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Abstract. We revisit the modeling, using actuator line methods (ALM), of flow curvature effects on airfoils
and their application to vertical-axis turbines (VAT), which is important when the ratio of airfoil chord c to arm
length R is not small. The models can only use the aerodynamic coefficients of the airfoil in uniform flow (here
obtained using wall-resolved CFD of a NACA0015 airfoil at Rec = 6.0× 106); they then consist of analytical
modifications of these coefficients. The models for the normal force and moment coefficients use the classic
analogy of potential flow with curved streamlines past an airfoil; their expression depends on the airfoil pitch
angle and its attachment point to the arm. They are known, yet many authors have neglected the contribution
of the aerodynamic moment. We here extend the models so as to cover all possibilities of attachment point and
pitch angle, and up to stall. Furthermore, we develop a new model for the tangential force (the analogy with that
of potential flow being flawed): its inviscid part, which corresponds to negative drag, is required to compensate
for the aerodynamic moment.

The improved models are first validated in steady flow corresponding to the NACA0015 airfoil rotating with
c/R = 2/7. We cover the whole range of pitch angles, up to stall. The results are shown to compare well with
those of the reference CFD data. This validation is carried out for two attachment points: at airfoil mid-chord
and at quarter-chord.

An ALM incorporating the improved models is then also implemented in the CFD framework and is used to
simulate the unsteady flow corresponding to a VAT configuration: the rotating NACA0015 airfoil without pitch
placed in a free stream and operating at optimal tip speed ratio of TSR= 3.25. This is also simulated for both
attachment points. Here, a novel method is also developed to explicitly enforce the moment in an ALM. The
various components of the ALM results are compared with those of the reference CFD data and are found to be
in good agreement throughout the rotation cycle.
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1 Introduction

The pursuit of sustainable development encourages the de-
velopment of environmentally responsible technologies. One
such innovation is the vertical-axis turbine (VAT), which al-
lows for the extraction of energy from wind, river and tidal
currents. This study specifically focuses on this technology.
As highlighted in several studies (Paraschivoiu, 2002; De
Tavernier et al., 2022), VATs offer several advantages, in-
cluding the ability to generate energy regardless of flow di-
rection, ease of installation, and adaptability to various envi-
ronments. This makes them a reliable and consistent energy
source. Furthermore, Dabiri (2011) demonstrated that VATs
can increase the energy density of turbine farms, further en-
hancing their potential to improve overall efficiency.

A precise approach for predicting and analyzing VAT
performances is through high-fidelity numerical simula-
tions, such as time-accurate wall-resolved (WR) simulations.
These simulations can enable turbine optimization with para-
metric studies and design guideline recommendations (Bal-
duzzi et al., 2021). For instance, Villeneuve et al. (2020)
demonstrated that incorporating detached end-plates signif-
icantly enhances the efficiency of VATs, while a follow-up
study (Villeneuve et al., 2021) further improved VATs effi-
ciency by modifying blade support structures. However, WR
simulations are computationally expensive, as they require
resolving the flow within the boundary layers. This region
requires fine computational cells to accurately capture the
strong gradients. One approach to reducing computational
costs is to use a moderate-fidelity approach. The actuator
line method (ALM), which has been widely applied in rotor-
craft studies (Merabet and Laurendeau, 2022) and horizontal-
axis turbines (Churchfield et al., 2017), is a moderate fi-
delity approach that enables realistic predictions of aerody-
namic performance (Trigaux et al., 2024a) and accurately
replicates wake behavior (Richard et al., 2018). Originally
introduced by Shen et al. (2002, 2009), the ALM replaces
the body-meshed lifting surfaces with equivalent volumetric
forces in the Navier–Stokes equations. These forces are de-
termined for each blade section by estimating the local up-
stream velocity and angle of attack, then applying precom-
puted aerodynamic airfoil coefficients to compute the corre-
sponding loads and moment. Thus, this method allows for
bypassing the resolution of the boundary layers on the lifting
surface and significantly reduces the required mesh resolu-
tion and overall computational cost while still maintaining
realistic results. Consequently, once the ALM has been suit-
ably adapted to VATs, it becomes particularly valuable for
performing multi-turbine cluster simulations, which would
be unrealistic using WR simulations (Mohamed et al., 2024).

Recently, several ALM models have been specifically de-
veloped for VATs (Bachant et al., 22 September 2018; Melani
et al., 2019, 2021; Zhao et al., 2020). All these studies em-
phasize the importance of considering flow curvature effects
in the calculation of volumetric forces.

Corrections for flow curvature

As mentioned in the work of Mohamed et al. (2022), the pri-
mary challenge of VAT modeling using the ALM lies in the
quality of the airfoil’s aerodynamic coefficient data. Since
the blades of a VAT operate in a curved flow, the curvature
of the streamlines modifies the aerodynamic coefficients of
the airfoil compared to those in uniform flow. As a result,
predicting these aerodynamic coefficients in curved flow be-
comes the main challenge. The effects of flow curvature were
first studied by Migliore et al. (1980). In their work, they ex-
plore these effects using the concepts of “virtual camber” and
“virtual incidence”. They demonstrated that, concerning the
lift and the moment, the aerodynamics of a symmetric airfoil
in curved flow can be treated similarly to the aerodynamics
of a cambered airfoil with a non-zero incidence in uniform
flow. This conclusion is reached through a purely geometric
transformation, which modifies the airfoil profile by convert-
ing the curved flow into a uniform flow, thereby unfolding
the curved streamlines while preserving the local angles be-
tween the streamlines and the airfoil surface.

A bidirectional conformal mapping between the two flow
fields was then also proposed by Akimoto et al. (2013) so
that the flow around a symmetric airfoil in the curved flow
is mapped to that around a cambered airfoil in the straight
flow. They claim that the aerodynamic coefficients around
the mapped airfoil show a good correlation with those of the
original airfoil in the rotating condition and hence that they
can approximately reproduce the local flow field around the
rotating blade from the flow data around the mapped static
wing in a straight flow. This is however incorrect as far as
the tangential force is concerned: indeed, a straight potential
flow past a cambered airfoil only has a normal force and an
aerodynamic moment, whereas an inviscid flow past a rotat-
ing airfoil also has a tangential force. We will show this and
also propose a model for it.

Rainbird et al. (2015) and Bianchini et al. (2016) demon-
strated the effects of virtual camber and virtual incidence by
comparing the experimental results of an airfoil in uniform
flow, and with a camber similar to the virtual camber of a
symmetric airfoil in curved flow, with the CFD results of a
symmetric airfoil in rotation.

Since flow curvature effects are important when the ratio
between blade chord c and arm length R is not small, and
since the ALM relies on accurate aerodynamic coefficients to
replicate the forces and moments exerted by the blade on the
flow, it is essential that the modeled aerodynamic coefficients
used in the ALM accurately account for the effects of flow
curvature.

As stated in Sect. 1, the curvature effects modify the aero-
dynamic coefficients; also the aerodynamic moment coeffi-
cient. For symmetric airfoil in uniform flow, the ALM does
not need to account for the moment around the aerody-
namic center, xac, as it is essentially zero (since xac coincides
closely with the center of pressure). However, in curved flow,
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the moment mac is no longer negligible (Ruiz-Hussmann
et al., 2023). The ALM must therefore also be able to im-
pose the aerodynamic moment to account for its effects on
the flow. We will hence also develop a novel method for im-
posing a moment in the ALM, in addition to imposing forces.

2 Objectives and outline

This paper focuses on developing and validating improved
models to accurately account for flow curvature effects on
airfoils. The modeling approach only uses the aerodynamic
coefficients as a function of the angle of attack (for lift, drag
and moment), as obtained when considering the airfoil in a
uniform flow. We here consider a NACA0015 airfoil operat-
ing at a high Reynolds number of Rec = 6.0× 106, and the
aerodynamic coefficients are obtained using wall-resolved
CFD, up to the stall angle. The curves obtained are then also
fitted using polynomials; see Appendix A.

The correction models are used to adapt the aerodynamic
coefficients obtained in uniform flow to the curved flow con-
ditions. Thus, the ALM user only needs to apply the correc-
tions to usual aerodynamic coefficient data by adjusting them
to the flow curvature based on the dimensions of the mod-
eled VAT (the critical ratio being c/R) and on the attachment
point of the airfoil to the arm.

The models for the normal force and moment are based
on the analogy with the potential flow past an airfoil with
curved streamlines; they have long been known, although
many authors have neglected the contribution of the aero-
dynamic moment. Moreover, the model for the normal force
is further improved here to remain valid for a wide range of
angles, up to stall. The model for the tangential force is new;
here, the analogy with a curved potential flow is shown to be
flawed (i.e., the correct tangential force does not correspond
to adding the parasitic drag to the potential flow prediction).

The models for the forces and the moment are developed
in Sect. 3, also for various attachment points of the blade to
the arm: at mid-chord in Sect. 3.3 and at quarter chord in
Sect. 3.4. For each case, the validity of the models is then
also assessed by comparing the model predictions to the ref-
erence results of CFD for a rotating NACA0015 airfoil with
c/R = 2/7, put at various pitch angles; and here up to the two
stall angles (i.e., those for negative pitch and positive pitch,
which are indeed different due to flow curvature). The mod-
els are then further extended to an arbitrary location of the
attachment point in Sect. 3.5.

The actuator line method (ALM) used to impose forces in
the unsteady flow solver is then presented in Sect. 4. A new
method for also imposing the aerodynamic moment into the
ALM is then developed in Sect. 5.

The improved flow curvature correction models are then
used in actual ALM simulations of a simplified vertical-axis
turbine (VAT) configuration in Sect. 6 for the purpose of fur-
ther validating the adapted ALM in a more complex and un-

steady flow. The case considered is that previously studied
by Villeneuve et al. (2021): a single-blade VAT configuration
with c/R = 2/7 operating at TSR= 3.25 (corresponding to
its maximum power production and without boundary layer
separation). Two cases are considered: Sect. 6.1 for the blade
attached at quarter-chord and with the ALM centered there;
Sect. 6.2 for the blade attached at mid-chord and for two sub-
cases: ALM centered at quarter-chord and ALM centered at
mid-chord. For each case, the predictions obtained using the
adapted ALM are validated against those of the correspond-
ing reference CFD simulation.

3 Corrections of flow curvature effects for various
blade attachment points

We consider a blade section of a VAT that corresponds to an
aerodynamic profile without camber. Its chord is denoted c
and the arm that links the blade to the mast has a length de-
notedR. The airfoil is attached to the arm at some distance xp
from its leading edge. The case where the attachment point
is at mid-chord corresponds to xp = c/2; that where the at-
tachment point is at quarter-chord corresponds to xp = c/4.

We consider cases where flow curvature effects are im-
portant. In particular, we compare the prediction of the sim-
plified models developed below against the reference results
from wall-resolved CFD of the rotating airfoil at a high
Reynolds number of Rec = 6.0× 106 and for a case with
strong flow curvature effects corresponding to c/R = 2/7,
the CFD simulations being performed in the rotating frame.

3.1 Curved potential flow past a flat plate

We consider an (x,y) coordinate system with a flat plate of
chord c and centered at the origin. The plate is tilted by an
angle αp relative to the horizontal. To produce curved stream-
lines, we put a point vortex of circulation 00 < 0 (i.e., induc-
ing a clockwise velocity field) below the plate, at the position
(0,−R) (i.e., at z=−iR). The exact solution for the curved
potential flow past the flat plate can be obtained analytically
and so can the force exerted by the flow on the plate: this is
done in Appendix E. The streamlines of the potential flow
are shown in Fig. 1 for the case c/R = 2/7 and for different
values of αp. The Kutta–Joukowski condition being satisfied,
the streamline emanating from the trailing edge is tangent to
it and the velocity is finite there. The case with αp = 0 cor-
responds to a flow that is left/right symmetric; the normal
force exerted by the flow on the plate acts downward. The
case with αp = 4° has a normal force close to zero. The case
with αp = 8° has a normal force acting upward.

One can make an analogy between the potential flow and
the flow past a flat plate that is attached at its center to an arm
of length R that rotates at the angular velocity �. The up-
stream velocity seen by the plate is U = (�R) and its analog
is the velocity U = 00

2π R induced by the vortex in the poten-
tial flow model; this sets 00 =−2π �R2.
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Figure 1. Streamlines (blue) of curved potential flows past a flat plate (black) with c/R = 2/7 and for various tilt angles: αp =−4, 0, 4 and
8 °.

However, it must be stressed that the analogy is limited.
The potential flow being irrotational, the velocity induced by
the vortex decreases when R increases; for the plate in solid
body rotation, the velocity increases with increasing R. In
particular, the analogy can only be used to obtain a model
for the normal force fn exerted by the flow on the plate and
for the moment mac around its aerodynamic center, only for
moderate tilt angles. Properly modeling the tangential force
ft will require another argument that is not compatible with
potential flow theory, even for inviscid flows, and this will be
developed in the paper.

When considering airfoils (thus with some thickness) in-
stead of plates, the models for fn and mac based on the anal-
ogy with potential flow will also be acceptable if all points of
the airfoil remain such that their distance to the airfoil center
is small compared to the arm length R.

3.2 Transformation used for developing the simplified
model

The complex potential due to the vortex is

f (z)=φ(z)+ iψ(z)=−i
00

2π
log

(
z+ iR
R

)
=iU R log

( z
R
+ i
)
,

(1)

with z= x+ iy the complex variable, φ(z) the potential and
ψ(z) the streamfunction. As it is defined up to an arbitrary
constant, we can subtract log(i)= π/2 and also write

f (z)= iU R log
(

1− i
z

R

)
. (2)

This then leads to the conformal transformation proposed in
Akimoto et al. (2013):

Z(z)= iR log
(

1− i
z

R

)
⇔ z(Z)= iR

(
e−iZ

R − 1
)
. (3)

Now, for z points with |z|
R

small, which is the case when
c/2
R
� 1, each conformal transformation can be approxi-

mated using the first term in its Taylor series:

Z(z)' z+
i
2
z2

R
⇔ z(Z)' Z−

i
2
Z2

R
. (4)

These simplified transformations are those retained in what
follows for developing the correction models accounting for
flow curvature effects.

The flat plate in the z plane is transformed into a curved
plate in the Z plane, and the potential f (z) for the curved
flow past the flat plate can be approximated from the poten-
tial F (Z) of a uniform flow past the cambered plate: this is
done by writing f (z)= F (Z) for z= z(Z). We stress that
this approximated potential flow is not the exact one; the ex-
act one is that developed in Appendix E. Nevertheless, we
will see that the analogy between the flow of a rotating airfoil
attached to an arm and this simplified potential flow already
allows one to model quite well the effects of flow curvature
on the force normal to the arm and on the aerodynamic mo-
ment. However, the analogy completely fails to model the
force tangential to the arm (and so does the exact solution of
Appendix E). The proper model for the tangential force will
be obtained by considering the rotating airfoil attached to an
arm and the net moment at the center of rotation (which must
be zero in inviscid flow).

3.3 Flat plate or thin airfoil attached at its mid-chord
(xp = c/2)

3.3.1 Flat plate without pitch angle in an inviscid flow

We first consider a flat plate of chord c in the z plane, which
is centered at zc = 0 and is also attached to the arm there:
zp = 0 (which corresponds to the case xp = c/2). The plate
is horizontal: no pitch angle (αp = 0): see Fig. 2a.

Using the transformationZ(z)= z+ i
2
z2

R
, the plate is trans-

formed into a horizontal and symmetric cambered plate in
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the Z plane: the attachment point zp = zc = 0 is transformed
into Zp = Zc = 0, the trailing edge zT = c/2 is transformed
into ZT = c/2+ ic2/(8R) and the leading edge zL =−c/2
is transformed into ZL =−c/2+ ic2/(8R); see Fig. 2b.

Using the approximate potential flow discussed above, the
normal force, fn, exerted by the flow U on the cambered
plate is obtained as

Cn(0)=−2π
c

4R
. (5)

The force fn(0) is negative, thus oriented inward.
On the other hand, we also have the exact value of Cn(0)

obtained from the exact potential flow presented in Ap-
pendix E, with the final result of Eq. (E25). The amplitude
of Cn(0) is thus a little bit less than 2π c

4R . Nevertheless:

when
(
c

2R

)2
� 1, which is most often the case and is the one

considered in this paper, we can neglect this effect. We then
simply associate the flow curvature effect with an effective
shift in the angle of attack, by the angle αc defined as

sin(αc)=
c

4R
⇒ Cn(0)=−2π sin(αc) . (6)

The aerodynamic moment mc/2(0) acting at the center of
the plate (i.e., at the mid-chord point) is here zero, by left–
right symmetry of the flow around the plate, in the same way
as for the potential flow developed in Appendix E and shown
in Fig. 1.

For an inviscid flow, it would take no energy to rotate
the airfoil attached to the arm: the moment m0 around the
center of rotation of the arm would therefore be zero. We
stress that this is also confirmed in Appendix D by perform-
ing an inviscid simulation of the flow past a rotating air-
foil. As this moment is equal to m0 =mc/2(0)+Rft(0), and
since mc/2(0)= 0, the tangential force exerted on the plate
by an inviscid flow will also be zero: ft(0)= 0 and hence
Ct(0)= 0. For a viscous flow, there will, of course, be some
parasitic drag, and thus a value of Ct(0)> 0; we will add this
effect later, in Sect. 3.3.3.

We already stress that, in an inviscid flow, the tangential
force will no longer be zero when the plate is pitched by some
angle αp, becausemc/2 will then be non-zero; see Sect. 3.3.2.

We also obtain the moment at the location of the aero-
dynamic center (which is located at a distance c/4 from
the leading edge): since mc/2(0)= 0, we obtain mac(0)=
mc/4(0)=−(c/4)fn(0)> 0; see Fig. 2c and d. The associ-
ated moment coefficient is thus

Cmac (0)=Cmc/4 (0)=
mc/4(0)

1
2 ρU

2 c2

=−
Cn(0)

4
'
π

2
sin(αc)'

π

2
c

4R
.

(7)

We note that the angle αp = 0 considered here is the geo-
metrical pitch angle of the profile attached at its mid-point
relatively to the horizontal, not the angle that the profile

makes with the curved flow streamline at the location of the
aerodynamic center and which is used as the “effective an-
gle of attack” α in an actuator line method (ALM) when the
line is located at the aerodynamic center. At this location, the
curved streamline makes an angle of α = c

4R relative to the
horizontal plate (see Fig. 2d); thus an angle also equal to αc.

The usual aerodynamic coefficients relative to the curved
flow velocity vector considered at the location of the aero-
dynamic center are easily obtained using the angle αc of the
local velocity vector relative to the plate:

Cl =Cn(0) cos(αc) ,

Cd =Cn(0)sin(αc) .
(8)

As Cn(0) is negative, both Cl and Cd are negative; as shown
in Fig. 2d.

3.3.2 Flat plate with pitch angle in an inviscid flow

We now further pitch the flat plate at a moderate angle αp
relative to the horizontal, as shown in Fig. 3a. The normal
force coefficient will be modeled using

Cn(αp)' 2π sin(αp)− 2π sin(αc) . (9)

We note that this formula is slightly different from the for-
mula inspired from the potential flow theory past a cambered
plate, which would be

Cn(αp)' 2π sin(αp−αc) . (10)

Obviously, both formulas provide results that are very close
for small αc and moderate αp−αc; they both also provide
Cn = 0 when αp = αc. The reason why we will use Eq. (9)
instead of Eq. (10) will become clear when we further extend
the model to thin airfoils in real viscous flows and up to large
pitch angles, even up to the stall of the airfoil, and compare
the results to those of the reference CFD results.

For αp < αc, Cn < 0 and the normal force is oriented in-
ward, as in Fig. 3a; for αp > αc, Cn > 0 and the normal force
is oriented outward.

When αp 6= 0, the flow around the plate is no longer left-
right symmetric (as for the potential flow shown in Fig. 1).
The momentmc/2 around the center of the plate is, therefore,
non-zero.

For the model, we use the prediction for a potential flow
past the tilted cambered plate put in an horizontal stream at
velocity U :

Cmc/2 (αp)=
mc/2

1
2 ρU

2 c2
=
π

4
sin(2αp)

=
π

2
sin(αp)cos(αp) .

(11)

The moment around the aerodynamic center is hence ob-
tained as mc/4(αp)=mc/2(αp)− (cos(αp)c/4)fn(αp), and

https://doi.org/10.5194/wes-11-3615-2026 Wind Energ. Sci., 11, 3615–3651, 2026



3620 G. Winckelmans et al.: ALM with flow curvature and aerodynamic moment, and application to VAT

Figure 2. (a, d) Schematic of a flat plate attached at xp = c/2 without pitch angle in the z plane (solid black) and a background flow with
curved streamlines (light gray). (b, c) Transformed cambered plate in the Z plane in a uniform background flow. Note that the flow curvature
was here exaggerated for clarity, using a too-large value of c/R = 1/2.

Figure 3. (a, d) Schematic of a flat plate attached at xp = c/2 with a moderate pitch angle 0< αp < αc in the z plane (solid black) and a
background flow with curved streamlines (light gray). (b, c) Transformed tilted cambered plate in the Z plane in a uniform background flow.
Note that the flow curvature was here exaggerated for clarity, using a too-large value of c/R = 1/2.
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thus the associated moment coefficient is

Cmc/4 (αp)=Cmc/2 (αp)−
Cn(αp)

4
cos(αp)

'
π

2
sin(αc)cos(αp) .

(12)

As the momentm0 around the center of rotation of the arm
must still be zero in an inviscid flow (see also Appendix D for
a numerical confirmation of this), there must now also be a
net tangential force component f i

t due solely to the pressure
distribution, and which is such that

m0 =mc/2(αp)+Rf i
t (αp)= 0 . (13)

The model for the tangential force coefficient in inviscid flow
is hence obtained as

Ci
t (αp)=−

c

R
Cmc/2 (αp)'−4sin(αc) Cmc/2 (αp) . (14)

Of course, there will also be a parasitic drag coefficient to
add to the model for Ct when modeling viscous flow; see
Sect. 3.3.3.

3.3.3 Thin airfoil with pitch angle in a real viscous flow

The correction models above, obtained assuming an invis-
cid flow and a flat plate, are also used for thin aerodynamic
profiles without camber and in real flows and thus with the
added parasitic effects associated with viscosity.

For the normal force coefficient, the model becomes

Cn(αp)' Cu
l (αp)−Cu

l (αc), (15)

where Cu
l (β) is the usual curve for the lift coefficient of the

airfoil in a uniform flow as a function of its angle of attack β
relative to that uniform flow. This curve is obtained from ex-
periments or using CFD. In the present case, it was obtained
using CFD; see Appendix A.

When the airfoil is not pitched, the moment at mid-chord,
C0
mc/2

, is small yet non-zero. It can be estimated by perform-
ing CFD of the airfoil deformed using the transformation
Z(z) and put in a uniform flow (for the deformed NACA0015
airfoil, we measure C0

mc/2
'−0.00746: see Appendix C).

When the airfoil is pitched by an angle αp, we then use, by
similarity with the model obtained for the plate,

Cmc/2 (αp)' C0
mc/2
+

1
4
Cu

l (αp)cos(αp) . (16)

We then obtain, for the moment around the quarter-chord
point,

Cmc/4 (αp)=Cmc/2 (αp)−
1
4
Cn(αp)cos(αp)

'C0
mc/2
+

1
4
Cu

l (αc) cos(αp) .
(17)

In the same way, the moment around the true aerodynamic
center, which is located at xac

c
very close to 1

4 but not exactly

there (for the NACA0015 airfoil, we measure xac
c
' 0.2476:

see Appendix A), is obtained as

Cmac (αp)' C0
mc/2
+

(
1
2
−
xac

c

)
Cu

l (αc) cos(αp) . (18)

To model the tangential force coefficient Ct, we add to the
inviscid flow contribution, Ci

t =−
c
R
Cmc/2 , the parasitic con-

tribution Cνt associated with the viscous effects, i.e., due to
the presence of boundary layers and their separation, result-
ing in pressure drag and friction drag:

Ct(αp)=Cνt (αp)+Ci
t (αp)

=

(
C
ν,p
t (αp)+Ci

t (αp)
)
+C

ν,f
t (αp)

=C
p
t (αp)+Cν,ft (αp)

'

(
C

u,p
d (αp)−

c

R
Cmc/2 (αp)

)
+C

u,f
d (αp+αc) .

(19)

The term C
ν,p
t +C

i
t in parentheses represents the complete

pressure component: we denote it Cp
t .

Note that we modeled Cν,ft (αp) using Cu,f
d (αp+αc) with

C
u,f
d (β) the curve for the fraction due to wall friction of the

drag coefficient for the airfoil in uniform flow as a function
of its angle of attack β (see Appendix A). This choice is
motivated by the fact that, in the reference CFD of the ro-
tating airfoil, Cν,ft is seen to be minimum when αp '−αc
and not when αp ' 0. As to Cp

t = C
ν,p
t +C

i
t , it is found, in

the CFD, to be symmetric relative to αp ' 0, and hence we
model Cν,pt (αp) using Cu,p

d (αp). The model for the parasitic
drag is thus taken as

Cνt (αp)=Cν,pt (αp)+Cν,ft (αp)

'C
u,p
d (αp)+Cu,f

d (αp+αc) .
(20)

We also stress an important point: if the moment mc/2 is
not enforced in the ALM (using the procedure developed in
Sect. 5), then only the parasitic tangential force f νt must be
enforced in the ALM, while f i

t must be ignored.
Finally, the force coefficients can also be decomposed into

the usual aerodynamic coefficients considered at c/4 by us-
ing the angle of attack αp+αc that the curved flow velocity
vector makes there relative to the airfoil chord:

Cl =Cn(αp)cos(αc)−Ct(αp) sin(αc) ,

Cd =Cn(αp) sin(αc)+Ct(αp)cos(αc) .
(21)

3.3.4 Comparison of the model predictions against CFD
data of a rotating NACA0015 airfoil

We test the curvature correction models proposed above for
a case with significant curvature effects (with c/R = 2/7)
and for a NACA0015 airfoil (hence an airfoil that is not
very thin) attached at xp = c/2. We then obtain sin(αc)=
1/14' 0.07143 and αc = arcsin(1/14)' 0.07149 rad (thus
' 4.096°).
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We first consider the case αp = 0. Using the lift curve
of the NACA0015, the prediction is Cn '−C

u
l (αc)'

−0.454 (Cn '−2π (1/14)'−0.449 when using the flat
plate model) to compare with Cn '−0.431 measured in
CFD of the rotating airfoil.

For the flat plate, we have Cmc/2 = 0 and thus
Cmc/4 = Cmac =−Cn/4' (π/2) (1/14)' 0.1122. For the
NACA0015 airfoil, and if C0

mc/2
is neglected, the predictions

are Cmc/4 ' 0.1135 and Cmac ' 0.1146. The values mea-
sured in CFD of the rotating airfoil are Cmc/2 '−0.0056,
Cmc/4 ' 0.10225 and Cmac ' 0.10327. When using the mod-
eled C0

mc/2
'−0.00746 (obtained using CFD of the airfoil

deformed using Z(z) and put in a uniform flow; see Ap-
pendix C), the predictions are Cmc/4 ' 0.1079 and Cmac '

0.1090: indeed better.
The values measured in CFD of the rotating airfoil are

also Cp
t ' 0.00387, Cν,ft ' 0.00682 and thus Ct ' 0.01069.

When using the modeledC0
mc/2

value, the predictions become
Ci

t ' 0.00211 and thus Cp
t ' 0.00401, which compares well

with the reference CFD value. The model is again improved
when we incorporate the small, yet non-zero, value of C0

mc/2
.

We present in Fig. 4 the predicted values for the aerody-
namic coefficients. The range of moderate pitch angles cor-
responds to −12≤ αp ≤ 12°. We see that the predictions are
quite accurate within this range. The comparison is also made
for the complete range, up to the two stall angles (they are
slightly different due to the flow curvature effects). We see
that the model developed above also performs well up to both
stall angles and that the predicted values (of roughly −18°
and 18°) are in fair agreement with those of the reference
CFD (that are roughly −19° and 17 deg). We stress that this
would not be the case if we had used

Cn(αp)' Cu
l (αp−αc) , (22)

as model for Cn instead of Eq. (15). Although both choices
produce similar predictions for Cn, and hence also for all
other coefficients, in the range of moderate tilt angles, us-
ing Eq. (22) would predict incorrect stall angles (at roughly
−18+ 4=−14° and 18+ 4= 22°: not in line with those of
the reference CFD).

Finally, we stress that the model for Cmc/4 is based on the
analogy of the inviscid potential flow as a cambered airfoil.
As such, it cannot take into account deviations from when
the pitch angle exceeds ' 10°, where viscous effects on the
moment also become significant, resulting in deviations up
to ' 0.025− 0.03 near stall.

3.4 Flat plate or thin airfoil attached at its quarter-chord
(xp = c/4)

We consider next a flat plate of chord c in the z plane, which
is attached to the arm at zp = 0 but has its center at zc = c/4
(it corresponds to the case xp = c/4). The plate is attached
at its aerodynamic center, hence its pitch angle αp is also the

angle that the plate makes relative to the curved flow velocity
vector at its aerodynamic center.

We first consider the case without pitch angle: αp = 0.
The horizontal plate is transformed into a tilted and cam-
bered plate in the Z plane: its attachment point zp = 0 is
transformed into Zp = 0, its center zc = c/4 is transformed
into c/4+ ic2/(32R), its trailing edge zT = 3c/4 is trans-
formed into ZT = 3c/4+ i 9c2/(32R) and its leading edge
zL =−c/4 is transformed into ZL =−c/4+ ic2/(32R); see
Fig. 5.

The slope of the tilted cambered plate at its center is then
obtained as (dY/dX)c = c/(4R). This is the angle that the
cambered plate makes relative to the uniform horizontal ve-
locity U . We note that this angle also corresponds to αc.

When αp = 0, the normal force coefficient is obtained as

Cn(0)' 2π sin(0−αc)− 2π sin(αc)=−4π sin(αc) . (23)

When we pitch the flat plate by an angle of attack αp, the
model becomes

Cn(αp)' 2π sin(αp−αc)− 2π sin(αc) . (24)

We stress again that this formula is not exactly that obtained
from the potential flow theory for the curved plate in uniform
flow and pitched by the angle −αc and which would be

Cn(αp)' 2π sin(αp− 2αc) . (25)

Both formulas provide results that are very close for mod-
erate angles. The reason why we use Eq. (24) instead of
Eq. (25) is again that it provides better results when we ex-
tend the model to thin airfoils in viscous flows and up to large
angles, including stall, as will be shown in the next section.

The moment coefficient at the plate center is again ob-
tained using the angle of attack αp−αc of the cambered plate
in the uniform flow:

Cmc/2 (αp)=
π

4
sin(2 (αp−αc))

=
π

2
sin(αp−αc)cos(αp−αc) .

(26)

This moment is indeed zero, as it should be, when αp = αc, as
the cambered plate of the transformed flow is then horizon-
tal. The moment coefficient around the aerodynamic center
is hence also obtained as

Cmc/4 (αp)=Cmc/2 (αp)−
Cn(αp)

4
cos(αp−αc)

'
π

2
sin(αc)cos(αp−αc) .

(27)

In an inviscid flow, the net pressure force is not purely nor-
mal: there must also be a net tangential component in order
to compensate for the moment at the attachment point so that
the moment around the center of the arm is zero; see Ap-
pendix D:

m0 =mc/4+Rf
i
t = 0

H⇒ Cmc/4 (αp)+
R

c
Ci

t (αp)= 0 .
(28)
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Figure 4. NACA0015 airfoil in rotation with c/R = 2/7 and attached at xp = c/2: comparison between the model-predicted values (magenta)
of Cn, Cmc/2 , Cmc/4 , Cp

t , Cν,ft , Ct and the reference values obtained in CFD of the rotating airfoil (blue).

Figure 5. (a) Schematic of a flat plate attached at xp = c/4 and without pitch angle in the z plane (solid black) and a background flow
with curved streamlines (light gray). (b) Transformed tilted cambered plate in the Z plane in a uniform background flow. Note that the flow
curvature was here exaggerated for clarity, using a too-large value of c/R = 1/2.

The inviscid tangential force coefficient is thus obtained as

Ci
t (αp)=−

c

R
Cmc/4 (αp)

'− 4sin(αc)
π

2
sin(αc)cos(αp−αc)

=− 2πsin2(αc)cos(αp−αc) .

(29)

The extension of the prediction models to thin airfoils in
viscous flow is then also obtained as follows. For the lift co-

efficient, the model becomes

Cn(αp)' Cu
l (αp−αc)−Cu

l (αc) . (30)

For the moment coefficient at mid chord, the model is ob-
tained as

Cmc/2 (αp)' C0
mc/2
+

1
4
Cu

l (αp−αc)cos(αp−αc) . (31)
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The moment coefficients Cmc/4 and Cmac are then obtained as

Cmc/4 (αp)=Cmc/2 (αp)−
1
4
Cn(αp) cos(αp−αc)

'C0
mc/2
+

1
4
Cu

l (αc) cos(αp−αc)
(32)

and

Cmac (αp)=

Cmc/2 (αp)−
(

1
2
−
xac

c

)
Cn(αp)cos(αp−αc) .

(33)

We note that the constant term C0
mc/2

is the same as that used
previously when modeling an airfoil attached at xp = c/2.
Indeed, the airfoil attached at xp = c/4 and with a pitch of
αp = αc must have the same moment as the airfoil attached
at xp = c/2 without pitch (αp = 0).

We now add the parasitic drag coefficient Cνt to the invis-
cid tangential pressure force coefficient Ci

t =−
c
R
Cmc/4 . The

model is finally obtained as

Ct(αp)=Cνt (αp)+Ci
t (αp)

=

(
C
ν,p
t (αp)+Ci

t (αp)
)
+C

ν,f
t (αp)

= C
p
t (αp)+Cν,ft (αp)

'

(
C

u,p
d (αp−αc)−

c

R
Cmc/4 (αp)

)
+C

u,f
d (αp) .

(34)

We modeled C
ν,f
t (αp) using C

u,f
d (αp) instead of using

C
u,f
d (αp−αc) because the CFD data show that Cν,ft is min-

imum when αp ' 0. As to Cp
t = C

ν,p
t +C

i
t , it is found, in

the CFD, to be symmetric relative to αp ' αc, and hence we
model Cν,pt (αp) using Cu,p

d (αp−αc). The model for the para-
sitic drag is thus taken as

Cνt (αp)=Cν,pt (αp)+Cν,ft (αp)

'C
u,p
d (αp−αc)+Cu,f

d (αp) .
(35)

We again stress an important point: if the moment mc/4 is
not enforced in the ALM (using the procedure developed in
Sect. 5), then only the parasitic tangential force f νt must be
enforced in the ALM, while f i

t must be ignored.

3.4.1 Comparison of the model predictions against CFD
data of a rotating NACA0015 airfoil

We test the curvature correction models proposed above for
the same case with c/R = 2/7 and a NACA0015 airfoil, but
this time attached to the arm at xp = c/4.

For the case αp = 0, the prediction isCn '−0.9079 (Cn '

−0.8976 when using the flat plate model) to be compared
with Cn '−0.893 measured in CFD of the rotating airfoil.

The predictions for the moment coefficients are Cmc/2 '
−0.1132 and Cmc/4 ' 0.1132, the values measured in CFD
being Cmc/2 '−0.1222 and Cmc/4 ' 0.1010.

We present in Fig. 6 the predicted values for the aero-
dynamic coefficients compared to the reference CFD val-
ues. Here, the range of moderate pitch angles corresponds
to −12+ 4=−8≤ α ≤ 12+ 4= 16° (taking into account
the shift by αc ' 4° due to the attachment point being at
xp = c/4 instead of xp = c/2). We see that the predictions
are quite accurate within this range. The comparison is also
made for the complete range, up to the two stall angles
(that are here much different due to the flow curvature ef-
fects combined with the shift in attachment). We see that
the models developed above also perform fairly well up to
both stall angles and that the predicted values (of roughly
−18+4=−14° and 18+4= 22° are in fair agreement with
those of the reference (that are−16° and 20−21°). We stress
again that this would not be the case if we had used

Cn(αp)' Cu
l (αp− 2αc) (36)

instead of Eq. (30). Using Eq. (36) would provide similar
results for moderate angles but would predict incorrect stall
angles (at roughly −18+ 8=−10° and at 18+ 8= 26°).

3.5 Flat plate or thin airfoil attached at an arbitrary
position

The case in which the attachment point is arbitrarily chosen
can also be modeled. We then write

xp = (1+ δ)
c

4
, (37)

where δ is a chosen parameter. The canonic cases xp = c/2
and xp = c/4 investigated and modeled so far correspond, re-
spectively, to δ = 1 and δ = 0.

The opening angle, αv , between the attachment point xp
and the airfoil center c/2 is obtained as

αv =

(
1
2
−
xp

c

)
c

R
= (1− δ)

c

4R
= (1− δ)αc . (38)

We first consider the case of a flat plate without pitch
angle (αp = 0). The horizontal plate is transformed into a
tilted and cambered plate in the Z plane: its attachment point
zp = 0 is transformed into Zp = 0, its center zc = (1− δ)c/4
is transformed into (1−δ)c/4+i (1−δ)2 c2/(32R), its trailing
edge zT = (3− δ)c/4 is transformed into ZT = (3− δ)c/4+
i (3− δ)2 c2/(32R) and its leading edge zL =−(1+ δ)c/4 is
transformed intoZL =−(1+δ)c/4+i (1+δ)2 c2/(32R). The
slope of the tilted cambered plate at its center is then obtained
as(

dY
dX

)
zc

= (1− δ)
c

4R
= (1− δ)αc = αv . (39)

The angle of the cambered plate relative to the uniform hori-
zontal velocity U is therefore also equal to αv .

When further pitching the flat plate by an angle αp, the
angle α that the curved flow velocity vector at c/4 makes
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Figure 6. NACA0015 airfoil in rotation with c/R = 2/7 and attached at xp = c/4: comparison between the predicted values (magenta) of
Cn, Cmc/2 , Cmc/4 , Cp

t , Cν,ft , Ct and the reference values obtained in CFD of the rotating airfoil (red).

relative to the plate is now

α = αp+ (αc−αv)= αp+ δ αc . (40)

We also obtain

αp−αv = α−αc . (41)

Using the same procedure as used for the cases with xp =

c/2 and xp = c/4, we obtain the general models: for the flat
plate and for thin airfoils without camber. We write them here
for the airfoils. For the normal force coefficient Cn at the
attachment point, we obtain

Cn(αp)' Cu
l (αp−αv)−Cu

l (αc) . (42)

The moment coefficient at the plate center is again ob-
tained from the potential flow theory as

Cmc/2 (αp)' C0
mc/2
+

1
4
Cu

l (αp−αv)cos(αp−αv) . (43)

This moment is indeed zero, as it should, for a plate (that
has no C0

mc/2
) when αp = αv as the cambered plate of the

transformed flow is then horizontal.

The aerodynamic moment coefficients, Cmc/4 and Cmac ,
are then obtained as

Cmc/4 (αp)=Cmc/2 (αp)−
1
4
Cn(αp)cos(αp−αv)

'C0
mc/2
+

1
4
Cu

l (αc)cos(αp−αv)
(44)

and

Cmac (αp)=

Cmc/2 (αp)−
(

1
2
−
xac

c

)
Cn(αp)cos(αp−αv) .

(45)

In the same way, the model for the moment coefficient
around the attachment point is obtained as

Cmxp (αp)'

Cmc/2 (αp)−
(

1
2
−
xp

c

)
Cn(αp)cos(αp−αv) .

(46)

As the momentm0 =mxp+Rf
i
t around the center of rotation

of the arm must still be zero in inviscid flow, the model for
the tangential force coefficient in inviscid flow becomes

Ci
t (αp)'−

c

R
Cmxp (αp) , (47)
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and hence the model for viscous flow is now taken as

Ct(αp)=Cνt (αp)+Ci
t (αp)

=

(
C
ν,p
t (αp)+Ci

t (αp)
)
+C

ν,f
t (αp)

= C
p
t (αp)+Cν,ft (αp)

'

(
C

u,p
d (αp−αv)−

c

R
Cmxp (αp)

)
+C

u,f
d ((αp−αv)+αc) .

(48)

Again, if the momentmxp is not enforced in the ALM, then
only f νt must be enforced, while f i

t must be ignored.
Finally, the force coefficients can also be decomposed into

the usual aerodynamic coefficients considered at c/4 by us-
ing the angle of attack αp+δ αc that the curved flow velocity
vector makes there relative to the airfoil chord:

Cl =Cn(αp)cos(δ αc)−Ct(αp) sin(δ αc) ,

Cd =Cn(αp) sin(δ αc)+Ct(αp)cos(δ αc) .
(49)

4 Actuator line method for imposing the
aerodynamic forces

We briefly recall the actuator line method (ALM) which is
used here to model the effect of the airfoil forces on the flow.
It was detailed in Trigaux et al. (2024b) as implemented in
a fourth-order incompressible flow solver using finite differ-
ences. It was also used in Trigaux et al. (2024a) for aero-
elastic studies of a 15 MW horizontal-axis turbine.

At each time step, the vector force per unit span −f that
the airfoil exerts on the flow (i.e., the opposite of the vector
force f that the flow exerts on the airfoil) is distributed over
the neighboring grid points of the flow solver. In all that fol-
lows, the term “force” is understood as “force per unit span”.
This is achieved using a 2-D Gaussian kernel centered at the
airfoil AC location and whose (x,y) frame is fixed relative to
the airfoil.

The force field applied to the flow solver is as follows:

f s(x,y)=−η2D(x,y) f where f = fx êx + fy êy (50)

and

η2D(x,y)=ησc (x)ησt (y)

=
1
√
π σc

exp
(
−
x2

σ 2
c

)
1
√
πσt

exp
(
−
y2

σ 2
t

)
,

(51)

with σc the core size in the airfoil chord direction and σt
that in the thickness direction. Here, we use an isotropic
kernel (σc = σt = σ ) and with σ = c/4 as recommended by
Martínez-Tossas et al. (2017). The kernel is discretized us-
ing a 2-D template that consists of (2n+ 1) (2n+ 1) cells
of size h×h. A node is located at the center of each cell
(xi,yj )= (i h,j h), and the kernel is integrated analytically

Table 1. Weights wi associated with the 1-D Gaussian kernel for
the case with h= σ/2 and using n= 4. The numbers provided have
been rounded so that

∑4
i=−4wi = 1 exactly.

i 0 ±1 ±2 ±3 ±4

wi 0.27634 0.21741 0.10587 0.03189 0.00666

over that cell to obtain the weight. For the integration in x,
we obtain, for 0≤ i < n,

wi =

∫ xi+h/2

xi−h/2
ησ (x) dx

=
1
2

[
erf
(
xi +h/2
σ

)
− erf

(
xi −h/2
σ

)]
.

(52)

For the cell i = n, we include the part outside (to ensure that
the sum of the weights is unity):

wn =

∞∫
xn−h/2

ησ (x) dx =
1
2

[
1− erf

(
xn−h/2

σ

)]
. (53)

By symmetry, we havew−i = wi . The weights in y arewj =
wi for j = i. The weight associated with the (i,j ) cell is then
wi,j = wi wj and the associated force is

f s
i,j =−wi wj f . (54)

We use h= σ/2 and n= 4. The weights wi are provided in
Table 1. As the kernel was integrated over each cell of the
template, we ensure that the forces are completely imposed
to the flow solver.

In the present implementation of the ALM used for mod-
eling a VAT configuration, an overset mesh technique is em-
ployed, in which the flow solver mesh covering the turbine
region, including the AL and its template, rotates together
with the blade; see Fig. 9. Note that, when the AL and its
template move through the flow solver grid, as in Trigaux
et al. (2024a), the fraction f s

i,j of the force on each cell of
the template must be further distributed to the nearest flow
solver grid points. This is done using a bi-linear distribution
kernel, ensuring that each fraction is distributed to the nearest
grid points.

The effective velocity vector to be used in the ALM is ob-
tained by using a weighted average of the velocity vectors
provided by the flow solver around the control point (equal
to the center of the Gaussian kernel, typically taken as the
location of the aerodynamic center), their relative weight-
ing being determined using the same template as that used
for the force distribution. This procedure corresponds to “in-
tegral sampling” (as opposed to “pointwise sampling”) and
has been shown to provide slightly better results (Merabet
and Laurendeau, 2019; Caprace et al., 2020). The effective
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Figure 7. Vector field gs(x,y)/mac = g(r) êθ used for the moment
distribution (top) and its components (bottom): gs

x (x,y)/mac along
êx (left) and gs

y (x,y)/mac along êy (right).

velocity vector at the control point, v, is thus measured using

v =

nx∑
i=−nx

ny∑
j=−ny

wi wj v(xi,yj ) . (55)

When the airfoil is moving relative to the fixed reference
frame, as is the case in the present work, we must add this
relative velocity to the flow solver velocity field since the
ALM requires the apparent velocity seen by the airfoil, V .

Moreover, when the parasitic drag is significant, the appar-
ent velocity vector, V , is not yet the suitable vector to use in
the ALM, as it also contains the spurious velocity component
induced by the wake vorticity associated with the parasitic
drag. This induced velocity can be estimated using the pro-
cedure described in Martínez-Tossas et al. (2017). Assuming
that the wake is shed primarily in the direction of V , the cor-
rected apparent velocity is

V corr
=

V(
1− 1

4
√
π
c
σ
Cνd

) . (56)

As Cνd is used in the above correction, a few iterations are
required to determine all values; alternatively, the value of
the previous time step can be used.

Once we have V corr, we measure the angle that this vector
makes relative to the airfoil chord. Using this angle and the

Table 2. Weights qj for the case with h= σ/2 and using n= 4. By
anti-symmetry, q−j =−qj .

j 0 1 2 3 4

qj 0 0.10427 0.10160 0.04594 0.01320

norm V corr of the velocity, we can compute, using the airfoil
polar model, the lift and drag forces exerted by the flow on
the airfoil.

5 Actuator line method for imposing an
aerodynamic moment

The previous section was devoted to presenting our particular
implementation of the ALM aimed at efficiently distributing
the aerodynamic force acting on the airfoil onto the nearby
flow solver grid points, using a 2D template corresponding to
the discretization of a Gaussian kernel. The same template is
also used to evaluate the effective velocity required to com-
pute the aerodynamic forces.

As such, however, the ALM cannot handle any aerody-
namic moment. We extend the actuator line method to en-
able the distribution of an aerodynamic moment. Of course,
a pure aerodynamic moment cannot be imposed, as the ALM
uses a distribution kernel of some size σ . We hence replace
the aerodynamic moment by a force field that has the same
net effect, as presented in Fig. 7; we then discretize this force
field using the 2D template.

Assume that the flow exerts a pitching moment per unit
span mac around the airfoil aerodynamic center. Recall that
the pitching moment is, by convention, positive when it
acts to pitch the airfoil in the nose-up direction. The airfoil
hence exerts a moment −mac on the flow. This effect can be
achieved by imposing the following annular force field:

gs(x,y)= g(r) êθ mac (57)

with

g(r)=−
1

2πσ 2
d
dr

(
exp

(
−
r2

σ 2

))
=

1
πσ 3

r

σ
exp

(
−
r2

σ 2

)
,

(58)

which indeed satisfies
∫∫
r g(r) dS = 1 where dS = r dθ dr:∫∫

r g(r) dS =2π
∫
∞

0
g(r) r2 dr

=2
∫
∞

0
exp

(
−
r2

σ 2

)
r3

σ 3
dr
σ

=2
∫
∞

0
exp

(
−s2

)
s3 ds

=

∫
∞

0
exp(−p)p dp = 1,

(59)
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Figure 8. Template used for the moment distribution for the case with h= σ/2 and using n= 4. The color intensity of each (i,j ) cell is
proportional to its weights: wi qj (left) and qi wj (right).

Figure 9. Computational domain and mesh used for the ALM simulations. The turbine region, including the template of the ALM, is
implemented using an overset mesh approach to enable the 2-D template as described in Sects. 4 and 5. The weights for the application of
the forces are also illustrated in blue.

where we have used the changes in variable s = r/σ and p =
s2 and where the last integral has been evaluated by parts.

This force field corresponds to applying a net moment of
−mac to the flow, without applying any net force. The applied
force field per unit mac is illustrated at the top of Fig. 7; it
is indeed counter-clockwise when mac is positive. It can be
decomposed as

gs(x,y)

= g(r) êθ mac = g(r)
(
−sinθ êx + cosθ êy

)
mac

=
1
πσ 3

r

σ
exp

(
−
r2

σ 2

) (
−sinθ êx + cosθ êy

)
mac .

(60)

Since x = r cosθ and y = r sinθ , we finally obtain
gs(x,y)= gs

x(x,y) êx + gs
y(x,y) êy with

gs
x(x,y)=−

1
πσ 3

y

σ
exp

(
−
x2
+ y2

σ 2

)
mac

=− ησ (x)
( y
σ
ησ (y)

) mac

σ
,

gs
y(x,y)=

1
πσ 3

x

σ
exp

(
−
x2
+ y2

σ 2

)
mac

=

( x
σ
ησ (x)

)
ησ (y)

mac

σ
.

(61)

These components are illustrated at the bottom of Fig. 7.
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Figure 10. VAT with NACA0015 airfoil attached at xp = c/4 and operating at TSR= 3.25: comparison between the ALM with mc/4 and
f i

t explicitly enforced (red), the ALM without mc/4 and f i
t explicitly enforced (blue) and the wall-resolved reference simulation (black) of

Cmc/2 , Cmc/4 , Cn and Ct. The results of the ALM without curvature corrections are also shown for comparison (green).

Table 3. Mean Cmc/2 , Cmc/4 , Cn, Ct and Cp over a blade cycle for a VAT with airfoil attached at xp = c/4 and operating at TSR= 3.25.
The results of the ALM without curvature corrections are also reported for comparison.

Coefficients Cmc/2 Cmc/4 Cn Ct Cp

Wall-resolved simulation −0.177 0.136 −1.255 −0.187 0.482
ALM without mc/4 and f i

t explicitly enforced −0.161 0.166 −1.325 −0.196 0.485
ALM with mc/4 and f i

t explicitly enforced −0.162 0.164 −1.320 −0.199 0.494
ALM without curvature corrections −0.009 −0.002 −0.027 −0.150 0.487

The above equations are then integrated analytically over
each cell of the 2D template to obtain the values of the
weights. We obtain

∫ xi+h/2

xi−h/2

∫ yj+h/2

yj−h/2
gs
x(x,y) dx dy =

−

(∫ xi+h/2

xi−h/2
ησ (x) dx

) (∫ yj+h/2

yj−h/2

y

σ
ησ (y) dy

)
mac

σ
.

(62)

The first integral has already been evaluated: it is wi . Let us
evaluate the second integral, which we denote qj . For 0≤

j < n, we obtain

qj =

∫ yj+h/2

yj−h/2

y

σ
ησ (y) dy =

1
√
π

∫ yj+h/2

yj−h/2

y

σ
exp

(
−
y2

σ 2

)
dy
σ

=
1
√
π

∫ (yj+h/2)/σ

(yj−h/2)/σ
s exp

(
−s2

)
ds

=
1

2
√
π

∫ (yj+h/2)2/σ 2

(yj−h/2)2/σ 2
exp(−p) dp

=
1

2
√
π

[
exp

(
−

(yj −h/2)2

σ 2

)
− exp

(
−

(yj +h/2)2

σ 2

)]
.

(63)

By anti-symmetry, we have q−j =−qj and q0 = 0. For the
weight associated with the boundary cell j = n, the integra-
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Figure 11. VAT with NACA0015 airfoil attached at xp = c/4 and
operating at TSR= 3.25: comparison between the results of the
ALM with mc/4 and f i

t explicitly enforced (red), the ALM with-
out mc/4 and f i

t explicitly enforced (blue) and the wall-resolved
reference simulation (black) of Cp . The results of the ALM without
curvature corrections are also shown for comparison (green).

tion again includes the part of the kernel outside:

qj =

∫
∞

yn−h/2

y

σ
ησ (y) dy

=
1

2
√
π

[
exp

(
−

(yj −h/2)2

σ 2

)]
.

(64)

We hence finally obtain, for the (i,j ) cell,

xi+h/2∫
xi−h/2

yj+h/2∫
yj−h/2

gs
x(x,y) dx dy =−wi qj

mac

σ
. (65)

Following the same procedure, we also obtain

xi+h/2∫
xi−h/2

yj+h/2∫
yj−h/2

gs
y(x,y) dx dy = qi wj

mac

σ
. (66)

The weights wi qj and qi wj are illustrated in Fig. 8. We
stress that our method imposes the net moment whatever the
choice of σ . We hence can use the same value of σ as that
used for imposing the forces, also for simplicity.

In summary, the ALM that imposes both the aerodynamic
force f and moment mac amounts to distributing the follow-
ing force on each (i,j ) cell:

−

(
wi wj fx +wi qj

mac

σ

)
êx −

(
wi wj fy − qi wj

mac

σ

)
êy . (67)

As the two components of the kernel were integrated over
each cell of the template, we ensure that the moment is com-
pletely imposed to the flow solver.

6 Results: corrected ALM applied to a VAT
configuration and comparison with CFD data

We consider the single-blade VAT configuration that was
studied by Villeneuve et al. (2021). The blade profile is the

NACA0015 airfoil considered previously. It is attached to
the arm without pitch angle. The blade is rotating counter-
clockwise at the angular velocity� and the upstream flow, at
velocity Uw, is coming from the left. The tip speed ratio is
TSR= �R

Uw
. The simulated case corresponds to TSR= 3.25,

which is the value at which the produced power is max-
imized. This value is also high enough that the flow past
the blade does not separate dynamically at any position over
the cycle; as is confirmed when examining the vorticity field
of the wall-resolved simulation in Fig. 13. Hence, using the
static airfoil polar data, solely corrected for flow curvature
effects (i.e., no added dynamic polar model), is expected to
be sufficient.

All simulations are conducted under the incompress-
ible flow assumption. The ALM and wall-resolved simula-
tions are performed using the finite-volume solver Siemens®

STAR-CCM+®. The URANS equations are solved in
conjunction with the Spalart–Allmaras turbulence closure
model. A uniform velocity is imposed at the inlet, and a tur-
bulent to molecular viscosity ratio of νt/ν = 0.2 is used, rep-
resentative of a clean flow. A uniform static pressure is im-
posed at the outlet. The far lateral boundaries are symmetry
planes.

Second-order schemes are employed for the spatial dis-
cretization of both the convective and diffusive fluxes. The
temporal integration is carried out using the second-order
implicit unsteady scheme, and one turbine revolution is dis-
cretized into 1000 time steps. The pressure–velocity coupling
is handled using the coupled flow algorithm for the ALM
simulations to enhance numerical robustness, while the seg-
regated approach SIMPLE is adopted for the wall-resolved
simulations. The results reported correspond to simulations
for which the relative variation in the cycle-averaged power
coefficient is below 1 %, thereby ensuring statistical conver-
gence.

For the wall-resolved configurations, an overset mesh
technique is used to accommodate the blade motion. To en-
sure adequate boundary layer resolutions, prismatic layers
are used near the blade surface, with a target value of y+ ' 1
for the height of the first cell, and a maximum wall-normal
growth rate of 1.2. Two levels of mesh refinement are em-
ployed around the turbine: one for the turbine region, where
the cell size is constrained by the overset mesh, and another
one for the wake.

6.1 Case of airfoil attached at xp = c/4

We first consider the case in which the airfoil is attached to
the arm at its quarter-chord.

The velocity vector v of the flow is measured at xp = c/4
using the integral sampling; its components are (vt,vn). The
components of the apparent velocity vector V as seen by the
rotating blade are thus (Vt =�R+vt,Vn = vn). The angle of
the velocity vector V relative to the airfoil chord is denoted
α.
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Figure 12. VAT with NACA0015 airfoil attached at xp = c/4 and operating at TSR= 3.25: comparison between the ALM with mc/4 and
f i

t explicitly enforced (red) and the reference wall-resolved simulation (black) of the pressure contribution Cp
t (with its components) and of

the friction contribution Cft to the tangential force coefficient.

Figure 13. Vorticity field for the wall-resolved simulation (left), the ALM simulation withoutmc/4 enforced (center) and the ALM simulation
with mc/4 enforced (right).

The mesh used for the ALM simulations is shown in
Fig. 9. A rectangular domain is used, identical to that of
the wall-resolved reference case. An overset technique is
implemented to maintain a hexahedral mesh with the same
template for the ALM (h= σ/2) as used in Sects. 4 and 5.
The overset approach also enables the rotation of the actua-
tion zone. Two refinement regions are used: one for the tur-
bine region, including the template, and another one for the
wake. The cell size within the turbine region is chosen so as
to ensure accurate interpolation between the region and the
background mesh. Notably, the wall-resolved reference case
mesh is more refined (' 328000 cells) compared to the ALM
mesh (' 37000 cells), in line with the intended efficiency of
the ALM approach. The methodology is applied to all ALM
cases in this work.

6.1.1 Case without explicitly enforcing mc/4 and f i
t

in
the ALM

We first consider the case where we do not explicitly enforce
the moment mc/4 in the ALM; hence we also cannot enforce
the inviscid tangential force f i

t in the ALM. Only the lift and
parasitic drag contributions are enforced.

The velocity vector is first corrected to compensate for the
velocity induced by the shed vortex wake produced by the
parasitic drag. As this wake is assumed to be shed in the di-
rection of V , we correct its amplitude:

V corr
=

V(
1− 1

4
√
π
c
σ
Cνd

) . (68)

The angle that the corrected velocity vector makes relative to
the chord is therefore still α.

In terms of modeling, the lift force (i.e., force in the di-
rection orthogonal to the apparent velocity) exerted by the
velocity V corr on the airfoil attached at xp = c/4 and without
pitch is equivalent to the normal force (= lift force) exerted by
a horizontal flow of velocity V corr on the airfoil attached at
xp = c/4 and pitched at an angle αp = α. The lift coefficient
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Figure 14. VAT with NACA0015 airfoil attached at xp = c/2 and operating at TSR= 3.25: comparison between the ALM with mc/4, f i
t

and f in explicitly enforced (red), the ALM without mc/4, f i
t and f in explicitly enforced (blue) and the reference wall-resolved simulation

(black) of Cmc/2 , Cmc/4 , Cn and Ct. Both ALM cases are centered at c/4.

is thus modeled using

Cl(α)' Cu
l (α−αc)−Cu

l (αc) . (69)

Likewise, the parasitic drag (i.e., force in the direction of the
apparent velocity) is modeled using

Cνd (α)= Cν,pd (α)+Cν,fd (α)' Cu,p
d (α−αc)+Cu,f

d (α) . (70)

for the parasitic drag coefficient.
The moment coefficients can also be estimated. For the

moment coefficient at mid-chord, the model gives

Cmc/2 (α)= C0
mc/2
+

1
4
Cu

l (α−αc)cos(α−αc) . (71)

The moment coefficient Cmc/4 is then also obtained as

Cmc/4 (α)=Cmc/2 (α)−
1
4
Cl(α)cos(α−αc)

'C0
mc/2
+

1
4
Cu

l (αc)cos(α−αc).
(72)

Further adding the inviscid tangential force coefficient
Ci

t =−
c
R
Cmc/4 , we finally obtain

Ct(α)=
(
Cνd (α)cos(α)−Cl(α) sin(α)

)
−
c

R
Cmc/4 (α)

=

(
C
ν,p
d (α)cos(α)−Cl(α) sin(α)−

c

R
Cmc/4 (α)

)
+C

ν,f
d (α)cos(α) ,

Cn(α)=Cνd (α) sin(α)+Cl(α)cos(α)

=
(
C
ν,p
d (α) sin(α)+Cl(α)cos(α)

)
+C

ν,f
d (α) sin(α) .

(73)

We have intentionally split each term into pressure and fric-
tion contributions. The net forces ft and fn (each split in
pressure and friction contributions) and the moments, mc/2
andmc/4, are then finally obtained using V corr, c and ρ. They
can be compared to the values measured in CFD.

As we here do not explicitly impose mc/4 in the ALM, we
also do not impose f i

t . The tangential force that we impose
in the ALM is hence simply the tangential projection of the
lift and parasitic drag forces.
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Figure 15. VAT with NACA0015 airfoil attached at xp = c/2 and
operating at TSR= 3.25: comparison between the results of the
ALM withmc/4, f i

t and f inexplicitly enforced (red), the ALM with-
out mc/4, f i

t and f in explicitly enforced (blue) and the reference
wall-resolved simulation (black) of Cp . Both ALM cases are cen-
tered at c/4.

6.1.2 Case with explicitly enforcing mc/4 and f i
t

in the
ALM

We next consider the case where we explicitly impose mc/4
in the ALM (using the procedure developed in Sect. 5); hence
we also include the contribution of f i

t in the imposition of the
tangential force.

The values of Cl, Cd, Cmc/4 and Ci
t are the same as those

obtained in the above section.
Here, however, the velocity vector V must be corrected to

compensate for the velocity induced by the shed vortex wake
produced by the total net force imposed in the direction of
V , thus including the projection of f i

t in this direction (as
it will also shed some vorticity into the wake, even though
this vorticity is not present in the real flow). The correction
is thus

V corr
=

V(
1− 1

4
√
π
c
σ

(
Cνd +C

i
t cos(α)

)) . (74)

6.1.3 Results and comparison

We present the results of both types of simulations using
ALM in Figs. 10–11 and in Table 3. The normalization used
here is different from that used for the airfoil in rotation: here,
the forces fn and ft are normalized using the wind velocity
Uw and the turbine diameter D = 2R, thus using 1

2ρU
2
wD.

To normalize the momentsmc/4 andmc/4, we use 1
2ρU

2
wDc.

As for the power coefficient Cp of the VAT, it is obtained us-
ing

Cp =−
(ftR+mc/4)�

1
2ρU

3
wD

. (75)

It is also interesting to compare the ALM-predicted con-
tributions of pressure and friction to the tangential force ft

with those from the wall-resolved simulation. Given that the
two ALM cases should be similar, we chose to perform the
comparison only for the ALM with mc/4 and f i

t explicitly
enforced; see Fig. 12.

Finally, the vorticity fields from the ALM methods are also
compared to that of the wall-resolved simulation in Fig. 13.

6.2 Case of airfoil attached at xp = c/2

We consider next the case where the blade is attached to the
arm at xp = c/2, again without pitch.

6.2.1 Case with ALM centered at c/4

In the usual case where the ALM is strictly applied at the
aerodynamic center, the airfoil attached at xp = c/2 and
without pitch must be considered “equivalent to the same air-
foil attached at xp = c/4 and with a pitch angle of αc”.

The components of the flow velocity v measured at c/4
are (vt,vn). The components of the apparent velocity vector
V are thus

Vt =�
R

cos(αc)
cos(αc)+ vt =�R+ vt ,

Vn =�
R

cos(αc)
sin(αc)+ vn =�R tan(αc)+ vn,

(76)

where R/cos(αc) corresponds to the slightly extended effec-
tive arm length when considering the circle passing through
this point.

The angle of the velocity vector V relative to the airfoil
chord is denoted α. The airfoil chord makes an angle αc rela-
tive to the curved flow streamline considered at c/4. The an-
gle of the velocity vector relative to the curved flow stream-
line at c/4 is thus αe = α−αc. Again, there are then two ways
of applying the ALM, and these are investigated below.

We first consider the case where we do not explicitly en-
force the moment mc/4 in the ALM; hence we also cannot
enforce the associated inviscid force in the ALM. Only the
lift and the parasitic drag contributions will be enforced in
the ALM.

The amplitude of the velocity must be corrected to com-
pensate for the velocity induced by the shed vortex wake pro-
duced by the parasitic drag:

V corr
=

V(
1− 1

4
√
π
c
σ
Cνd

) . (77)

The angle of this corrected velocity vector relative to the
curved flow streamline at c/4 is therefore still α−αc.

In terms of modeling, the lift force (i.e., force in the di-
rection orthogonal to the apparent velocity) exerted by the
velocity V corr on the airfoil attached at c/4 and with pitch αc
is equivalent to the normal force (= also lift force) exerted by
a horizontal flow of velocity V corr on the airfoil attached at
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Table 4. Mean Cmc/2 , Cmc/4 , Cn, Ct and Cp over a blade cycle for a VAT with airfoil attached at xp = c/2 and operating at TSR= 3.25.
Both ALM cases are centered at c/4.

Coefficients Cmc/2 Cmc/4 Cn Ct Cp

Wall-resolved simulation −0.014 0.149 −0.650 −0.147 0.490
ALM without mc/4, f i

t and f in explicitly enforced −0.011 0.169 −0.729 −0.149 0.493
ALM with mc/4, f i

t and f in explicitly enforced −0.014 0.167 −0.733 −0.150 0.500

Figure 16. VAT with NACA0015 airfoil attached at xp = c/2 and operating at TSR= 3.25: comparison between the ALM with mc/4, f i
t

and f in explicitly enforced (red) and the reference wall-resolved simulation (black) of the pressure contribution Cp
t (with its components)

and of the friction contribution Cft to the tangential force coefficient. The ALM is centered at c/4.

c/4 and pitched by an angle αp = αe+αc. The lift coefficient
is thus modeled using

Cl(α)'Cu
l ((αe+αc)−αc)−Cu

l (αc)

=Cu
l (α−αc)−Cu

l (αc) .
(78)

Likewise, the parasitic drag (i.e., force in the direction of the
apparent velocity) is modeled using

Cνd (α)=Cν,pd (α)+Cν,fd (α)

'C
u,p
d (α−αc)+Cu,f

d (α) .
(79)

These expressions are the same as those obtained for the case
where the airfoil was attached at xp = c/4. This makes sense
since the apparent velocity vector is that considered at c/4
in both cases and since the angle α of this vector is defined
relative to the airfoil chord in both cases. The only difference
lies in the apparent velocity vector; see Eq. (76).

The models for the moment coefficients are also identical:

Cmc/2 (α)= C0
mc/2
+

1
4
Cu

l (α−αc)cos(α−αc) (80)

and

Cmc/4 (α)=Cmc/2 (α)−
1
4
Cl(α)cos(α−αc)

'C0
mc/2
+

1
4
Cu

l (αc)cos(α−αc).
(81)

The coefficient for the inviscid force on the airfoil “as
if it were attached at c/4” still counterbalances the mo-
ment mc/4. This inviscid force now acts in the direction
of αc, and thus we obtain Ci

t =−
c
R
Cmc/4 cos(αc) and Cin =

−
c
R
Cmc/4 sin(αc). We finally obtain

Ct(α)

=
(
Cνd (α)cos(α)−Cl(α) sin(α)

)
−
c

R
Cmc/4 (α)cos(αc)

=

(
C
ν,p
d (α)cos(α)−Cl(α) sin(α)−

c

R
Cmc/4 cos(αc)

)
+C

ν,f
d (α)cos(α) ,

Cn(α)

=
(
Cνd (α) sin(α)+Cl(α)cos(α)

)
−
c

R
Cmc/4 (α) sin(αc)

=

(
C
ν,p
d (α) sin(α)+Cl(α)cos(α)−

c

R
Cmc/4 (α) sin(αc)

)
+C

ν,f
d (α) sin(α) .

(82)

When we do not explicitly imposemc/4 in the ALM, we also
do not impose f i

t and f in .
When we explicitly enforce mc/4 in the ALM, we must

also explicitly enforce f i
t and f in . The correction of the mea-

sured velocity V must now also account for the component
of the inviscid force in this direction:

V corr
=

V(
1− 1

4
√
π
c
σ

(
Cνd +C

i
t cos(α−αc)

)) . (83)
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Figure 17. VAT with NACA0015 airfoil attached at xp = c/2 and operating at TSR= 3.25: comparison between the ALM with mc/2 and
f i

t explicitly enforced (red), the ALM without mc/2 and f i
t explicitly enforced (blue) and the reference wall-resolved simulation (black) of

Cmc/2 , Cmc/4 , Cn and Ct. Both ALM cases are centered at xp = c/2.

Figure 18. VAT with NACA0015 airfoil attached at xp = c/2 and operating at TSR= 3.25: comparison between the results of the ALM with
mc/2 and f i

t explicitly enforced (red), the ALM without mc/2 and f i
t explicitly enforced (blue) and the reference wall-resolved simulation

(black) of Cp . Both ALM cases are centered at xp = c/2.
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We present the results of both types of simulations using
the ALM centered at c/4 in Figs. 14–16 and in Table 4.

6.2.2 Case with ALM centered at c/2

One could however also consider that an ALM can be used
as a model to represent the airfoil at its attachment point, thus
centering the ALM at xp = c/2. In this case, we also measure
the flow velocity vector v at xp = c/2: its components are
(vt,vn). The components of the apparent velocity vector V

are thus (Vt =�R+vt,Vn = vn). The angle it makes relative
to the airfoil chord is α.

In terms of modeling, the force exerted in the direction
orthogonal to the apparent velocity V corr on the airfoil at-
tached at xp = c/2 and without pitch is equivalent to the nor-
mal force exerted by a horizontal flow of velocity V corr on the
airfoil attached at xp = c/2 and pitched by an angle αp = α;
the parasitic force exerted in the direction parallel to the ap-
parent velocity is equivalent to the parasitic tangential force
exerted by a horizontal flow of velocity V corr on the airfoil
pitched by an angle αp = α. The related force coefficients are
thus modeled using

C⊥(α)=Cu
l (α)−Cu

l (αc) ,

C‖(α)=Cu,p
d (α)+Cu,f

d (α+αc) .
(84)

The normal and tangential components are hence obtained as

Cn(α)=C⊥(α)cos(α)+C‖(α) sin(α) ,

Ct(α)=C‖(α)cos(α)−C⊥(α) sin(α) .
(85)

The corrected velocity vector is

V corr
=

V(
1− 1

4
√
π
c
σ
C‖

) . (86)

The angle that V corr makes relative to the curved flow
streamline at the location of the aerodynamic center is αe =

α−αc. The moment mc/4 is hence obtained as

Cmc/4 (α)' C0
mc/2
+

1
4
Cu

l (αc)cos(α−αc) . (87)

The moment coefficient Cmc/2 is thus obtained as

Cmc/2 (α)' Cmc/4 +
1
4
Cn(α) . (88)

The associated inviscid tangential force is then f i
t =

−mc/2/R, thus with coefficient

Ci
t (α)=−

c

R
Cmc/2 (α) . (89)

If we do not explicitly enforce the moment mc/2 in the
ALM, we also do not enforce f i

t . We then only enforce the
normal and tangential forces associated with Cn and Ct of
Eq. (85).

If we explicitly enforce the moment mc/2 in the ALM, we
must also enforce f i

t ; hence the component Ci
t (α) must be

added to the formula for Ct in Eq. (85). The corrected veloc-
ity vector must also be modified:

V corr
=

V(
1− 1

4
√
π
c
σ

(
C‖+C

i
t cos(α)

)) . (90)

We present the results of both type of simulations using
the ALM centered at xp = c/2 in Figs. 17–19 and in Table 5.

In this configuration (ALM centered at xp = c/2), it can be
observed that the upstream prediction (0°–180°) is excellent.
In fact, when the ALM is centered at c/4, a small shift in the
peak power coefficient is noticeable in the upstream part of
the cycle. This shift is eliminated when using the ALM cen-
tered at c/2. For the downstream region (180°–360°), small
discrepancies persist, as the flow is disturbed by the wake
of the upstream blade, making the effective angle of attack
prediction more challenging.

7 Conclusions

The modeling of flow curvature effects on airfoils was fur-
ther improved and implemented in an actuator line method
(ALM), the rule being that such modeling can only use, as
input, the aerodynamic coefficients of the airfoil in a uniform
flow as a function of its angle of attack.

The basic models for the normal force and moment coef-
ficients are not new and are obtained using the usual analogy
with potential flow past an airfoil with curved streamlines.
The model for the normal force was further improved here, to
remain valid up to large pitch angles, even close to stall. The
effect of the aerodynamic moment induced by the flow curva-
ture is also found to be important and cannot be ignored. The
curvature effects depend on both the attachment point of the
airfoil to the arm and the pitch angle, and we have developed
models that cover all possibilities.

The model for the tangential force is new (here, the anal-
ogy with a potential flow is flawed). The model is based on
the fact that, for an airfoil attached to a rotating arm, the mo-
ment at the root of the arm must be zero if the flow is as-
sumed inviscid. This was verified numerically by performing
inviscid CFD simulations at various airfoil pitch angles. The
inviscid tangential force that is compatible with the aerody-
namic moment can, hence, be computed. For modeling vis-
cous flows, we then add the parasitic drag to this inviscid
tangential force.

The improved models were first validated against refer-
ence data corresponding to wall-resolved CFD of a rotating
NACA0015 airfoil with cR = 2

7 at various pitch angles, for
angles up to stall and also for two attachment points of the
airfoil to the arm (at mid-chord and quarter-chord).

The ALM with the improved models was then imple-
mented in the CFD framework and used to simulate the un-
steady flow corresponding to a VAT configuration: a rotating
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Table 5. Mean Cmc/2 , Cmc/4 , Cn, Ct and Cp over a blade cycle for the three cases studied of a VAT at T SR = 3.25 with the blade attached
at xp = c/2. Both ALM cases are centered at xp = c/2.

Coefficients Cmc/2 Cmc/4 Cn Ct Cp

Wall-resolved simulation −0.014 0.149 −0.650 −0.147 0.490
ALM without mc/2 and f i

t explicitly enforced −0.011 0.167 −0.712 −0.151 0.502
ALM with mc/2 and f i

t explicitly enforced −0.019 0.167 −0.744 −0.146 0.492

Figure 19. VAT with NACA0015 airfoil attached at xp = c/2 and operating at TSR= 3.25: comparison between the ALM with mc/2 and
f i

t explicitly enforced (red) and the reference wall-resolved simulation (black) of the pressure contribution Cp
t (with its components) and of

the friction contribution Cft to the tangential force coefficient. The ALM is centered at xp = c/2.

airfoil without pitch placed in a free stream at TSR= �R
Uw
=

3.25. For this, a novel method was also developed to enforce
the aerodynamic moment in the ALM. The various compo-
nents of the ALM results were compared with those of the
reference CFD data. They were found to be in good agree-
ment throughout the rotation cycle.

It was also shown that the ALM can here be used in vari-
ous ways: if one ignores the contribution of the aerodynamic
moment in the ALM, then one must also ignore the inviscid
part of the tangential force in the ALM; if one enforces the
contribution of the moment in the ALM, then one must also
enforce the inviscid part of the tangential force.

The above validations give us confidence that the proposed
models, together with their implementation in an ALM sim-
ulation framework (including the new method for enforcing
a moment), constitute useful simplified tools for modeling
complex unsteady flows with good accuracy, such as VAT
configurations where the flow curvature modifies both the
normal and tangential forces and also produces an aerody-
namic moment.

We stress that the normal force model is, so far, ob-
tained using the analogy with curved potential flow past
a flat plate put at some pitch angle, as developed in Ap-
pendix E. The model was however tested with good success
on a NACA0015 airfoil: an airfoil that is not very thin and
thus already challenges this model. Given that the ALM re-
sults obtained for the airfoil are quite good, it is likely that

they would still be good when simulating a thicker airfoil,
such as a NACA0018, and maybe still acceptable when simu-
lating a NACA0021. One could also further improve the nor-
mal force model by taking into account the combined effects
of flow curvature and airfoil thickness. Obtaining the exact
solution of curved potential flow past a thick airfoil put at
some pitch angle would constitute a good step in this direc-
tion.

We also note that the method proposed here for enforcing
the aerodynamic moment in an ALM, in addition to enforc-
ing the forces, can also be used to model unsteady flows in-
volving cambered airfoils (thus with intrinsic aerodynamic
moment), hence also VAT using cambered blades.

Finally, it is recognized that the proposed models are, so
far, limited to flows without fast unsteady effects or dynamic
stall. A next step in their development should focus on mod-
eling such effects.
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Appendix A: NACA0015 airfoil in uniform flow and
associated aerodynamic coefficients

The aerodynamic coefficients of the NACA0015 airfoil in
uniform flow were here obtained using wall-resolved CFD
in RANS at Rec = 6.0× 106: a high Reynolds number case
where the boundary layers are turbulent. We note that the
simulation setup has also been validated against experimen-
tal data of the pressure coefficient distribution along the air-
foil chord, at different spanwise location of a 3D wing, and
up to near the wing tip; this is reported in Villeneuve et al.
(2021).

The coefficients are denoted using a superscript “u”
(which stands for “uniform” flow) so as to avoid any con-
fusion with the coefficients measured in CFD of the rotat-
ing NACA0015 airfoil. The variation in the coefficients as a
function of the angle of attack (denoted β to avoid any con-
fusion with the notation α used for the angle of attack of a
rotating airfoil) is shown in Fig. A1.

For the range with |β| ≤ 12°, the lift coefficient can be
fitted well using

Cu
l (β)' 6.390β − 7.8β3

= 6.390β
(

1− 1.22β2
)
, (A1)

with β in rad. The slope of 6.390 at β = 0 was fitted using the
CFD data at small angle (|β| ≤ 4°): it is slightly larger than
2π due to the beneficial effect of thickness (also predicted
by potential flow theory). The degradation when β increases
(due to parasitic viscous effects on the pressure field) is how-
ever significantly faster than that of a potential flow (where it
would go as sinβ ' β

(
1−β2/6

)
for small β).

Using the same procedure, the moment coefficient around
the mid-chord point, x = c/2, is fitted well using

Cu
mc/2

(β)' 1.614β − 1.9β3 . (A2)

The parasitic drag coefficient can also be fitted using

Cu
d (β)' 0.00889+ 0.116β2

+ 0.82β4 . (A3)

Contrary to the lift and moment coefficients (where it is
mostly the pressure field that contributes; the contribution
due to wall friction being negligible), there are two important
contributions to the parasitic drag: the friction drag and the
pressure drag. Each can be fitted independently. We obtain

C
u,f
d (β)'0.00701− 0.014β2

− 0.05β4 ,

C
u,p
d (β)'0.00188+ 0.130β2

+ 0.87β4 .
(A4)

The friction contribution is dominant at small angles (it rep-
resents 79 % of the drag when β = 0), and it decreases slowly
as the angle increases. The pressure contribution is moder-
ate at small angles, and it increases rapidly as the angle in-
creases; it even becomes dominant beyond about 10 °.

The precise position of the aerodynamic center is then fur-
ther obtained using the CFD data for Cu

l (β) and Cu
mc/2

(β)
with |β| ≤ 4°, and the result is xac ' 0.2476c. The distance
between the aerodynamic center and the mid-chord point
is thus = (0.5− 0.2476)c = 0.2524c. The aerodynamic mo-
ment coefficient is then obtained using

Cu
mac

(β)= Cu
mc/2

(β)− 0.2524cos(β)Cu
l (β) . (A5)

This is shown in Fig. A2. It is indeed constant for small an-
gles (i.e., no linear term, as it should) and it is well fitted for
moderate angles using

Cu
mac

(β)' 0.710β3
+ 2.4β5 . (A6)

The moment coefficient around x = c/4 (i.e., the approxi-
mate location of the aerodynamic center) is also shown: as
expected, it is not totally flat for small angles. It can be fitted
using

Cu
mc/4

(β)' 0.0144β + 0.81β3 . (A7)

The coefficient of the linear term is non-zero yet very small.
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Figure A1. Coefficients Cu
l , Cu

d (with its Cu,f
d (green) and Cu,p

d (blue) contributions) and Cu
mc/2

as a function of the angle of attack β for the
NACA0015 airfoil in uniform flow: data for the complete range (top), data for the range |β| ≤ 12° (bottom) and with the mathematical fit
(magenta).
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Figure A2. Coefficients Cu
mac and Cu

mc/4
as a function of the angle of attack β: data for the complete range (top), data for the range |β| ≤ 12°

(bottom) and with the mathematical fit (magenta).
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Appendix B: NACA0015 airfoil in rotation and
associated aerodynamic coefficients

The NACA0015 airfoil in rotation was also simulated using
wall-resolved CFD at Rec = 6.0×106. Two cases were sim-
ulated: case with attachment point at mid-chord (xp = c/2)
and case with attachment point at quarter-chord (xp = c/4).

B1 Simulation setup

The simulation setup, with the key-hole mesh, is shown in
Fig. B1. A close-up of the body-fitted mesh is also provided.
The vorticity field associated with the boundary layers and
the wake is also shown.

Figure B1. Simulation setup and key-hole mesh used for the simulation of the NACA0015 airfoil in rotation with c/R = 2/7. Case with
airfoil attached at mid-chord (xp = c/2) and tilting angle αp = 6°. A close-up of the body-fitted mesh around the airfoil is also shown.
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B2 Airfoil attached at mid-chord (xp = c/2)

The obtained aerodynamic coefficients are shown in
Figs. B2–B4.

Figure B2. Cn, Cmc/2 and Ct as a function of the pitching angle αp for the NACA0015 airfoil in rotation with c/R = 2/7 and xp = c/2.

Figure B3. Cp
t and Cν,ft as a function of the pitching angle αp for the NACA0015 airfoil in rotation with c/R = 2/7 and xp = c/2.

Figure B4. Cmc/4 and Cmac as a function of the pitching angle αp for the NACA0015 airfoil in rotation with c/R = 2/7 and xp = c/2.
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B3 Airfoil attached at quarter-chord (xp = c/4)

The obtained aerodynamic coefficients are shown in
Figs. B5–B7.

Figure B5. Cn, Cmc/2 and Ct as a function of the pitching angle αp for the NACA0015 airfoil in rotation with c/R = 2/7 and xp = c/4.

Figure B6. Cp
t and Cν,ft as a function of the pitching angle αp for the NACA0015 airfoil in rotation with c/R = 2/7 and xp = c/4.

Figure B7. Cmc/4 and Cmac as a function of the pitching angle αp for the NACA0015 airfoil in rotation with c/R = 2/7 and xp = c/4.
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B4 Comparison

The coefficients Cl, Cmc/2 , Cd, Cp
d , Cν,fd , Cmc/4 and Cmac

expressed as a function of the angle of attack α at c/4 are
compared in Figs. B8–B10. For the case where xp = c/2,
α = αp+αc, and for the case where xp = c/4, α = αp.

It is seen that the overlap is quite good. This supports the
discussion made in the core of the paper that the “effective
angle of attack” to consider in all cases is the angle that the
airfoil chord makes relative to the streamline of the curved
flow at the location of the aerodynamic center, in absence of
the profile.

Figure B8. Comparison of the coefficients Cl, Cmc/2 and Cd as a function of the angle of attack α for the NACA0015 airfoil in rotation with
c/R = 2/7 and xp = c/2 (blue) or xp = c/4 (red).

Figure B9. Comparison of the coefficients Cp
d and Cν,fd as a function of the angle of attack α for the NACA0015 airfoil in rotation with

c/R = 2/7 and xp = c/2 (blue) or xp = c/4 (red).
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Figure B10. Comparison of the coefficients Cmc/4 and Cmac as a function of the angle of attack α for the NACA0015 airfoil in rotation with
c/R = 2/7 and xp = c/2 (blue) or xp = c/4 (red).
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Appendix C: Deformed NACA0015 airfoil in uniform
flow and associated aerodynamic coefficients

The flow past the NACA0015 airfoil deformed using the
transformation Z(z)= z+ i

2
z2

R
was also obtained in uniform

flow, using wall-resolved CFD at Rec = 6.0× 106. This al-
lows one to measure the moment coefficient at mid-chord
C0
mc/2

and then also account for it in the corrections for
flow curvature effects. Table C1 provides the results for
the deformed NACA0015 airfoil in uniform flow and the
NACA0015 airfoil in curved flow, as well as an ALM sim-
ulation of the deformed NACA0015 airfoil in uniform flow
with moment distribution.

As predicted using the analogy presented in Sect. 3, the co-
efficients of the deformed airfoil in uniform flow match those
of the airfoil in curved flow. We also see that the ALM with
distribution of the aerodynamic moment is able to success-
fully reproduce the results of the deformed airfoil in uniform
flow. Figure C1 presents the vorticity field.

Figure C1. Vorticity field near the airfoil for the deformed airfoil in uniform flow (left) and the airfoil in curved flow (right).

Table C1. Coefficients for the deformed NACA0015 airfoil in uniform flow, the NACA0015 airfoil in curved flow and the ALM results of
the deformed NACA0015 airfoil in uniform flow.

Case Cn Ct C
p
t C

f
t Cmc/2 Cmc/4

Deformed NACA0015 in uniform flow −0.423 0.00926 0.00248 0.00678 −0.00746 0.0983
NACA0015 in curved flow −0.431 0.0107 0.00387 0.00682 −0.00551 0.102
ALM of the deformed NACA0015 −0.442 0.00961 0.00268 0.00693 −0.00450 0.106
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Table D1. Ct, Cmc/4 and Cm0 as functions of the pitch angle αp
for the NACA0015 airfoil in inviscid curved flow with c/R = 2/7.
These values are obtained directly from the simulation, which ex-
plains why Cmc/4 (αp)+ R

c Ct(αp) does not exactly equal Cm0 .

αp [°] Ci
t Cmc/4 Cm0

−5 −0.0388 0.1380 0.00064
0 −0.0361 0.1281 0.00045
5 −0.0335 0.1172 0.00003

Appendix D: Inviscid flow simulations

The purpose of the inviscid flow simulations was to verify
that the moment m0 around the center of rotation of the arm
is indeed zero when the flow is inviscid. We employ the same
setup as that presented in Fig. B1. Additionally, a second-
order implicit coupled flow solver is used to obtain the so-
lution. The case studied is the NACA0015 airfoil attached at
xp = c/4. Each term of Cm0 (αp)= Cmc/4 (αp)+ R

c
Ci

t (αp) is
provided in Table D1. We see that Cm0 is indeed very close
to zero; thereby confirming the argumentation that was used
in developing the model for the inviscid contribution to the
tangential force. Simulations were also attempted at higher
pitch angles, but convergence became severely challenging
due to the inviscid flow assumption.

Appendix E: Solution of curved potential flow past a
plate with pitch

We develop the exact solution for curved potential flow past
a flat plate at various pitch angles. For this, we first con-
sider the circle of radius a centered at the origin in a Z
plane with (X,Y ) coordinate system. We add a point vortex
of circulation 00 < 0 below the circle, at Z0 =−iR0 eiα0 =

R0 sinα0− iR0 cosα0. For the circle to be a streamline, we
must add an image vortex of circulation −00 > 0 inside the
circle, atZ1 =−i (a2/R0) eiα0 . The complex potential is thus

F (Z)=8(Z)+ i9(Z)

=− i
00

2π

[
log

(
Z−Z0

a

)
− log

(
Z−Z1

a

)]
=− i

00

2π

[
log

(
Z+ iR0 eiα0

a

)
− log

(
Z+ i (a2/R0) eiα0

a

)]
,

(E1)

with 8 the potential and 9 the streamfunction. The velocity
field is obtained as

dF
dZ

(Z)=U (Z)− iV (Z)

=− i
00

2π

[
1

(Z−Z0)
−

1
(Z−Z1)

]
=−

00

2π

(
R0− a

2/R0
)

eiα0(
Z2+ i

(
R0+ a2/R0

)
Z eiα0 − a2 ei 2α0

) .
(E2)

The circle in the Z plane can be transformed into a hori-
zontal flat plate in the z plane, with (x,y) coordinate system,
using the conformal transformation:

z(Z)= Z+
a2

Z
. (E3)

The point ZL =−a is transformed into the plate leading
edge zL =−2a, and the point ZT = a is transformed into
the plate trailing edge zT = 2a. The chord of the plate is thus
c = 4a. This transformation is also invertible, and we obtain

Z(z)=
1
2

(
z+

√
z2− 4a2

)
. (E4)

The vortex located at Z0 =−iR0 eiα0 in the Z plane in
now located at z0 = Z0+ a

2/Z0 =−iR eiαp in the z plane,
with(
R0+

a2

R0

)
sinα0 = R sinαp and(

R0−
a2

R0

)
sinα0 = R sinαp .

(E5)

To each choice of distance R and tilt angle αp in the z plane,
there is a corresponding distance R0 and angle α0 in the Z
plane. For this, we write

z2
0− 4a2

=−

((
R2 cos(2αp)+ 4a2

)
+ iR2 sin(2αp)

)
=− R̃2 ei 2β .

(E6)

The expressions for R̃ and β are obtained by identification:

R̃ =

[(
R2 cos(2αp)+ 4a2

)2
+

(
R2 sin(2αp)

)2
] 1

4
,

β =
1
2

arctan

(
R2 sin(2αp)

R2 cos(2αp)+ 4a2

)
.

(E7)

We hence finally obtain the position of Z0

Z0 =
1
2

(
z0+

√
z2

0− 4a2
)
=−

i
2

(
R eiαp + R̃ eiβ

)
. (E8)

Once Z0 is known, its modulus R0 and its angle α0 can be
easily calculated.
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The baseline case α0 = 0 is immediate as it corresponds to

αp = 0, and thus also R = R0

(
1− a2

R2
0

)
. Inverting this rela-

tion gives

R0 =
1
2

(
R+

√
R2− 4a2

)
=
R

2

1+

√
1+

(
2a
R

)2


=
R

2

(
1+

√
1+

( c

2R

)2
)
.

(E9)

We note that the obtained values of R0 and α0 are quite
close to R and αp when the vortex is far enough from the
plate (i.e., when the ratio c/R is “small enough”). For the
case with significant curvature effects considered in this pa-
per, this ratio is c/R = 2/7' 0.286. Clearly, this not very
small; nevertheless, we obtain, for the case without tilt an-
gle,

R0

c
' 3.518 , (E10)

which is still quite close to 3.50.
The complex potential of the flow past the plate in the z

plane is

f (z)= φ(z)+ iψ(z), (E11)

and it is obtained by writing f (z)= F (Z) for z= z(Z). The
velocity field is then obtained using

df
dz

(z)= u(z)− iv(z)=
dF
dZ (Z)
dz
dZ (Z)

for z= z(Z) . (E12)

To enforce the condition that the flow leaves the plate
smoothly at its trailing edge, with a finite velocity there
(i.e., the “Kutta–Joukowski condition”), we must add another
vortex of circulation 0c at the center of the circle, the cir-
culation of which being computed so that df

dz (zT) is finite.
As dz

dZ (ZT = a)= 0 (since ZT = a is a singular point of the
transformation z(Z)), we must impose that dF

dZ (ZT = a)= 0.
The complex potential with the added vortex is, hence,

F (Z)=− i
00

2π

[
log

(
Z−Z0

a

)
− log

(
Z−Z1

a

)
+
0c

00
log

(
Z

a

)]
,

(E13)

and thus
dF
dZ

(Z)

=−i
00

2π

[
1

(Z−Z0)
−

1
(Z−Z1)

+
0c

00

1
Z

]
=−i

00

2π

[
i
(
a2/R0−R0

)
eiα0(

Z2+ i
(
R0+ a2/R0

)
eiα0Z− a2ei2α0

) + 0c

00

1
Z

]
.

(E14)

Imposing dF
dZ (a)= 0 determines the circulation of the added

vortex:

0c =

(
R0− a

2/R0
)((

R0+ a2/R0
)
− 2a sinα0

) 00 . (E15)

The total circulation of the flow around the plate in the z
plane (and also around the circle in the Z plane) is the sum
of the circulations of the two vortices inside the circle:

0 =0c+ (−00)

=− 2

(
a2/R0+ a sinα0

)((
R0+ a2/R0

)
− 2a sinα0

)00 .
(E16)

For the case α0 = 0, we obtain

0 =−2

a2

R2
0(

1+ a2

R2
0

) 00 > 0 . (E17)

We also note that the circulation 0 is zero when sin(α0)=
−a/R0; this corresponds to the case without force exerted
by the flow on the plate.

Finally, the forces exerted by the flow on the plate can be
obtained using Blasius formula:

fx − ify =i
ρ

2

∮
Cz

(
df
dz

(z)
)2

dz

=i
ρ

2

∮
CZ

(
dF
dZ (Z)

)2

dz
dZ (Z)

dZ .

(E18)

We have used the change in variable, z(Z), as the inte-
gral must be performed in the Z plane using a contour CZ
that contains the circle but excludes the outer vortex. Since
dz
dZ (Z)= (Z2

−a2)
Z2 , we obtain

fx − ify =− i
ρ

2

(
00

2π

)2∮
CZ

[
1

(Z−Z0)
−

1
(Z−Z1)

+
0c

00

1
Z

]2
Z2

(Z2− a2)
dZ

=− i
ρ

2

(
00

2π

)2∮
CZ

G(Z) dZ .

(E19)

The contour integral must be performed using the residue
theorem:∮
CZ

G(Z) dZ =

2π i
∑

residues of G(Z) inside CZ .

(E20)
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We thus finally obtain

fx − ify = ρ
02

0
4π

∑
residues of G(Z) inside CZ . (E21)

It turns out that the only non-zero residues ofG(Z) are those
evaluated at Z1 =−i(a2/R0)eiα0 .

For the case α0 = 0 with the vortex just below the plate,
and thus αp = 0, the flow past the plate is left/right symmet-
ric; hence fx(0)= 0 and fy(0) is also the force normal to the
plate, fn(0). The sum of the residues is then obtained as

i
1

R0

(
1− a2

R2
0

) 4 a
2

R2
0(

1+ a2

R2
0

)2 , (E22)

and we finally obtain

fy(0)=fn(0)=−ρ
00

2π R0

(
1− a2

R2
0

) 2 a2

R2
0(

1+ a2

R2
0

)2 00

=ρ
00

2π R
0(

1+ a2

R2
0

) =−ρU 0(
1+ a2

R2
0

) < 0 ,

(E23)

where we recalled the horizontal velocityU =− 00
2π R > 0 in-

duced by the vortex and evaluated at the plate center. The lift
of the curved flow past the plate with the vortex directly be-
low it is thus almost equal to−ρU 0: the usual formula for a
plate or airfoil in a free stream at velocity U , with circulation
0 of the flow around it and without anything else nearby.

Using Eq. (E9), we obtain

a

R0
=

c
2R(

1+
√

1+
(
c

2R

)2) , (E24)

and the normal force coefficient is finally obtained as

Cn(0)=
fn

1
2 ρU

2 c
=−π

c
2R(

1+
(
c

2R

)2)
=−

2π(
1+

(
c

2R

)2) c

4R
.

(E25)

Consider the straight line that goes from the vortex to the
plate leading (or trailing) edge: it makes an angle φc with the
line that goes from the vortex to the center of the plate, such
that tan(φc)= c

2R . We thus obtain

c
2R(

1+
(
c

2R

)2) = tan(φ)(
1+ tan2(φc)

)
=

1
2

sin(φc)cos(φc)=
1
4

sin(2φc) ,

(E26)

and hence

Cn(0)=−2π
sin(2φc)

4
. (E27)

We also define the half angle (used in the curvature correction
models), αc = φc/2, and write this as

Cn(0)=−2π
sin(4αc)

4
. (E28)

We have

c

2R
= tan(φc)= tan(2αc)=

2tan(αc)(
1− tan2(αc)

) , (E29)

which constitutes a quadratic equation for tan(αc). The solu-
tion is

tan(αc)=

(√
1+

(
c

2R

)2
− 1

)
c

2R
. (E30)

The streamlines of the flows obtained are shown in Fig. 1
for the case c/R = 2/7 and for different values of the tilt
angle αp of the plate relative to the vortex. To clearly show
the flow relative to the plate, we present the streamlines in the
coordinate system used in the core of the paper: the vortex
00 is located at (0,−R) below the plate and the plate is tilted
by an angle αp relative to the horizontal. For the case with
αp = 0, the flow is left/right symmetric. For the case with
αp =−4°, the force exerted by the flow is close to zero (it is
exactly zero when αp ' 4.185°).

All the results obtained above are exact within the frame-
work of potential flow theory. Now, for cases with

(
c

2R

)2
�

1, as with those considered in this paper, we can simply write

Cn(0)'−2π sin(αc) with

sin(αc)' αc '
φc

2
'

1
2

( c

2R

)
.

(E31)

Code availability. The reference and ALM results were obtained
using the flow solver Siemens® STAR-CCM+®. This code is pro-
prietary and cannot be distributed.

Data availability. All reference data are available at
https://doi.org/10.14428/DVN/ZZAYDQ (Duponcheel, 2026).

We stress that the aerodynamic coefficients of the NACA0015
airfoil in uniform flow are the only data required to perform the
presented ALM simulations of flows with curvature effects using
the correction models presented in the paper.
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