with TI = 0.6 %. For the symmetric rotor case, a
comparison between Figs. 6a and 5a reveals that even a mi-
nor level of turbulence can trigger instabilities, including
leapfrogging, ultimately leading to wake breakdown around
x/Dgy = 4. This observation is consistent with experimental
results from wind and water tunnel studies (Lignarolo et al.,
2014; Quaranta et al., 2015), where inflow conditions exhibit
very low TI but are not perfectly laminar. In contrast, for the
asymmetric rotor case with AR/Rg =~ 10%, the tip vortex
behavior remains largely unchanged between the laminar in-

Wind Energ. Sci., 10, 1775-1805, 2025




1786

flow case (Fig. 5b) and the case with TI = 0.6 % (Fig. 6b) up
to approximately x /Do = 5. This indicates that the low-level
turbulence does not advance the leapfrogging event, a con-
clusion further supported by the leapfrogging distance anal-
ysis in Sect. 3.2.4. Additionally, the coherence of the vortex
structures appears to be better maintained in the asymmetric
rotor case, with the onset of wake breakdown delayed from
approximately x /Dy = 4 to x /Do = 5 compared to the sym-
metric rotor case. This observation is further validated by the
phase-averaged vorticity magnitude |wy| presented later in
Fig. 7.

The vorticity fields shown in Fig. 6¢c and d show that for
cases with TI = 5.1 %, the wake breakdown process initiates
significantly earlier for both AR values compared to those
with TI = 0.6 %. In both the symmetric and asymmetric ro-
tor cases, wake breakdown begins around x/Dg = 1.5. Un-
like the cases subjected to laminar and low-turbulence inflow
conditions, the w, contours for these two cases become indis-
tinguishable beyond approximately x/Dgy = 2. This demon-
strates that, at this higher turbulence level, wake behavior is
more strongly influenced by ambient turbulence rather than
rotor asymmetry. This observation is further supported by the
integral wake velocity analysis discussed in Sect. 3.3. How-
ever, in the very near wake region (x/Dg < 1.5), the effects
of AR remain identifiable. A visual inspection of the tip vor-
tex patterns reveals that rotor asymmetry still promotes the
leapfrogging phenomenon, a conclusion that will be more
clearly demonstrated through the phase-averaged field pre-
sented in Fig. 7.

In addition to the instantaneous fields, phase-averaged
contours of the out-of-plane vorticity magnitude |wy | are pre-
sented in Fig. 7. The phase-averaging procedure employed in
this study is based on the rotor’s rotational period, with the
phase of interest corresponding to the position where one of
the blades points in the positive z direction. Phase-averaged
fields are particularly useful for assessing the coherence of
periodically varying flow structures, such as those observed
in wind turbine v’&@kes (Li et al., 2024, 2025). It is impor-
tant to note that |wy| contours for cases with laminar inflow
conditions are not shown, as they are effectively identical to
the instantaneous fields presented in Fig. 5 due to the strictly
periodic nature of these systems. _

Figure 7a and b present the |w,| fields for the cases with
a symmetric and an asymmetric rotor when TI = 0.6 %. Af-
ter phase-averaging, the vortical structures observed in both
cases with TI = 0.6 % become more similar to the w, fields
observed under laminar inflow conditions. The disappear-
ance of the structures having concentrated |wy | indicates the
onset of wake breakdown, as this suggests randomization in
the positions of the vortices. A particularly interesting obser-
vation is that the vortical structures in the asymmetric rotor
case appear slightly more coherent than those in the sym-
metric rotor case, suggesting that the introduced rotor asym-
metries slightly delay the breakdown process. Specifically,
clear vortex contours persist up to approximately x /Do >~ 5
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in the asymmetric rotor case, whereas they dissipate around
x/Dgp >~ 3 in the symmetric case. This enhanced coherence
may be attributed to the merging process, which increases
the circulation strength of the resulting vortices. However,
this increased coherence does not necessarily imply that ro-
tor asymmetry has an adverse effect on wake recovery, as
the swirling motions induced by stronger vortices may, in
fact, enhance energy entrainment via advection (Li et al.,
2024). After all, as shown in later sections, the wake recov-
ery rates for cases with TI = 0.6 % are largely unaffected by
rotor asymmetry.

The contours of |wy | for the cases subjected to TI = 5.1%
are shown in Fig. 7c and d. After phase-averaging, the
leapfrogging event in the case with AR/Ry =~ 10 % becomes
more clearly delineated compared to the instantaneous w,
fields presented in Fig. 6d. Additionally, for the symmetric
rotor case, the regular pattern of vortical structures is par-
tially restored through phase-averaging. Similar to the ob-
servations at TI = 0.6 %, the coherence of the vortical struc-
tures is enhanced by rotor asymmetry, although to a lesser
extent at higher turbulence levels. Furthermore, unlike in the
TI=0.6% cases, where elevated values of |wy| persist be-
yond x/Dg = 4.0, the regions of high |w, | for TI = 5.1 % di-
minish rapidly, disappearing before x /Dy = 1.5. These find-
ings are consistent with the observations from the instan-
taneous fields and further demonstrate that, at higher tur-
bulence intensities, ambient turbulence dominates the wake
aerodynamics, making the effects of rotor asymmetries in-
significant.

3.1.3 Contours of tip vortices with a higher mesh
resolution

Contours of the instantaneous w, fields for the cases with a
denser mesh listed in Table 1 are shown in Fig. 8. These cases
include both symmetric and asymmetric rotor configurations
(AR/Rg = 9.8 %), subjected to laminar and turbulent inflow
conditions (TI=5.9%). Despite the slight difference in TI
between the cases subjected to turbulent inflow with two dif-
ferent mesh resolutions (TT = 5.9 % for the dense resolution
and 5.1 % for the standard resolution), they are directly com-
pared, as the discrepancy in turbulence levels is considered
small.

Focusing on the two cases subjected to laminar inflow
(Fig. 8a and b), their overall features are consistent with
those observed in the standard mesh cases (Fig. 5a and b). In
particular, a stable vortex tube forms in the symmetric rotor
case, while in the asymmetric rotor case, vortex pairs even-
tually merge to form a secondary helical structure. However,
closer inspection reveals that the vortex cores in the denser
mesh case (Lam10D) are smaller than those in the standard
mesh case (Lam10S), and the consecutive vortices merge
at a significantly later stage in both cases. Furthermore, for
the asymmetric rotor configuration, the denser mesh case
(Lam10D) exhibits a second leapfrogging event following
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the first, whereas this is not observed in the standard mesh
case (Lam10S). This difference can be attributed to the larger
vortex core size r,, in Lam10S, which leads to earlier vortex
merging (Selcuk et al., 2017), thereby naturally stopping the
leapfrogging.

For the two cases subjected to turbulent inflow
(Fig. 8c and d), differences in tip vortex dynamics compared
to the standard mesh cases (Fig. 6¢ and d) are even less pro-
nounced than those observed under laminar inflow condi-
tions. The main distinctions introduced by the denser mesh
are smaller vortex core sizes and more finely resolved turbu-
lent structures. Additionally, the phase-averaged fields |wy|
for the two turbulent cases with the dense mesh (not shown)
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closely resemble those obtained with the standard mesh (see
Fig. 7c and d). These observations support the idea that the
presence of atmospheric-level turbulence diminishes the in-
fluence of mesh resolution for the current application.

3.1.4 Three-dimensional vortical structures

Although the two-dimensional planes presented in
Figs. 5 and 6 are able to effectively illustrate the vor-
tical structures of an asymmetric rotor, some of their
important three-dimensional traits are not clearly depicted.
To better visualize the vorticity structures associated with
the asymmetric rotor studied in this work, three-dimensional
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iso-surfaces of the instantaneous vorticity magnitude ||
from case Lam10D are presented in Fig. 9. This case is
highlighted because it is the only one that clearly exhibits
two leapfrogging events, making it particularly illustrative
for demonstrating the leapfrogging phenomenon. It should
be noted that the case with the standard mesh (Lam10S) has
very similar three-dimensional structures but with the merg-
ing happening earlier (see the supplementary animations
Yen et al., 2025).

In Fig. 9, tip vortices shed by different blades are color-
coded differently to enhance visualization. The interlaced
helical structures are clearly visible, and the leapfrogging
event can be easily identified as the tip vortices from differ-
ent blades exchange their streamwise positions. Additionally,
the figure shows that the radii of the helices vary as they un-
dergo the leapfrogging process, which are features that may
not be readily apparent from two-dimensional contour plots.
Furthermore, Fig. 9 straightforwardly demonstrates that only
global pairing modes are observed with the absence of local
pairing modes, which is consistent with the findings of previ-
ous studies conducted under similar setups (Quaranta et al.,
2015, 2019). Note that the absence of a local pairing mode
holds for all cases subjected to laminar inflow conditions, as
can be confirmed with the supplementary animations (Yen
et al., 2025).

3.2 Quantification of leapfrogging instability

This subsection focuses on the leapfrogging phenomenon
and its associated characteristics. Here, the trajectories of
vortex pairs and the leapfrogging instability are captured
quantitatively from the LES data. In addition, the leapfrog-
ging distance xpp and leapfrogging time 7 g are analyzed
across various rotor asymmetries, inflow turbulence inten-
sities (TT), and mesh resolutions. Furthermore, the obtained
leapfrogging-related quantities are benchmarked against the-
oretical predictions and experimental outcomes.

3.2.1 Vortex identification and trajectory tracking

This part demonstrates how the positions and trajectories of
the vortices are identified and tracked, forming the basis for
determining the leapfrogging growth rate and leapfrogging
distance. For brevity, only cases Lam10S and Lam10D from
Table 1 are demonstrated, with a focus on illustrating the
methodology for extracting leapfrogging-related quantities
and highlighting the influence of mesh resolution.

To track the positions of the vortices, vortex centroids
are defined at locations where local maxima of |w,| are de-
tected at the initial time step, following the approach de-
scribed by Troldborg (2009). Examples of detected vortex
centroids are shown by the markers in Fig. 10a. The vortex
trajectories are then obtained by tracking the temporal evo-
lution of these centroids’ positions using a technique simi-
lar to that employed in particle tracking velocimetry (Raf-
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fel et al., 2018). This method assumes that each vortex trav-
els as a coherent structure and its centroid can always be
identified. Starting from the initial positions of the most re-
cently shed vortices, their motion is tracked by searching for
the nearest neighbor within a defined radius around the pre-
dicted position in the subsequent time frame. This process
is repeated until the vortex exits the domain of interest. The
resulting trajectories for cases Lam10S and Lam10D (lam-
inar inflow, AR/Ro =~ 10 %, standard and dense mesh) are
shown in Fig. 10b and d. These trajectories capture the spa-
tiotemporal development of the vortex pairs, revealing their
precessional (leapfrogging) motion.

The obtained trajectories (Fig. 10a and c) show good
agreement with the corresponding w, contours presented in
Figs. 5b and 8b. In both cases, the outer vortex (indicated by
blue pluses) overtakes the inner vortex (indicated by green
crosses) at approximately x /Dy = 1.2. As previously noted,
in the standard mesh case (Lam10S), the vortex pairs rapidly
merge following their first leapfrogging event. In contrast,
for the dense mesh case (Lam10D), the two vortices remain
clearly distinguishable, and the onset of a second leapfrog-
ging event is observed.

After capturing the vortex trajectories, key quantities, in-
cluding the temporal evolution of the vortex pair’s separa-
tion vector, can be extracted. These measurements are sub-
sequently used to determine the leapfrogging distance xif,
leapfrogging time 71 f, and leapfrogging growth rate op gs in
the following sections.

3.2.2 Characteristic quantities related to the
leapfrogging instability

Before analyzing the leapfrogging instability, two character-
istic parameters, which are the initial streamwise spacing be-
tween consecutive vortices, hg, and the circulation strength,
I (see Fig. 3), are measured and reported in Table 2, along
with the characteristic helical timescale fe] = 2/1% /T'. Note
that the vortex core size r,, is also reported for complete-
ness, which is determined based on the tangential velocity
profile around the vortex centroid (see Sect. 4 for details).
For consistency, all LESs in this study use the same val-
ues of hg, I', and tge;, which are based on those of case
Lam10S (AR/Rop =~ 10%, standard mesh, laminar inflow).
That is, despite differences in rotor asymmetry, inflow con-
ditions, and mesh resolutions, all cases share these charac-
teristic parameters. Unless otherwise specified, ko and I' are
measured from the tip vortices shed by the un-truncated blade
at the moment when the vortex age is half a rotor rotational
period, which are those enclosed by the magenta circles in
Fig. 10. In this work, A is determined as the streamwise dis-
tance between that vortex centroid and the rotor plane, while
I' is obtained by evaluating a circular line integral having a
diameter of &, centered on that vortex centroid in the y plane
(Ramos-Garcia et al., 2023). Also, note that torsional effects
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Figure 9. Three-dimensional iso-surfaces illustrating the vorticity structures of case Lam10D, shown when the truncated blade is oriented
upward. The red surfaces represent the rotor, visualized using the magnitude of the body force field exerted by the actuator lines. Blue and
green surfaces correspond to tip vortices shed from the truncated and un-truncated blades, respectively. Silver surfaces represent root vortices
and tip vortices that are difficult to assign to a specific blade. The iso-value used for visualizing the vortices is |w|Dg/Usc = 10.
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Figure 10. Demonstration of vortex pair tracking for cases with AR/Rg =~

10 % using both the standard mesh (a, b, Lam10S) and the dense

mesh (¢, d, Lam10D). (a, ¢) Contours of wy near the tip height at the time instant when the truncated blade is oriented upward. Green crosses
and blue pluses indicate the centroids of tip vortices shed from the truncated and unmodified blades, respectively. The black line denotes the
rotor position. The magenta circles have a diameter of s and are centered at the vortex centroids. (b, d) Trajectories of vortices released
from the truncated blade (green crosses) and the unmodified blade (blue pluses). Black lines connecting the markers represent the separation

vector b between the two vortices of each vortex pair.

due to helical pitch are not accounted for in these measure-
ments.

In Table 2, I" and r,, of the truncated blade are also mea-
sured at the moment when its vortex age is half a rotor rota-
tional period. The results show that the relative difference in
circulation strength between the truncated and un-truncated
blades is within 1% for both mesh resolutions, confirm-
ing that the assumption I'tuncated = Iun-truncated holds fairly
well. Additionally, relative differences between 7, truncated
and 74, un-truncated are also merely around 3 %, further justify-
ing the assumption that the tip vortices shed by the truncated
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and un-truncated blades are identical. Furthermore, the rela-
tive differences in hg, I', and tge) between different mesh res-
olutions are approximately 2%, 3 %, and 1%, respectively.
These small differences indicate that treating these parame-
ters as constant across different mesh resolutions is well jus-
tified. On the other hand, a discussion on the differences in
e, found in different mesh resolutions is provided in Sect. 4.

Following the notations defined in the 2D vortex model
(see Fig. 3), the evolutions of the vortex pair for cases
Lam10S and Lam10D are presented in Fig. 11. The angle
between the vortex pair and the streamwise direction B, the
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separation distance b, the streamwise separation hg—38h, and
the radial separation §r are plotted against the streamwise lo-
cation of the vortex pair’s centroid (averaging the centroids
of the two vortices).

In Fig. 11, both 8 and &/ are observed to increase after the
vortices are released from the rotor at x /Dy = 0, indicating
that the outer vortex of the pair gradually overtakes the inner
vortex. When 84 = hg and 8 = 90°, the vortex pair becomes
aligned in the radial direction, and the corresponding stream-
wise location is defined as the leapfrogging distance in this
study, which is denoted as xpp. Additionally, §r increases
with x and reaches its maximum near xpg. The decreasing
trend of b before the leapfrogging event demonstrates that
the vortices move closer together. At the moment when only
a single vorticity peak is detected within the search radius, b
is set to 0, indicating that the vortices have merged. Notably,
before merging, only one leapfrogging event is identified in
the case with the standard mesh, whereas two leapfrogging
events are found in the case with the dense mesh, as indi-
cated by B exceeding 270° prior to merging. This behav-
ior is consistent with the contour plots shown previously
(Figs. 5b and 8b) as well as the previous findings (Selcuk
et al., 2017; Delbende et al., 2021), which show that the de-
tail tip vortex dynamics after the first leapfrogging event, in-
cluding the merging process, are sensitive to the vortex core
size r,, and fluid diffusivity.

For both cases, the initial value of §r is expected to match
the imposed radial offset AR, which is 10% of Ry, for the
cases shown in Fig. 11. However, a discrepancy of approxi-
mately 0.04 R, between the initial §r and the prescribed AR
is observed. This deviation can likely be attributed to wake
expansion. Specifically, by the time the subsequent vortex is
shed from the un-truncated blade, the previously shed vortex
from the truncated blade has already moved outward, reduc-
ing the effective radial separation between them. Addition-
ally, the growth rate of §% is found to be nearly twice that of
dr, deviating from the eigenvector prediction of [1; 1] derived
through linearization in Appendix B. This difference is likely
due to the influence of initial conditions and the presence of
non-linear effects in the vortex dynamics.

3.2.3 Leapfrogging instability growth rate

As defined in Sect. 2.5, the instability growth rate o gs is de-
termined based on the L1 norm of the measured 84 and ér,
denoted as ||n||1. Figure 12 presents a semi-log plot of ||n]|
vs. time, with data from case Lam10S, case Lam10D, and the
2D vortex model. Overall, the o1 gs values obtained from the
LES data show good agreement with the predictions of the
2D vortex model prior to the leapfrogging event. Moreover,
the ||n||1 curve for the case with the denser mesh (Lam10D)
aligns more closely with the 2D vortex model results. This
improved agreement is likely due to the smaller grid size A
and reduced smoothing factor €, which lead to smaller vor-
tex core sizes r, and cause the vortices to behave more like
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idealized point vortices. Additionally, the smaller grid size
reduces the subgrid-scale viscosity vggs in Eq. (2), making
the simulated flow more closely resemble the inviscid con-
ditions, which is also a key assumption imposed by the 2D
vortex model.

A monotonic increase in ||n||; is observed before the
leapfrogging time #;  for both Lam10S and Lam10D. Fur-
thermore, consistent with the behavior predicted by the 2D
vortex model, distinct linear regions can be identified, in-
dicating that ||n||; obtained from the LESs also grows ex-
ponentially with time. These linear segments enable the ef-
fective determination of the leapfrogging instability growth
rate based on the slopes obtained from the LES data, de-
noted as opgs. Additionally, the curves in Fig. 12 show a
transient phase that precedes the linear growth region, fol-
lowed by a decrease in slope after the leapfrogging event.
This behavior is in good agreement with the evolution of
streamwise vortex separation documented in previous studies
by Bolnot (2012) and Quaranta et al. (2019). For consistency,
both o»p and o1 gs are determined based on the time interval
0.6 < t/tgel < 0.8, during which the ||n||; curves exhibit the
most stable exponential growth phase.

The growth rates opgs obtained under different inflow
conditions and blade length differences (AR) are plotted in
Fig. 13, accompanied by the oop predicted by the 2D vor-
tex model. For the turbulent inflow cases, the evaluation is
based on 90-100 vortex pairs. The averages and standard er-
rors of opgs are calculated, with the resulting 95 % confi-
dence intervals being less than +0.1 % for TI = 0.6 % and up
to 9.7 % for TI = 5.1 % relative to their respective means.
It should be noted that leapfrogging events are not always de-
tected for every vortex pair under turbulent inflow conditions.
Specifically, for cases with AR/Ry =~ 10%, the detection
rate of leapfrogging is approximately 97 % when TI = 0.6 %
and around 75 % when TI=5.1%. In the instances where
leapfrogging is not detected, the corresponding data are still
included in the statistical analysis of o gg, but they are ex-
cluded from the calculations of leapfrogging time f r and
leapfrogging distance xpf.

Under laminar inflow conditions, the normalized growth
rates oLgs?Hel (represented by red crosses in Fig. 13) are ob-
served to decrease with increasing AR, from 1.71 to 1.22.
This trend aligns well with the predictions of the 2D vor-
tex model, which drops from 1.53 to 1.01, demonstrating
that the LES results are consistent with the theoretical frame-
work. However, systematic deviations between o1 gs and o2p
are evident. These discrepancies are expected, given that the
2D vortex model incorporates several simplifying assump-
tions, such as neglecting the three-dimensional effects, pres-
ence of the hub vortices, spatial wake development, and fi-
nite vortex core size. In particular, the difference between
the LES-derived growth rates and the model predictions is
approximately 10% at small AR. Specifically, the approx-
imately 10% higher opgs at smaller AR can be quantita-
tively attributed, where the three-dimensional effects con-
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Figure 11. Evolution of the separation and orientation of a vortex pair for cases with AR/Rgy =~ 10% under laminar inflow conditions.
Results are shown for both the standard mesh resolution (blue lines, Lam10S) and the dense mesh resolution (red lines, Lam10D). The

definitions of B, b, §h, and §r are provided in Fig. 3.
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Figure 12. Temporal evolution of ||n||; obtained from the LESs using the standard mesh (blue line, Lam10S) and the dense mesh (yellow
line, Lam10D), alongside the result from the 2D vortex model described in Sect. 2.5 (black line). The time of the first leapfrogging event
(when B reaches 90°) is indicated by # , and the time of vortex merging (when b reduces to 0) is marked as f\Merg- The growth rates are
determined based on the slopes between 0.6 and 0.8 f, and these slopes are indicated by the red dashed lines.

tribute around 3 % (as shown in Fig. C2), while the omission
of hub vortices accounts for another 5 % (based on the anal-
ysis by Selguk et al., 2017).

Figure 13 also shows that inflow turbulence intensity has
a limited effect on oy gs. For cases with TI = 0.6 %, the aver-
age values of o gs differ by no more than 3 % compared to
the corresponding laminar cases. In cases with TI=5.1 %,
the average values of o gs differ by up to 7 %, but the asso-
ciated uncertainties are notably larger.
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Lastly, the results indicate that variations in mesh resolu-
tion do not significantly impact the obtained growth rates.
Specifically, the relative differences in o1 gs between the two
mesh resolutions are 6.2 % for the cases subjected to lami-
nar inflow conditions (cases Lam10S and Lam10D) and only
1.5% for the cases with turbulent inflow conditions (cases
T10S and T10D).

To the author’s best knowledge, this is the first study to
demonstrate that the leapfrogging growth rate is largely in-
sensitive to ambient turbulence. Given that perturbations in-
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Figure 13. Comparison of growth rates obtained using different
methods, including LESs with the standard mesh under various in-
flow conditions (o gs), the 2D vortex model described in Sect. 2.5
(0op), and the linearized system derived in Appendix B (%). Nor-
malization of these quantities is done against tﬁell = F/Zh(z). The
normalized growth rates oy gstge] for the two dense-mesh cases
with AR/Ry~10% are 1.45 for laminar inflow (Lam10D) and
1.61 for TI =5.9% (T10D). These values are not plotted to avoid
overcrowding the figure.

troduced by inflow turbulence are known to trigger leapfrog-
ging instability (Quaranta et al., 2015; Delbende et al., 2021),
one might have expected these fluctuations to significantly
amplify the leapfrogging growth rate. However, the present
results show that the growth rate remains nearly the same as
that observed in cases with laminar inflow. A possible expla-
nation is that the vortex dynamics in the very near wake of
the wind turbine (x /Dy < 1.0) is relatively unaffected by in-
flow turbulence, as evidenced by the phase-averaged vorticity
fields presented in Fig. 7. To further elucidate the interactions
between the leapfrogging modes, mean flow, and stochastic
fluctuations, future studies involving modal analyses may of-
fer valuable insights (Biswas and Buxton, 2024a, b).

3.2.4 Leapfrogging distance and time

The leapfrogging distance, xr, is defined as the distance
from the rotor plane to the first downstream location where
the vortex pairs exchange their streamwise positions. In the
LESs, these distances are determined based on the tracked
positions of the vortex centroids, as described in Sect. 3.2.2.

In Fig. 14a, it can be observed that under laminar in-
flow conditions (marked by red crosses), the leapfrogging
distance xp decreases asymptotically from approximately
2Dy and levels off around 1Dg as AR/Ry increases from
2.5% to 19.5%. This trend compares well with the experi-
mental observations reported by Ramos-Garcia et al. (2023).
This asymptotic behavior can be explained by Eq. (8), where
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déh/dt increases with increasing §r, eventually saturating at
I'/2hg as ér > hg (note that dér/dt — 0 as §r > hg). Addi-
tionally, the results indicate that leapfrogging occurs earlier
(i.e., at a shorter xp ) with greater rotor asymmetry, despite
the fact that the growth rate o s decreases with increasing
AR. This seemingly contradictory relationship between xp g
and o1 gs can largely be attributed to the initial conditions.
As noted earlier, both ||n||; and ddh/d¢ at t = 1y are higher
for cases with larger initial §r (i.e., larger AR), making the
early system evolution more dependent on the initial condi-
tions rather than on the intrinsic instability growth rate.

Similar to orgs, both inflow turbulence intensity TI and
mesh resolution are found to have minimal effects on the
leapfrogging distance xg. Particularly focusing on when TI
differs, the leapfrogging distances when TI = 0.6% (green
circles in Fig. 14a) are very close to those obtained with lam-
inar inflow conditions, while when TI = 5.1 % (blue triangles
in Fig. 14a), the data become more scattered, with mean val-
ues of x p being less than 6 % lower than those subjected
to laminar conditions. To conclude, the minimal deviation in
xLr and opgs between laminar and turbulent inflow condi-
tions suggests that inflow turbulence has minor effects on the
near-wake tip vortex behavior for the asymmetric rotor stud-
ied in this work, particularly regarding the leapfrogging phe-
nomenon. However, it should be noted that inflow turbulence
still plays an important role in triggering secondary instabil-
ities of the vortex helix, as widely reported in the literature
(Ivanell et al., 2010; Wang et al., 2022; Hodgkin et al., 2023),
and this can also be identified in the animations provided in
the accompanied data repository (Yen et al., 2025).

Figure 14b plotted the leapfrogging time 7 p obtained
through different methods against AR. The results from the
2D vortex model show good agreement with the LESs un-
der laminar inflow conditions, with elative deviations of no
more than 7 % across the range of AR considered. A similar
level of agreement has also been reported in Abraham et al.
(2023a). Furthermore, analogous to the behavior of xi g, the
value of 7 r approaches an asymptotic value as A R surpasses
0.5h¢. This asymptotic value corresponds to F/2h(2), which
can be explained by Eq. (8), where d§h/dt approaches with
a velocity of I'/2hqg as §r > hg. Dividing h¢ by this velocity
yields Zh% / ', which is the time needed to complete the first
leapfrogging event. This relationship was previously high-
lighted by Quaranta et al. (2015) and forms the basis for us-
ing tye] = 2h(2) / ' as the characteristic timescale in this study.
As shown in Fig. 14b, 1y indeed serves as the asymptotic
value for f; r as AR increases for both the LESs and the 2D
vortex model. This agreement further demonstrates that the
methodologies and analysis techniques employed in the cur-
rent work are well-grounded in established theoretical frame-
works.

In addition to the numerical results and theoretical predic-
tions, two data points from wind tunnel experiments (Mas-
cioli, 2025) are also provided for comparison in Fig. 14b.
The experiments were conducted in the low-speed wind tun-
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Figure 14. (a) Leapfrogging distance xp g obtained through the LESs with different AR, inflow conditions, and mesh resolutions.
(b) Leapfrogging time t; g predicted by the 2D vortex model and LESs subjected to laminar inflow conditions with the standard mesh

together with the experimental results of Mascioli (2025).

nel at Delft University of Technology (W-tunnel), which
was configured as an open jet with a cross-sectional area of
60cm x 60cm at the outlet. The tested inflow velocity was
approximately 5.4 ms~!, with a turbulence intensity below
2 %. Particle image velocimetry (PIV) was employed to cap-
ture the flow field. The rotor model used in the experiments
was a four-bladed configuration with a diameter of 30 cm,
operating at a tip speed ratio of 3.5. This setup results in a
helix geometry comparable to that of the LESs, with both
configurations featuring o/ Dy =~ 0.2. The trajectories of the
tip vortices in the experiments were tracked using the same
method applied to the LESs (see Sect. 3.2.1). The measured
circulation strength of the tip vortices in the experiments was
approximately 0.08 m?>s~ !,

As shown in Fig. 14b, the experimental data align remark-
ably well with the predictions of the 2D vortex model and
the results of the LESs, despite the Reynolds numbers based
on the diameter (U, Dp/v) and the circulation (I'/v) being
several orders different. This strong consistency between the
theoretical predictions, numerical results, and experimental
measurements further reinforces the validity of the findings
of the present study.

3.3 Streamwise evolution of the wake quantities

While the study of vortex dynamics provides valuable in-
sights into the leapfrogging instability, the wake velocity is
of greater practical importance for wind turbine and wind
farm performance. In particular, the streamwise evolution of
the wake velocity is a key parameter for evaluating wake re-
covery. Therefore, in addition to vorticity fields, special at-
tention is given to the mean velocity profiles, i, across cases
with varying rotor asymmetries, inflow conditions, and mesh
resolutions. The temporal statistics used to compute these
profiles are collected over sufficiently long periods to ensure
statistical convergence, particularly five rotor revolutions for
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laminar inflow cases and 100 rotor revolutions for turbulent
inflow cases.

In this subsection, for the sake of brevity, only the cases
with a symmetric rotor and those with AR/Ry =~ 10% are
considered. Cases with other levels of asymmetry exhibit
very similar behavior and are therefore not presented and dis-
cussed in detail.

3.3.1 Contours of streamwise mean velocity u

Downstream of a symmetric rotor subjected to laminar in-
flow conditions (Fig. 15a), a clear region of significant ve-
locity deficit, known as the wake, is observed. After wake ex-
pansion ceases around x /Do = 1, the shear layer remains sta-
ble further downstream, consistent with the wy, fields shown
in Fig. 5a, where undisturbed tip vortices form a stable vortex
tube. This observation aligns well with the findings of Trold-
borg (2009) and Li et al. (2024). When a blade length differ-
ence of AR/Ry =~ 10 % is introduced (Fig. 15b), the overall
characteristics of the u field remain similar to those of the
symmetric rotor case, suggesting that the wake recovery rate
is not significantly affected by this level of rotor asymmetry.

For cases subjected to TI = 0.6 %, the shear layer exhibits
continuous downstream spreading for both symmetric and
asymmetric rotors, as shown in Fig. 15¢ and d. When the tur-
bulence intensity increases to TI = 5.1 %, the spreading be-
comes even more pronounced, as observed in Fig. 15¢ and f.
Overall, it is evident that the extent of the wake deficit is more
strongly influenced by TI than by AR. In particular, higher
turbulence intensity leads to more rapid shear layer spread-
ing, while the impact of rotor asymmetry remains minimal.
As illustrated in Fig. 6, ambient turbulence disrupts the tip
vortex helices, which typically act to suppress wake break-
down (Medici, 2005). The breakdown of these vortex helices
enhances momentum exchange between the wake and the
surrounding flow, promoting lateral spreading of the veloc-
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ity deficit and reducing the peak momentum deficit along the
wake centerline.

3.3.2 Line plots of streamwise mean velocity u at
selected streamwise positions

To further investigate the recovery of momentum deficit, ve-
locity profiles at x/D. =2, 5, and 8 downstream are pre-
sented in Fig. 16, where D, denotes the effective diameter
(see Table 1).

At x/D. =2 (Fig. 16a), all cases exhibit the character-
istic near-wake velocity profile of a wind turbine, with a
pronounced velocity deficit around 0.65U, at the center
and higher velocities near the hub region. Strong velocity
shear is present in both the tip and hub regions, indicated
by sharp velocity gradients. Under laminar inflow conditions
(black lines) and at TI = 0.5 % (red lines), the velocity pro-
files show intricate but noticeable sensitivity to rotor asym-
metry, with stronger shear at the tips for the symmetric rotor.
This is attributed to periodic loading variations near the tip
caused by blade length differences, which reduce the sharp-
ness of the time-averaged loading gradient in those asym-
metric cases. However, as the turbulence intensity increases
to TI = 5.1 % (blue lines), the influence of rotor asymmetry
becomes unidentifiable. For both the wakes of a symmetric
and an asymmetric rotor, the velocity gradients become more
gentle, and the velocity deficits become milder with stronger
ambient turbulence, indicating enhanced momentum diffu-
sion and accelerated wake recovery.

As the flow progresses from x/De =2 to 5 and then to
8, the spatial evolution of the wake can be further examined
through the velocity profiles.

When subjected to laminar inflow conditions, noticeable
changes when moving downstream primarily occur near the
hub region for both symmetric and asymmetric rotors, where
the initially sharp velocity gradients gradually smooth out
with increasing downstream distance. However, the overall
structure of the wake remains largely unchanged, as clearly
demonstrated by the velocity contour plots in Fig. 15a and b,
which show minimal wake development and recovery under
laminar inflow conditions.

When TI = 0.5 %, the wake progressively evolves toward
the well-known self-similar profiles described in the liter-
ature (Porté-Agel et al., 2011), as clearly observed in the
u profiles at x/D. =5 and x/D. = 8. The concave veloc-
ity deficit near mid-span flattened due to enhanced turbulent
mixing, with the symmetric rotor case showing slightly more
advanced development. At TI = 5.1 %, the effects of turbu-
lent mixing become even more pronounced. The inflection
points in the velocity profiles vanish as early as x/D. =5,
and the velocity deficit spreads further outward in the radial
direction, indicating a stronger mixing process and acceler-
ated wake recovery.
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3.3.3 Area-averaged streamwise mean velocity (U/)disk

In this study, the disk-averaged mean streamwise velocity,
() gisk, 1s employed as an integral metric to evaluate wake
recovery. It is calculated by averaging the mean streamwise
velocity, u, over a circular disk with an effective diameter
D.. This metric provides an integrated measure of the overall
streamwise velocity and serves as an estimator for the wind
resource available to a downstream turbine. A more rapid in-
crease in (u)gisk along the streamwise direction can be inter-
preted as stronger and faster wake recovery.

Figure 17 presents the evolution of () gjsk at various down-
stream locations for cases with different rotor asymmetries,
inflow turbulence intensities, and mesh resolutions. It is im-
portant to note that the characteristic length scale used is the
effective diameter, D, which varies slightly between cases
depending on rotor asymmetry (see Table 1). For all cases,
() gisk initially drops to approximately 0.7U just behind
the rotor, reflecting the energy extraction by the turbine. Un-
der laminar inflow conditions, little to no increase in (i) gisk
is observed for both symmetric and asymmetric rotors, indi-
cating limited momentum recovery. When low-level inflow
turbulence (TI = 0.6 %) is introduced, noticeable recovery is
evident. At TI ~ 5%, the increase in (u)gijsk becomes even
more pronounced. However, across all turbulence levels, no
significant differences are observed between symmetric and
asymmetric rotors, suggesting that rotor asymmetry has min-
imal influence on wake recovery in the presence of turbu-
lence.

The trend observed in (u)gisk is predominantly influenced
by the turbulence intensity (TI) rather than rotor asymme-
try. As TI increases, the velocity recovers more rapidly, in-
dicating more effective wake recovery. This observation is
consistent with previous studies in the literature (Li et al.,
2016; Talavera and Shu, 2017; Angelou et al., 2023). When
these findings are combined with observations with the w,
contours (Figs. 5 and 6) and phase-averaged vorticity magni-
tude fields |wy | (Fig. 7), a clear relationship emerges between
the leapfrogging and the wake recovery process. Specifically,
the rotor asymmetries considered in this study trigger the
leapfrogging phenomenon but do not promote wake break-
down. Instead, new stable helices formed from paired tip vor-
tices are established in the wake of an asymmetric rotor, re-
sembling the helical structures seen in symmetric rotor cases.
These stable structures (structures in equilibrium, to be pre-
cise) again delay mixing between the wake and the surround-
ing freestream. As a result, with the absence of vortex break-
down, which can be induced by ambient turbulence or other
mechanisms, the wake recovery rate is not significantly en-
hanced by rotor asymmetries alone.

The findings presented in this study appear to contrast with
those reported by Lignarolo et al. (2015), who conducted ex-
periments using a two-bladed wind turbine rotor with uneven
blade pitch angles to trigger leapfrogging. In their work, they
concluded that leapfrogging accelerates wake recovery by
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Figure 15. Contours of the mean streamwise velocity u for cases with the standard mesh subjected to laminar inflow conditions, TI = 0.6 %,
and TI = 5.1 % and blade length differences of AR/Rg =~ [0%, 10 %]. The corresponding TI and AR values, together with their case names
(see Table 1), are labeled at the top left of each panel. The black lines indicate the position of the rotor.
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Figure 16. Streamwise velocity profiles sampled at 2De, 5De, and 8 De for cases with AR/Ry =~ [0 %, 10 %] under different inflow condi-
tions. The case names are introduced in Table 1.
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Figure 17. Disk-averaged mean streamwise velocity (u)qjsk for the
cases with different rotor asymmetries, subjected to various inflow
conditions, and simulated with both standard and dense mesh reso-
lutions. The case names are introduced in Table 1.

promoting wake breakdown. However, the cases with lam-
inar inflow presented in this study indicate that leapfrogging
alone does not necessarily accelerate wake recovery, which
is supported by the profiles of (u)gisk (Fig. 17) and the vor-
ticity contours (Fig. 5). This discrepancy can likely be at-
tributed to the presence of other secondary instabilities in the
experiments conducted by Lignarolo et al. (2015), such as
the local vortex pairing observed by Quaranta et al. (2019).
These secondary instabilities can arise from unavoidable ex-
perimental perturbations, including structural vibrations, tur-
bulence originating from blade boundary layers, and rotor
imperfections. As these instabilities develop, they disrupt the
coherence and symmetry of the tip vortex helices, potentially
serving as the primary drivers of wake breakdown (Hodgkin
et al., 2023). Therefore, the sudden momentum ingestion ob-
served by Lignarolo et al. (2015) may not be entirely at-
tributed to leapfrogging but may instead be only correlated
with it. This interpretation is further supported by the cur-
rent simulation results. When under laminar inflow condi-
tions, (u)gisk in Fig. 17 remains relatively constant, while in
cases with TI = 0.6 %, it begins to increase after xp r. There-
fore, combining this observation and the vorticity contours
provided in Figs. 5 and 6, it can be concluded that the driver
of the wake breakdown process is turbulence-induced insta-
bilities, rather than leapfrogging alone.

The present findings also diverge from those of Abraham
et al. (2023b), who, using vortex modeling, reported an 11 %
increase in available power (area-averaged > over an area
of JTR%) for an asymmetric rotor (AR /Ry =~ 2 %) compared
to a symmetric rotor at a downstream distance of 7Dy when
subjected to laminar inflow conditions. Several factors are
likely to contribute to this discrepancy. Notably, their study
employs a three-bladed rotor and includes the floor in the
simulation setup, whereas the current work uses a two-bladed
rotor and excludes the floor. These differences are known to
influence the vortex dynamics in wind turbine wakes, as they
affect rotor loading, the pitch between successive tip vortices
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(i.e., the equivalent h¢), and the overall symmetry of the sys-
tem (Troldborg, 2009; Ramos-Garcia et al., 2023). Addition-
ally, the numerical frameworks used in the two studies differ
substantially. It is worth noting that both the LES approach
with actuator lines used in the present study and the vor-
tex model with lifting lines employed in their work are rela-
tively sensitive to the choice of model parameters (Martinez-
Tossas et al., 2015; Branlard, 2017). These include spatial
and temporal discretization, vortex core treatment, and dif-
fusion modeling. All of the factors discussed in this para-
graph may each partially contribute to the differences in the
reported outcomes, and a precise identification of their indi-
vidual effects is left for future work.

4 Sensitivity tests on the selected parameters

To further validate the numerical methods employed in this
study, several key parameters commonly considered in LES
with ALM for similar applications are examined in this sec-
tion. These aspects include the vortex core radius r, the
blockage ratio (rotor area relative to the cross-sectional area
of the computational domain), and the diffusivity. To as-
sess how these parameters are influenced by simulation set-
tings and to evaluate their impact on the results and con-
clusions, several supplementary simulations have been per-
formed and compared with the representative cases listed in
Table 1. These additional cases are summarized in Table 3.
For brevity, all these supplementary cases feature an asym-
metric rotor with AR/Ry =~ 10% and are subjected to lam-
inar inflow conditions. Aside from the specified parameters,
all other simulation settings match those of cases Lam10S
and Lam10D in Table 1. Note that the mesh configurations
for dense cases are detailed in Sect. 2.4.4.

The vortex core radius r,, is expected to be primarily in-
fluenced by the absolute size of the smoothing factor € in
Eq. (4), which is typically closely coupled to the grid size
A. To assess the impact of r,, both € and A are varied,
with comparisons drawn between cases Lam10S, Lam10D,
and Lam10D_LE. Regarding the blockage ratio, an addi-
tional simulation with an enlarged computational domain of
10Dg x 10Dq (case Lam10S_LD) is conducted. This domain
size is compared four times to that of the reference cases
(5D¢ x 5Dgy, Lam10S), reducing the blockage ratio from
3.1% to 0.7 %. Finally, regarding diffusivity, it is tested by
varying the parameters related to the turbulence model, the
grid size, and the numerical scheme employed.

4.1 \Vortex core size

Following the previous studies on leapfrogging instability
(Quaranta et al., 2015; Ramos-Garcia et al., 2023), the core
size of the helical vortices, r,, is defined as the radial distance
from the vortex centroid at which the tangential velocity u
reaches its maximum. In line with the approach used to deter-
mine I" and A in Sect. 3.2.2, the analysis in this subsection
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Table 3. Supplementary cases for the parametric study. All cases listed in this table have an asymmetric rotor with AR/Ry =~ 10 % and are
subjected to laminar inflow conditions. The columns from left to right document the case names, mesh resolution, thrust coefficient, power
coefficient, normalized growth rate, normalized leapfrogging time, and remarks for each case. Note that the cases with asterisks have already
been introduced in Table 1 and that the suffix behind the underscore sign corresponds to the remarks.

Case name Mesh resol. Ct Cp OLES!Hel !LF/tHel Remarks

Lam10S* standard 0.494 0.387 1.533 1.378  Ref. case with standard mesh

Lam10S_Cs  standard 0495 0.387 1.533 1.378  Varying Cs from 0.168 to 0.050

Lam10S_LD  standard 0.494 0.385 1.557 1.380  Enlarging the cross-sectional area

Lam10D* dense 0.500 0.402 1.452 1.388  Ref. case with dense mesh

Lam10D_LE dense 0.493 0.382 1.480 1.388  Setting € to 4A, which is Dy/40

r/ho [-] can be resolved using the current numerical setup (LES with
0.35 20 o1 0.2 02 04 ALM) is approximately 1.12¢. In particular, when € = 2A
—Lam108S, 7o/ Ro=7.6%, I'=99.9 m*/s

—Lam10S_Cs, r,/Ry=17.5%, '=100.0 m*/s

Lam10S_LD, 7, /Ry =7.6%, '=99.8 m?/s |
—Lam10D, o/ Ro =4.4%, T=103.0 m*/s
Lam10D_LE, 7,/ Ry =6.7%, '=98.8 m?/s

006 008 010 012 014 016 018
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Figure 18. Profiles of the tangential velocity around the vortex cen-
troid, up, plotted against the radial distance from the vortex cen-
troid, r, for the five cases listed in Table 3. The radial positions
corresponding to the maximum uy for each case are indicated by
vertical dashed lines, representing the vortex core size ry,. The ex-
act values of r4 and I are provided in the figure legend.

focuses on vortices shed from the un-truncated blade, evalu-
ated when their vortex age corresponds to half a rotor rota-
tion period (torsional effects are not corrected). Note that the
difference in r,, between the truncated and the un-truncated
blades can be determined with the data in Table 3. Figure 18
presents the profiles of u4 as a function of the radial distance
r for the five cases listed in Table 3, with the corresponding
r, values indicated. The results show that r, is not influ-
enced by the domain size or the value of Cs. On the other
hand, by comparing cases Lam10D and Lam10D_LE with
case Lam10S, it is evident that r, is more sensitive to the
absolute value of the smoothing factor € than to the mesh
resolution. Specifically, € is set to Dy/80 for case Lam10D
and to Dy /40 for all the other four cases in Table 3. Note that
the ratio €/A 1is set to 4 for case Lam10D_LE, whereas all
other cases use a ratio of 2.

According to theoretical predictions (Martinez-Tossas and
Meneveau, 2019), the minimum vortex core radius r,, that
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is applied, the cases with the standard mesh (Lam10S) and
the dense mesh (Lam10D) of this study can theoretically re-
solve r, down to 5.6 x 10_2Ro and 2.8 x 10_2R0, respec-
tively. These theoretical limits are fairly close to the r,, values
obtained from the simulations, namely, 7.6 x 1072 R for case
Lam10S and 4.4 x 1072 Ry for case Lam10D. This agreement
reinforces that € is the primary parameter controlling r,,. Ad-
ditionally, the slightly larger r,, observed in the LES results
compared to the theoretical limits is primarily due to the
gradual reduction of blade loading near the tip, rather than
an abrupt cutoff.

In the work of Selcuk et al. (2017), it was shown that the
detailed dynamics of helical vortices are strongly influenced
by the ratio r,,/ho. Their study demonstrated that the onset
of vortex merging begins when r,,/ho > 0.12 for cases where
AR < hg. The results of the present work align closely with
these findings. Specifically, for the case with € = Dy/40
(Lam10S), vortex merging begins immediately during the
first leapfrogging event, with r,/hy measured at 0.20 for
newly shed vortices (those enclosed by the circles in Fig. 10).
In contrast, for the case with € = Dy/80 (Lam10D), merging
occurs much later. It happens after the second leapfrogging
event, and r,,/hg is found to be 0.11 in the immediate vicinity
of the rotor.

To illustrate the impact of vortex core size more clearly,
vorticity contours of w, for the relevant cases are presented
in Fig. 19. In general, the positions of the vortex centroids
remain nearly identical across all cases listed in Table 4 up
to x/Dg < 1.5, after which vortices in cases with € = Dg/40
begin to merge. This observation indicates that, prior to the
onset of merging, the motion of vortex centroids is not sig-
nificantly influenced by r,, consistent with the findings of
Selcuk et al. (2017). This further suggests that the dynamics
of vortex centroids, and thus the leapfrogging instability, are
predominantly governed by inviscid processes before vortex
merging occurs.

In addition to the similarities in the positions of the vortex
centroids, it can be observed that the case with € = Dy/80
(Lam10D) exhibits smaller and more concentrated vortices
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Figure 19. Contours of out-of-plane vorticity wy for the five cases listed in Table 3, with the fields shown around the tip height. Case names
and the parameters of interest are indicated at the top of each panel. CSA is the abbreviation for the cross-sectional area of the computational

domain.

compared to the cases with € = D /40 (the other four cases),
which is consistent with the results shown in Fig. 18. More-
over, for cases with the same value of € but different grid
sizes A (e.g., Lam10S and Lam10D_LE, both with € =
Dy /40 but different A), the vorticity contours show greater
similarity compared to cases with the same A but different €
(e.g., Lam10D and Lam10D_LE, both with A = Dy /160 but
different €). This again clearly demonstrates that the vortex
core size r,, is primarily determined by the choice of €.

4.2 Cross-sectional blockage ratio

The impact of the cross-sectional blockage ratio is primar-
ily evaluated by comparing the rotor performance metrics.
It is anticipated that the effects of the blockage ratio will
be reflected in the rotor performance metrics, with excessive
blockage leading to overestimations of Ct and Cp (Sarlak
et al., 2016). As shown in Table 4, reducing the blockage
ratio from 3.1 % to 0.7 % results in changes to the rotor per-
formance of less than 0.5 %, indicating that a blockage ratio
of 3.1 % is not excessive. Furthermore, both o1 gs and # g re-
main unaffected by the domain size, further confirming that
the cross-sectional size used in the current numerical setup is
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sufficient. The w, contours in Fig. 19 also demonstrate that
the cross-sectional area has virtually no impact on the vor-
tex dynamics by comparing the contour of case Lam10S_LD
with that of Lam10S.

4.3 Diffusivity

The vortex core size r,, increases over time due to diffusivity
effects (Cerretelli and Williamson, 2003), with faster growth
observed under stronger diffusivity. In the current setups, one
of the key parameters influencing diffusivity is the modeled
eddy viscosity vsgs, which depends on the Smagorinsky con-
stant Cg and the grid size A, as described in Eq. (2). To assess
the impact of diffusivity, cases Lam10S, Lam10S_Cs (where
C, is reduced from 0.168 to 0.050), and Lam10D_LE are
compared, as they differ in C5 and A but share the same val-
ues for other key parameters (e.g., € = Dy/40). Overall, for
the considered cases, the effects of diffusivity are found to be
minimal, as indicated by the vorticity contours in Fig. 19. Ad-
ditionally, the values of opgs and 7 in Table 4 further con-
firm that diffusivity has negligible influence on leapfrogging-
related quantities.
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In Fig. 19, it can be observed that the maximum vorticity
within the vortex cores is better preserved with smaller val-
ues of Cy and finer grid resolution A when comparing cases
Lam10S_Cs and Lam10D_LE with Lam10S, as expected.
Additionally, the influence of varying A appears more signif-
icant than that of varying Cs. This is likely due to the effects
of numerical dissipation (see Appendix A), which become
more pronounced with larger A (Ferziger et al., 2002). How-
ever, further quantification of those effects is not pursued, as
the impacts of diffusivity are found to be minor within the
current setup and are thus considered beyond the scope of
this study.

4.4 Remarks

With the detailed parametric study conducted, it can be
stated with confidence that the leapfrogging-instability-
related quantities obtained in this study are robust against
the variations of the surveyed parameters. Throughout this
investigation, it has been demonstrated that both the vortex
core size r, and diffusivity have negligible impact on the
leapfrogging growth rate. Furthermore, the vortex dynamics
leading up to the first leapfrogging event are not significantly
influenced by r,, or diffusivity within the explored parameter
space. An important practical conclusion is that the resolu-
tion of the standard mesh is sufficient if the detailed vortex
behavior beyond the first leapfrogging event is not the fo-
cus. This remark is of particular importance, as high-fidelity
simulations are often limited by available computational re-
sources. Knowing that the key physics of interest can be ac-
curately captured using much less computationally demand-
ing setups can greatly facilitate future research efforts. This
enables more efficient use of computational resources and al-
lows for broader parametric studies to be done within some
practical budget constraints.

5 Conclusions and recommendations

The near-wake behavior of a two-bladed utility-scale wind
turbine rotor with varying degrees of asymmetry was inves-
tigated using large-eddy simulations combined with the ac-
tuator line model. The rotor model employed was a modi-
fied version of the NREL 5 MW baseline turbine, with rotor
asymmetry introduced by varying the blade length difference
from 0% to 30%. The numerical results were further con-
solidated through comparisons with theoretical predictions
using a two-dimensional point vortex model and supported
by experimental measurements. Additionally, the simulation
settings for the selected cases were provided in the accom-
panying data repository (Yen et al., 2025), with the aim of
supporting and facilitating future research efforts in this area.

The leapfrogging instability growth rate obtained from the
LES results was found to decrease with increasing blade
length difference, in agreement with the predictions of the
2D vortex model. Furthermore, the leapfrogging time de-
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rived from the LES data showed good agreement with both
the 2D vortex model and wind tunnel experiments (Masci-
oli, 2025), confirming that rotor asymmetry accelerated the
onset of leapfrogging. When increasing the asymmetry, the
apparent contradiction between the decreasing growth rate
and the earlier onset of leapfrogging was primarily attributed
to differences in initial conditions that influence the early dy-
namics of the vortex pairs.

Despite the studied rotor asymmetries triggering an earlier
onset of leapfrogging, their contributions to accelerating the
large-scale breakdown of the helical vortex system and the
subsequent wake recovery were found to be minimal. This
result contrasted with the findings of Abraham et al. (2023b),
where they found an accelerated wake recovery. Instead, fol-
lowing the leapfrogging event, the vortex system of this work
transitioned into a new equilibrium state, indicating that ad-
ditional mechanisms, such as turbulent fluctuations or struc-
tural vibrations, may be needed to initiate wake breakdown
and enhance mixing in order to result in a faster wake recov-
ery rate.

Additionally, the inflow conditions were found to have mi-
nor effects on the near-wake tip vortex dynamics of an asym-
metric rotor, as both the leapfrogging distance and growth
rate remained relatively unchanged compared to those ob-
served under laminar inflow conditions. However, inflow tur-
bulence played a dominant role in the wake recovery process,
overshadowing the influence of rotor asymmetry even at tur-
bulence levels as low as those found in controlled laboratory
environments. Specifically, for the current setups, turbulent
fluctuations consistently promoted the wake breakdown pro-
cess to a similar extent across different levels of rotor asym-
metry, highlighting that ambient turbulence, rather than the
induced perturbations by the rotor asymmetry, governed the
global wake evolution and recovery.

Finally, detailed parametric studies were conducted to ver-
ify the reliability of the current numerical setup. The ef-
fects of vortex core size and flow diffusivity on the tip vor-
tex dynamics of the asymmetric rotor were examined by
varying the mesh resolution, actuator line model parame-
ters (smoothing factor €), and turbulence model parameters
(Smagorinsky constant Cs). The results demonstrated that
with the exception of the detailed vortex behavior beyond
the first leapfrogging event, such as vortex merging, the key
leapfrogging-related quantities remained largely unaffected
within the tested parameter range. This confirmed that the
numerical framework employed in this study was robust and
sufficient for capturing the primary dynamics of the leapfrog-
ging instability and near-wake behavior.

In general, this study provided critical insights into the
wake aerodynamic behavior of two-bladed asymmetric ro-
tors, particularly regarding their influence on the onset of
leapfrogging instability and wake recovery under both lam-
inar and turbulent inflow conditions. By systematically ex-
ploring a broad range of rotor asymmetries, it was demon-
strated that asymmetry accelerated the onset of leapfrogging
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when subjected to both laminar and turbulent inflow condi-
tions. However, the results indicated that a shorter leapfrog-
ging distance did not necessarily translate into faster wake re-
covery. These findings not only addressed existing gaps in the
literature concerning the behavior of asymmetric rotors un-
der realistic turbulent inflow conditions but also highlighted
the possible limitations of rotor asymmetry as a passive con-
trol strategy for enhancing wake recovery.

Several aspects are recommended for future work to fur-
ther advance the understanding of leapfrogging instabil-
ity for real-world wind turbines. First, detailed investiga-
tions incorporating modal analysis are expected to provide
deeper insights, particularly regarding how leapfrogging-
related modes interact with the mean flow, stochastic fluc-
tuations, and other instability modes. Such analyses can po-
tentially further clarify the relationship between leapfrog-
ging instability and the wake breakdown process (Biswas and
Buxton, 2024b). Furthermore, extending the current study
from two-bladed rotors to more commonly used three-bladed
rotor configurations is considered an immediate next step.
Although recent research has examined three-bladed asym-
metric rotors (Abraham and Leweke, 2023; Abraham et al.,
2023a, b), those studies remained limited to laminar or very
low turbulence inflow conditions. Additionally, examining
the role of velocity shear and the presence of the floor on
the leapfrogging instability is of critical interest, as these are
key characteristics of atmospheric boundary layers but are
neglected in the current simulation setups. Finally, field mea-
surements are recognized as an area of great interest, as the
ultimate application of wind energy research lies in commer-
cial wind farm operations under realistic atmospheric condi-
tions.

Appendix A: Sensitivity test on the spatial
discretization scheme

As mentioned in Sect. 2.4.2, the selection of spatial dis-
cretization schemes for the advective term is important be-
cause it influences numerical diffusivity as well as numerical
stability (Ferziger et al., 2002). To ensure that the numeri-
cal scheme employed in this work is proper, a sensitivity test
is carried out. The effectiveness of the numerical schemes is
briefly surveyed with the contours of the out-of-plane vortic-
ity wy in Fig. Al. The setting of interest is the one having
AR/Ry >~ 10 %, subjected to laminar inflow conditions, and
with the standard mesh (case Lam10S in Table 1).

Figure Al presents the instantaneous ey fields obtained
using different spatial differencing schemes with the same
case setup (Laml10S). Figure Ala illustrates that numeri-
cal diffusion is relatively strong when employing the up-
wind scheme (upwind). In this case, the vortex struc-
tures are significantly smeared out, making it difficult to
clearly distinguish vortex centroids, and the leapfrogging
phenomenon cannot be easily identified. Figure Alb shows

Wind Energ. Sci., 10, 1775-1805, 2025

Near-wake behavior of an asymmetric wind turbine rotor

wyDo/Ux [-]

-12 -10 -8 -6 -4 -2 0 2 4 6 8 10 12
| L ! R
(a? Upwind (h? LinearUpwind

E I & d . " .
051 ™ 4 05F, Po®e W 0§ A » o =
- _——-
0.0F]* 4 00f[ASEe =
O P B o i —— ——
V5 P e - > - — — 4 05t e F § B eoee
| I |

L I 1
0.0 1.0 2.0 3.0 0.0 1.0

(c? Linear (second order CDS) (
| .
QD it 05P

2.0 3.0

0.5F /e "- N

T e e S — I

z/Dy [-]

8P 5 i A o s
—0.5»I ‘~0’\v~“,f S QIM-CH 05} ﬂ’ﬁﬂbg 0, 8
0.0 1.0 2.0 3.0 0.0 1.0 2.0 3.0
(c? 95% Cubic + 5% llnC'ITUpVLlnd (f) 95% Cubic + 5% Upwind
T T T T
0.5+ a.."/,—'\-—!- 05, P o e % 0 # » = =
0.0- CSswwsssrssvaran | 0.0 s emeesos s a———
. P m e .. B Il B e -
05 S e oo FO§ \“'\— V5t e g™ F § Wae
| I « 20 s | I |
0.0 1.0 2.0 3.0 0.0 1.0 2.0 3.0
x/Dyo [-]

Figure A1. Contours of out-of-plane vorticity wy for cases with
different numerical schemes for the advective terms (u jdu; /3x ).
All the cases follow the setting of Lam10S listed in Table 1, which
are all subjected to laminar inflow conditions, have an asymmetric
rotor with AR/Rg =~ 10 %, and have the standard mesh. Note that
CDS is the abbreviation for the central differencing scheme.

the w, contours when using the linear upwind scheme
(l1inearUpwind). While this scheme reduces numerical
diffusion compared to the pure upwind scheme, allowing the
leapfrogging phenomenon to be observed, the vortices re-
main more diffusive than those obtained with higher-order
schemes. Figure Alc presents the results obtained using the
second-order central differencing scheme (CDS). Although
this approach limits excessive numerical diffusion around
the tip and root vortices, it introduces wiggles between the
tip vortices, which are attributed to numerical oscillations
caused by dispersion errors (Ferziger et al., 2002). Despite
these oscillations, the leapfrogging phenomenon can still be
captured. Moreover, Fig. Ald shows that the fourth-order
CDS exhibits even stronger nonphysical oscillations due to
dispersion errors, complicating the analysis of vortex behav-
ior.

In order to achieve results with both high numerical accu-
racy and minimal numerical oscillations, blended schemes,
designed to balance the advantages and drawbacks of dif-
ferent discretization methods (Ivanell et al., 2010; Jha et al.,
2014), are tested. Figure Ale shows the results obtained us-
ing a blended scheme consisting of 95 % fourth-order CDS
and 5 % linear upwind. Although this approach reduces some
oscillations, they are still relatively obvious. Figure Alf
presents the outcome of using a blended scheme with 95 %
fourth-order CDS and 5% upwind. This formulation pro-
duces vortices with minimal numerical diffusion and simul-
taneously effectively inhibits the numerical dispersion. Com-
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pared to the linear upwind scheme (Fig. Alb), the vortices
are less diffusive, and the scheme also shows milder oscilla-
tions than the previously tested blended approach (Fig. Ale).
Therefore, it is concluded that the blended scheme using
95 % fourth-order CDS and 5 % upwind, shown in Fig. Alf,
is the most suitable for the present application and is selected
for all subsequent simulations.

Appendix B: System linearization

This appendix presents the theoretical prediction of the ex-
ponential growth of the leapfrogging instability and provides
the justification for using the L norm, ||5]|; (as defined in
Eq. 10), to evaluate the growth rates (oop and opgs). This
analysis is carried out by solving the linearized dynamical
system described in Eq. (8), which is repeated in Eq. (B1)
for convenience.
sin(w§h /ho)

afshe T
dr [8r(t) | 2hg
cos(dh/ho)+cosh(zwér/ho)

fon(8h(1), r())
~ 2ho [far(éh(t), 8r(1)) } (B1)

sinh(7 7 /ho)
cos(w§h/ho)+cosh(mdr/ho)

Starting by letting 8h(t) = Shs + 8h'(¢t) and 8r = Sru +
8r'(1), the system equations written in Eq. (B1) at 84 = 8hy
and §r = 8rs can be linearized to Eq. (B2) when §h' < hy
and 81’ < ho.

i Sh d [8hy 4+ 8K (2) d [sn
ar | 6r | T dr | Sre+8r'(t) dt 5r'

33, " \snysrs | TSR
A for &r’

Linearization I’ |: 35k Iéh# Ory
—_9 —

2ho dféﬁi: lshy,ors 5 |ohy,ory
Yishy.ory
U [ fsn(8h = hy, 8r = ry)
2ho B2
+ 2hg |:f8r(8h =hy, 6r =rp) (B2)

forcing terms

J in Eq. (B2) is the Jacobian matrix of the dynamical sys-
tem evaluated at (8hy, dry), and its explicit form is given in
Eq. (B3).

nl/2h}
[cos (x8h4/ho) + cosh (7 8ry /ho)]*

sin (w8hy /hq) sinh (7w 8ry/hg)
1+ cos (nSh#/hO) cosh (nér#/ho)

14 cos (w8hy /hg) cosh (w8ry /hg)

sin (néh#/ho) sinh (né'r#/]zo)

| ®3

Note that in this work, the initial condition of 64 is always
fixed at 0, while those of §r are set to AR. Thus, these sce-
narios are focused on. By letting (6h% = 0, 6ry = AR), J can
be formulated as Eq. (B4). It can be found that the obtained
J is antisymmetric and that its diagonal are zeros. By plug-
ging the J written in Eq. (B4) back into Eq. (B2), the system
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equations can be solved by solving an eigenvalue problem,
with the solution given in Eq. (BS). ¢; to ¢4 in the solution
are some time-independent parameters, depending on the ini-
tial conditions and the values of I" and /¢. A and —A are the
eigenvalues, and the two eigenvalues are real and have oppo-
site signs. [1; 1] and [1; —1] are the two eigenvectors, and the
former mode will grow unbounded with increasing ¢, which
is considered to be unstable.

o T /2h§ 0 1 B4
1+ cosh(w AR/hg) [ 0 } D
SH'(t) |1 | 1 €3

I:Sr/(t) ] c1€ ll:l ]+026 ll:—l }+|:C4 :|»

s nl (B5)

2h}[1+ cosh(x AR /ho)]

Because the solution in Eq. (B5) indicates that [87; 5r']
will grow in the direction of [1; 1], it is only natural to choose
the L1 norm ||n||; = |6h| + |67]| to evaluate the growth rate.
This links the growth rates obtained (through time integra-
tion or LES data) more tightly with the eigenvalue A cal-
culated in Eq. (B5). However, it should be noted that X is
evaluated based on [§4'; §r'] and that the effects of the forc-
ing terms (the right-hand side of Eq. B2) and non-linear dy-
namics are disregarded. On the other hand, o,p is calculated
based on [84; ér], and the effects of the forcing terms and
non-linear dynamics are accounted for through time integra-
tion (see Eq. 9).

A final remark in this appendix is that A also decreases
with increasing AR, while A decreases faster than o>p and
OLES, aS plotted in Fig. 13. Moreover, because AR=0,1=
(71/2)(1"/2h ). After normalizing it against tHel, /2 is again
uncovered, agreeing with the asymptotic value of oyp pre-
dicted through time integration when AR =0 (see Fig. 13).
These both demonstrate that oop used in this work is strongly
correlated with A, despite the fact that they are obtained
through different methods.

Appendix C: Evaluating the limitations of the 2D
vortex model

In this work, a simple algebraic 2D vortex model, described
in Sect. 2.5, is used to cross-validate the results obtained from
the LESs. The model is highly simplified, representing the
complex helical vortex system of an asymmetric rotor as two
infinite rows of point vortices (straight vortex filaments of
infinite length) with a constant pitch kg, separated by a dis-
tance AR, as illustrated in Fig. 3. As discussed by Quaranta
et al. (2019) and Delbende et al. (2021), this simplification
neglects the curvature and torsional effects inherent to heli-
cal vortex geometry. To further assess the limitations of the
2D vortex model used in this work, a brief evaluation is con-
ducted in this appendix.

In this appendix, instead of analytically formulating the
induced velocities for calculating d§k/dt and ddr/dt, the
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induced velocities are calculated using the vortex filament
method through the Biot—Savart law given in Eq. (C1) (An-
derson, 2017).

T [0 xdl
“Co)= 37 | e —e0)r

u(&g)=0 when|§y—&(D=0 (CI)

when [£y — £(1)| > 0,

The vortex filaments are arranged in four configurations
to model the tip vortex dynamics of an asymmetric rotor, as
illustrated in Fig. C1. The most complex configuration con-
sidered is a dual helix structure, with two interlacing heli-
cal vortex filaments extending infinitely in both the positive
and negative axial directions (Fig. Cla). A simplified con-
figuration follows, consisting of an infinite series of coaxial
vortex rings (Fig. C1b). The simplification from helices to
rings neglects torsional effects associated with the inclina-
tion angle (Delbende et al., 2021). Next, the infinite series
of vortex rings is further simplified into an infinite series of
straight vortex filaments with a finite length of x =2n Ry,
as shown in Fig. Clc. This step removes curvature effects
from the model. Finally, these straight vortex filaments with
finite length are extended to infinite-length straight vortex fil-
aments (Fig. C1d, where x — 00). This final simplification
results in a system that coincides with the 2D vortex model
described in Sect. 2.5.

To determine how 6/ and §r evolve over time, the trajec-
tories of the red (inner) and green (outer) points shown in
Fig. C1 are computed based on the induced velocities act-
ing on them. The corresponding symmetry conditions, either
helical symmetry or axial symmetry, and periodicity are ap-
plied to allow the values of §k and §r to be derived from
the trajectories of these two points. Notably, in the case of
helical filaments, the non-zero induced velocity in the y di-
rection, vip, is addressed by applying a correction to the
x-directional induced velocity. This correction is made by
defining uin, corr = Uin + Vinho/(w R'), where R’ is the radius
of the helix at that time instant. This approach ensures that
the y positions of the two points remain unchanged.

The numerical setups for the vortex filament configura-
tions are summarized in this paragraph. For all four config-
urations, 100 pairs of inner and outer vortex filaments are
placed on both sides of the evaluation points (the red and
green dots in Fig. C1). Each turn of the helices and each vor-
tex ring is discretized into 100 straight filament segments.
The vortex core size is assumed to be infinitesimally small,
and the induced velocity at the filament center is set to O,
following Eq. (C1). The filament length parameter x is set
to 20007 Ry to approximate an infinite-length scenario. Re-
garding the time step size, At =5 x 1073 #1e1. A parametric
study confirms that doubling these parameters results in neg-
ligible changes in both the growth rate and the leapfrogging
distance (less than 0.1 % difference).

The trajectories of the inner (red) and outer (green) points
in Fig. Cl are obtained using a time integration approach.
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At each time step, the positions of these points are updated
based on the induced velocities calculated from the vortex
filaments, providing the instantaneous values of i and dr.
The vortex filaments are then reconstructed according to the
updated 84 and 6r. This process is repeated iteratively as the
algorithm advances to the next time step.

The L1 norms, defined as ||n||; = |8h|+|57|, predicted by
the four different vortex filament configurations for the case
with AR/Ry = 0.1 are plotted against time in Fig. C2. As ex-
pected, the curve predicted by the configuration of infinitely
long vortex filaments exactly matches that of the 2D vortex
model described in Sect. 2.5. In Fig. C2, it is evident that
the growth rates and leapfrogging times predicted by all four
configurations are very similar, indicating that the effects of
finite filament length, curvature, and torsion are minimal for
the present application. This result is consistent with expec-
tations, given that both the reduced pitch L=ho /7 R and the
radial perturbation AR/Ry are relatively small, with values
of 0.12 and 0.1, respectively. The analysis by Delbende et al.
(2021) similarly shows that for L <0.3 and AR/Ry < 0.3,
the dynamics predicted by the 2D vortex model closely re-
semble those of helical filament systems. Based on the find-
ings in Fig. C2 and this theoretical context, the 2D vortex
model described in Sect. 2.5 is considered suitable for the
current application. Moreover, because the induced velocities
in the 2D vortex model can be expressed in closed algebraic
form, it is preferred for its analytical simplicity compared to
the filament method.

Looking closer into Fig. C2, it can be found that curvature
has the largest impact on ||n]|; and the growth rate with the
current settings. Also, limiting the length of the straight vor-
tex filaments x from oo to 2 Ry has noticeable impacts. The
former demonstrates that the effects of curvature increase
the growth rate. On the other hand, limiting the length of
the vortex filaments decreases it. In contrast, the effects of
the torsion/inclination angle are almost undetectable, where
the growth rate of the configuration with helical vortices is
merely 0.2 % lower than that with vortex rings.

Several remarks regarding the additional limitations of us-
ing the filament method are provided in this paragraph. First,
although helical vortex filaments can capture some three-
dimensional effects, the model used here does not account
for viscous effects and assumes infinitely small vortex cores.
These limitations make the vortex filaments completely non-
diffusive and prevent the vortex from merging, which is un-
physical in real-world scenarios. Second, all filament con-
figurations employed in this appendix consist of vortex fila-
ments that extend infinitely in the axial direction, which does
not reflect the reality of a wind turbine rotor, where vortex
arrays terminate at the rotor plane and introduce spatial in-
homogeneities in the streamwise direction. Third, the con-
figurations considered do not include root vortices, which
are present in actual turbine wakes and can influence vortex
dynamics (Selguk et al., 2017). Lastly, the vortex filament
method used here does not incorporate turbulence effects.
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Figure C1. Schematic diagrams depicting the configurations of the vortex filament method tested. The vortex filaments are used to represent
the tip vortex system of an asymmetric rotor having a length difference A R between the two blades. All these configurations repeat themselves
infinitely in both the positive and negative streamwise directions (the direction of the dashed lines in gray). The direction of the circulation
I" is labeled with arrows, and all the filaments have I" of equal strength. (a) The system with helical vortex filaments. (b) The system with
vortex rings. (¢) The system with straight vortex filaments, with x being the filaments’ length.
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Figure C2. The obtained L1 norm, ||n||; = |§k|+ |§r|, with the
four different configurations of vortex filaments depicted in Fig. C1.
“2D vortex” is the case when y in Fig. Clc extends to co, whereas
“Straight filaments” denotes the configuration with y = 2w Ry. The
numbers in the legend indicate the normalized growth rate (growth
rate/ II;ell) of each configuration. The vertical dashed lines indicate
the leapfrogging time 71 . Note that 71  for “Rings” is on top of that
for “Helices”.

In this work, these limitations are overcome by employing
large-eddy simulations with actuator lines, allowing for the
capture of more realistic and physically detailed wake dy-
namics of an asymmetric rotor.
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