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Apart for some minor changes (e.g. for clean-up as suggested above), the present version
of the paper includes modifications based on the comments received on “Section 2” and
“Section 6”, as detailed hereafter.

Section 2

The main paragraphs of section 2 have been modified. In particular, its first paragraph in
the revised paper (lines 39-54) now includes further information and citations to reviews
on blades aero-elastic modeling, along with references to fast aerodynamic approaches
(such as BEM) and multi-objective optimization tasks (e.g. the integrated optimization of
aerodynamics, structural performance and control system behavior). Then, the attention
is dedicated to structural approaches for complex beam-like structures (to which modern
blades belong), which is the focus of this paper (lines 55-73). More precisely, some of the
main modeling approaches and investigators have been mentioned, along with literature
reviews which summarize available theories and complicating effects (e.g. non-uniform
cross-sections, initial twist, taper, swept), pointing out the need for further investigation
on models for complex non-prismatic cases. Finally, guidelines considered in this work to
develop a mathematical model for complex non-prismatic structures (undergoing large
deflections, 3d cross-sectional warprings, etc) have been introduced (lines 74-80).

Section 6

Overall conclusion has been broadened and reorganized. In particular, after recalling the
objective of the present work (lines 411-416), the advantages of the proposed modeling
approach (with respect to 3D-FEM) for structural modeling of non-prismatic beam-like
structures have been highlighted (e.g. lines 420-425), as well as the assumption of small
warpings and strains considered in this paper and the limitation of the analyses to the
terms of order € (lines 426-428). Finally, the next steps of the present research have been
anticipated, e.g. the extension of the theoretical model by including higher order terms
(lines 429-431), along with suggestions for other future activities of practical interest (see
also lines 431-434), e.g. comparison analyses with other structural models not based on
3D-FEM (with the aim of assessing the performance of different models for non-prismatic
beam-like structures in terms of information each approach can provide, computational
efficiency and results accuracy).
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Abstract. The-continnouseffortContinuous ongoing efforts to better predict the mechanical behaviour of complex beam-like

structures—tke, such as wind turbine blades—is—striethyrelated, are motivated by the need to requirements—efimprove their
performance #mprevement—and reduce the costs—reduetion—But. However, new design approaches and the increasing

flexibility of thesesuch structures make their aero-elastic modelling ever more challenging. For the structural part of this
modelling, the best compromise between computational efficiency and accuracy can be obtained by—a—schematizationvia
schematizations based on suitable beam-like elements. This paper addresses the modelling of the mechanical behaviour of
beam-like structures which are curved, twisted and tapered in their reference—unstressed state; and undergo large
displacements, in- and out-of-plane cross-sectional warping and small strains. A suitable model for the problem at hand is
proposed. Analytical and numerical results obtained by a

with 3D-EEM results-are-tHustratedits application are presented and compared with results from 3D-FEM analyses.

1 Introduction

IaNew methods are continuously being sought to improve the preeessperformance and efficiency of #mpreving-horizontal

axis wind turbines (HAWT e). Specifically, such

improvements aim to increase their energy;-develeping capture capacity, develop more reliable structures, and lowering-the

eost-oflower overall energy costs (Wiser; 2016). Such goals can be achieved through the use of advanced materials, the
optimization of the aerodynamic and structural behaviour of the blades, and the exploitation of load control techniques (see,

for example, Ashwill 2010, Bottasso 2012, Stiblein 2017). BatHowever, new design strategies and the increasing flexibility

of those structures make the-modelling-ef their aero-elastic behaviour ever more challenging. For the structural part of this
modelling, schematizing the blades through suitable beam-like elements ean-bemay represent the best compromise between
computational efficiency and accuracy. But-medernModern blades are however very complex beam-like structures. They
eanmay be curved, twisted and also tapered in their unstressed state. Even net-consideringignoring the complexities related
to the materials and loading conditions, their shape alone is sufficient to make the—mathematical description of their

mechanical behaviour a very challenging task. This paperwork addresses the modelling of the mechanical behaviour of
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structures of this kind, with a particular focus on their main geometrical characteristics, such as the twist and taper of theirthe
transversal cross-sections, as well as the in- and out-of-plane cross-sectional warping-ef-theireross-seetions; and the large
deflections of their reference centre-line.

Over the years several theories have been developed for beam-like structures (see, for example, Love 1944, Antmann 1966,

and-Rubin 1997)—This-is-because-beammodels-have historically-beenused), for applications in manydifferent fields, from

helicopter rotor blades in aerospace engineering to bridgesbridge components in civil engineering and surgical tools in

medicine. Nevertheless, thedue to the continuous need for ever more rigorous and application-oriented models, interest in

advanced theories for complex beam-like structures has led to further researehes-alseresearch even in recent years;-due-te-the
. The focus of this paper the-attentionisfoeusedis

on the effects of important geometrical characteristics of those structures, such as the curvature of their centre-line, as well as
the twist and the taper of their cross-sections. After an introduction to modelling approaches for structures of this kind
(section 2), a suitable model is proposed for the problem at hand-is—prepesed (section 3). Finally, analytical results and
numerical examples obtained by applying the proposed modelling approach to reference beam-like structures are

Hastratedpresented and compared with results from 3D-FEM analyses (sections 4 and 5).

2 Overview of modelling approaches

Aero-elastie-modelingof Modelling the mechanical behaviour of modern blades can be addressed-by-means-ofperformed

via different approaches—. See. for example, the reviews on aero-elastic modelling approaches for wind turbine blades of

Hansen 2006 and Wang 2016a)—Fhese—ones—, which discuss and compare aerodynamic and structural models used in

research and industrial applications. For the structural modelling, two main choices are based on 3D FEM and beam models
. In general, 3D FEM approaches can be very

accurate and flexible, but they can be computationally expensivedemanding for the-analyses of complex systems, especially
if they are coupled with CFD methods for aerodynamic analyses-are-executed-inparalel. The overall computational cost can
be reduced iusing faster aerodynamic models-are-used, such as those based on the blade element momentum (BEM)-medel;
but-even-thisselation-theory (see, for example, Hansen 2006). However, this may not be-efficient-enoughfor-aero-elastie
analyses—and-yet be sufficient in the case of multi-objective optimization tasks—Fhe-couplngeof BEM-and-. in which the
optimization of several aspects (e.g. aerodynamic performance, structural characteristics and control systems) have to be

addressed at the same time (see also Bottasso 2012). Therefore, faster structural models may be needed as well, such as

suitable beam models-ean-be-, which may provide accurate information on the deflection of the structure’s centre-line, as

well as the strain and stress fields in the three-dimensional solid. The use of fast aerodynamic models along with suitable

beam models may then represent the best compromise between computational efficiency and accuracy. In this work-we-, the

focus the-attention-en-is only on the structural modelling. In particular, a mathematical modelsmodel is proposed to simulate

the meechanieal-behaviour of eemplex—non-prismatic beam-like structures—thereafter—referred—to—as—beam-like—meodels—or
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BEMy—whieh—ean, which may be curved, twisted and alse—tapered in their unstressed reference state, undergo large
deflections, in- and out-of-plane cross-sectional warping and small strain—Suitable—medels—areneeded _(such a model is
referred to simulatehere as beam-like model or BLM).

Over the behavieur-of-theseyears many approach have been developed for beam-like structures—a-general-, from classical
beam models (see;for-example;—Love 1944), which-inelade—for extension, twisttwisting and bending, as—weH-as—the-to
Reissner’s formulation (1981), which also aeeeuntingaccounts for transverse shear deformation, may—net-be—sufficient:

many investigators (e-g=such as Antman 1966. Giavotto 1983, Simo 1985, Ibrahimbegovic 1995, Ruta 2006, Pai 2011, and
Yu 2012}

beamtheeries—ean—bemay be broadly grouped into engineering theories and mathematical theeries—Several-engineering
theeries-are-ones. The former are usually based on ad-hoc corrections to simpler theories (e.g. Rosen 1978)-others-are-based
on-) or exploit geometrically exact approaches (such as Wang 2016b-and-Hedges 2048)—Ameng), the mathematical-theories;

some-approacheslatter are generally based on the directed continuum (see. for example, Rubin 2000);seme-ethers) or exploit
asymptotic methods (e.g. Yu 2012). Fhe-reason—for-such-atargeamount-ofworksReviews on beam theoryis—that-it-has
abwaysfound-applicationtheories are also available in manyfields—By-way—eof-the literature, which summarize modelling
approaches and complicating effects. For example, many appreachestheories have been developed for helicopter rotor blades
with an initial twist-but (Hodges 1990). In this regards, a wide-ranging review on pre-twisted rods have-always-attracted-the
interest-of manyresearchers—inseveralfields(is due to Rosen (1991)1n-the1+996°s;), which covers several aspects of the

problem, from the response to static loads, to dynamics and stability issues. Kunz (1994) also provided an overview on

modelling methods for rotating beams, Hustrating-discussing how engineering theories for rotor blades evolved over the
years—h-thosesameyearss Hodge 990y -reviewed-the-modelline-approachesftor-composite rotor-blades—diseussing-, from
the recognition of the importance of 3D-warpingand-deformation-coupling-bending flexibility, to the development of linear

equations for bending and torsion, to the introduction of nonlinear terms to such equations. More recently, Rafiee (2017)

diseussedreviewed the vibrations control issues in rotating beams, summarizing beam theories and complicating effects, such
as non-uniform cross-sections, initial esrvatarescurvature, twist and sweep.Jt_In general, it seems that, unlike the case of the
pre-twisted rods, the results published—results for curved rotating beams with initial taper and sweep are quite scarce,

although all these geometrical characteristics eanmay play an important role. This is particularly true for modern wind
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turbine blades, which are ever more flexible and longer than the past, pre-bent and swept and, in addition, are characterized

by significant chord and twist variations.

Yp-tenow-mueh-hasTo date many research efforts have been denedevoted to developdeveloping powerful beam-theeries:

However—there—is—< a-cap-between-existing-theories-and-those-that-could-be-suitable for-complextheories for beam-like

structures. However, complex non-prismatic cases still require further investigation. In general, the geometry of the

reference and current states of the structure must be appropriately described—Fhe—, as the curvature, twist and taper are

important geometrical design features and should be explicitly included in the model. FheMoreover, the analysis should not

be restricted to small displacements. The model should provide the stress and strain and-stress-fields in the three-dimensional
beam-like-strueturesolid, be rigorous and usable-by-engineersapplication-oriented, and provide classical results when applied
to prismatic isetrepiec—homeseneous—beams.cases. Following these guidelines, a mathematical model to simulate the

mechanical behaviour of the eensideredmentioned non-prismatic beam-like structures is proposed hereafter.

3 Mechanical model for complex beam-like structures

Here we are concerned with developing a mathematical model to describe the mechanical behaviour of beam-like structures
which are curved, twisted and tapered in their reference state and undergo large displacements. One of the main issues with
such a task is how to describe the motion of the structure—(see;for-example;-. See, among others, the works of Simo 1985,
Ruta 2006;-_and Pai 2014)%The-approachconsidered-inthis-werlkis-to-imaginea for some examples of different approaches.

Here. we consider a non-prismatic beam-like structure as a collection of deformable plane figures (i.e. the reference cross-

sections) along a resularand-simplesuitable three-dimensional curve (i.e. the reference centre-line). We assume that each
point of each cross-section in the reference state moves to aits position in the current state through a global rigid motion on
which a local general (warping) motion is superimposed. In this manner, the cross-sectional deformation can be examined
independently of the global motion of the centre-line. Se+itlt is_thus possible to consider the global motion to be large, while

the local motion and the strain may be small._An analytical description of how the motion of the considered structure is

modelled in this work is presented and further discussed in the following section.

3.1 Kinematics and strain measures

We begin by introducing two local triads of orthogonal unit vectors. The first-ene is the local triad, b;, in the reference state,
with b; aligned to the tangent vector of the reference centre-line. This frame is a function of the reference arch-length s, that
is b;i=bj(s). The second local triad, a;, is a suitable image of the local triad b; in the current state. This frame is a function of
the reference arch-length s and the-time t, that is a;=a;(s,t). In general, a, is not required to be aligned to the tangent vector of
the current centre-line. See-Figure 1}t shows a schematic representation of the reference (left) and current (right) states of a
beam-like structure. The generic cross-section in the reference state is contained in the plane of the-vectors b, and b;. In the

current state, if the cross-section remains plane (i.e. un-warped), it can belong to the plane of the-vectors a, and as.

4



ButHowever, the generic cross-section may not remain plane—Se;, so we consider that its current (warped) state is

reachedattained by superimposing an additional motion to the positions of the points of the un-warped cross-section, as in

Figure 1 (right).

defol‘m’?d
b ce“ter'hm‘3

warped
cross-section

un-warped
cross-section

CToSs'Sec ROB

Cy

C3
130 Figure 1: Schematic of the reference and current states, centre-lines, cross-sections and local frames

We continue by introducing the kinematicalkinematic variables we use to describe the motion of the considered structure. To
this aimend, the orientation of-the frames a; and b; relative to a fixed rectangular frame, c;, are defined as follows

a,=Ac;,, b =Bc (1)
where A and B are two proper orthogonal tensor fields (i.e. their determinant is 1, see, for example, Gurtin 2003). We also

135 | introduce a tensor field, T, which defines the relative orientation between the-frames a; and b; as follows
_ _ T

a,=Tb,=AB'b, 2)

We define two skew tensor fields, K, and Kg, and their axial vectors, ks and kg, which are related to the curvatures of the

| structure’s centre-line-ef-the-strueture in the current and reference states, as follows (see, for example, Simo 1985 and Gurtin

2003)
K,=AA", d=K,a =k, na
140 A . i A™i A i (3)
K,=BB", bi:KBbi:kB/\bi

where the prime denotes derivative with respect to the arch-length, s, while the operator A is the usual cross-product.
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In a similar manner, we introduce the skew tensor field Q, and its axial vector field o, related to the variation of the-vectors

a; over the time, t, as follows
Q=AA", 4.=Qa. =wnra, )
The dot (over the variables) denotes derivative over the time, t. At this point, it is easy to obtain the following identities
T'T" =K,-TK,T", TT" =Q
B TT" | =k, ~Tky, $[TT" |=0

where the operator ¢[] provides the axial vector of the skew tensor between brackets.

(&)

The-funetionFunction Ryg, which maps the points of the centre-line in the reference state, does not depend on time, while

Ry can change over the-time t. Its variation is the time rate of change of the position of the points of the current centre-line
Ro A=V (6)
We are now in a position to introduce two important kinematic identities

vo—@AR,, =Ty

o ™
o =Tk

where vy and k are
V= TTR(;A —Ry; ®)
k=T"k,—k,

It is worth nethingnoting that y and k vanish for rigid motions and are invariant under superposed rigid motion, hence, they
are well-defined measures of strain for beam-like structures (see, for example, Ruta 2006 and Rubin 2000).

Now, we start modelling the motion of the peints—ef—the—cross-sections_points. In particular, we introduce two mapping
functions, Ra and Rg, to identify the positions of the points of the 3D beam-like structure in its current and reference states.

EeorwhatRegarding the reference state-is-cenecerned, we define the (reference) mapping function
Ry (z,) = Ry5(2)) +x,(z)b,(z)) ©)

where Rop is the position of the points of the reference centre-line relative to the-frame c;, b, are the vectors of the reference
local frame in the plane of the reference cross-section, x, identify the pesitienpositions of the points in the reference cross-
section relative to the reference centre-line, and, finally, z; are independent mathematical variables which de-net-depend

onare independent of time. In particular, z, is equal to the arch-length s, and z, belong to a bi-dimensional mathematical

domain which is used to map the position of the peints;—=,—ef-the-cross-sections_points, X,. Throughout this paper, Greek
indices assumetake on values 2 and 3, Latin indices assumes values 1, 2 and 3, and repeated indices are summed over their
range.

It is worth noting that x, may or may not be equal to z,. The first-cheiceformer (equality) leads to—the—mest common
modelling approaches available in the literature (see, for example, Simo 1985, Pai 2011, and Yu 2012). Ia-this—werkHerein

6
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we choose a set of relations between the position variables x, and the mathematical variables z, to provide a description of
the shape of the considered beam-like structure, which can be curved, twisted and also tapered in its reference state. In
particular, the span-wise variation of the shape-efthe-cross-sections shape is analytically modelled by means of a mapping of
this-kindthe following type

X =Nz, (10)

where the coefficients A;j are functions of z;. In the following, we will consider the case of the curved and twisted beam-like

structures with bi-tapered cross-sections, in which case the-map (10) reduces to
X =2 X =04(2), X =24(z) an

where the—coefficients A, are functions of z;. It is worth noting that a suitable choice of thesesuch functions gives—the
pessibility-to-reprodueceenables reproducing interesting shapes. SeeFigure 2, for example, Figure2—1t shows a 3D beam-like

structure whose centre-line is curved, while the cross-sections are twisted and tapered from the root to the tip. The reference

cross-sections in Figure 2 are ellipses with different sizes and orientations, but any other reference cross-section shape can be
considered, such as the aerodynamic profiles which are commonly used for wind turbine blades, steam turbines blades, and

helicopter rotor blades as well (see also Griffith 2011, Bak 2013, Tanuma 2017, and Leishmain 2006 for examples of such

profiles).
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Figure 2: Example ef-curved, twisted, and tapered beam-like structure and local frame (left), taper and twist functions (right)
The position of the points in the current state are defined in a similar manner by means of the (current) mapping function

R,(z.,t)=R,,(z,,t)+x,(z.)a,(z,t)+w,(z;,1)a,(z,1) (12)
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where Ry, is a function mapping the position of the peints—efthe—centre-line points in the current state, while wy are the
components of the 3D warping displacements in the-local frame a,. The main formal difference between the reference map
and the current smapsone is due to the warping, w, introduced to describe the geometry of the deformed state without a-priori
approximation.

By using-the maps (9) and (12), we can determine the 3D tensor, H, expressing the gradient of the current position, R 4, with
respect to the reference position, Rg, as follows (see, for example, Rubin 2000)

oR,
oR,

In (13), Gy and gk are covariant and controvariant base vectors, in the current and reference states, and can be calculated by

H =

=G, ®g" (13)

using standard mathematical methods (see, for example, Rubin 2000). In this case they can be written in the form

§'=8,"b
82 = A;;(bz - Kézazagt;l/zbl)
g3 = A;?] (b3 - K;3azag(;]/2bl)

(14)
G =a+ya,+K,,z,a + KAijoai +w;,q,

G, =Aypa, +w,,q,
G, =Aua,+ W34,
where

*

Blaza

=A, +A,K

o =1+K
K*

(BorA)ia

(15)
(BorA)ip

When H is known, the 3D Green-Lagrange strain tensor, E, can be calculated (see, for example, Rubin 2000 and Gurtin
2003). Hereafter we write-the tensor E in a form based on simplifying assumptions applicable to the considered beam-like
structure. In particular, we introduce the characteristic dimension of the cross-sections, herein denoted as h, the longitudinal
dimension of the centre-line, herein denoted as L, and we assume h to be much smaller than L. Moreover, we consider a thin
structure and assume the curvatures of its reference centre-line are much smaller than 1/h (see also Rubin 2000). In addition,
we assume the warping displacements, wy, are small. More precisely, by introducing a non-dimensional parameter € much
smaller than one, they arecome to be considered of the order of he, while the order of magnitude of their derivative with
respect to z; is eh/L. In general, all deformation measures, i.e. the 1D strain measures y and k and the components of the 3D
strain tensor, E, are assumed to be small. In particular, their order of magnitude is at most €. For the considered structure, in
the case of small strains and small local rotations, we write the strain tensor, E, in the following form

_T'H+H'T
- 2

E 1 (16)



215

220

225

230

235

Let’s now calculate the components of E by using (16) and neglecting terms smaller than €. Algebraic manipulations, which
are based on equations (13)-(16), yeldsyield the following expressions for bi-tapered cross-sections
Ey =7+ kA2 — kA2,
Ey,= A;;le
Ey = A;3lw3,3
L (17)
2E, =7, +Apw, —k Az,
2E, =y5+ A;;Wm +k Az,
2E,, = A;.%lwz,s + A;éwz,z
In (17), Ay, and Aj; are the edge-wise and flap-wise taper coefficients (see, for example, Figure 2), while the components of
the strain tensor, E, are taken with respect to the reference local frame, b;, i.e.

E,=E-b®b,— (18)

where - is the usual scalar (or dot) product and ® is the tensor (or dyadic) product (see, for example, Rubin 2000).

3.2 Stress fields and constitutive models

Given the strain tensor, E, the stress fields in the structure can be calculated when a constitutive model is chosen. Limiting
our attention to elastic bodies, in a purepurely mechanical theory, in the case of small strain, we use the following linear
relation between the second Piola-Kirchhoff stress tensor, S, and the Green-Lagrange strain tensor (see, for example, Gurtin
2003)

S=2uE+AtrE 1 (19)
where p and A are known material parameters related to the-Young’s modulus and Poisson’s ratio. In the case of small strains

and small local rotations, we also write
P=TS, C=TST" (20)

where P is the first Piola-Kirchhoff stress tensor and C is the Cauchy stress tensor (Gurtin 2003). It is worth noting that in the
considered case the tensor field T is sufficient to determine two of the above mentioned stress tensors (e.g. P and C) when
the other one (e.g. S) is known.

We are now in thea position to define the cross-sectional stress resultants, namely the force F and moment M. Using the first

Piola-Kirchhoff stress tensor (Gurtin 2003), in the case of small warpings, small strains and small local rotations, we write

F=T[ Pb, M=T[ x,P,b,b, @1

where X is the domain corresponding to the cross-section on which the integration is performed and
P,=P-a,®b, (22)

)

9
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By combining equations (16)-(21), the force and moment stress resultants can be related to the geometrical parameters of the
structure and the 1D strain measures (8). However, such relations are actually known only if we know the warping fields w,.

ArOne approach to ebtainobtaining suitable warping fields is illustrated in section 3.4.

3.3 Expended power and balance equations

To complete the formulation, we conclude with considerations on the principle of expended power and the balance equations

for the considered structure. For hyper-elastic bodies (Gurtin 2003), we write the principle of expended power in the form
d
jp-v+j bv=—|[ @ (23)
A \%4

In (23), p are surface loads per unit reference surface (A), b are body loads per unit reference volume (V), ® is the 3D energy
density function of the body, which is half the scalar product of the tensor fields S and E (i.e. 2® = S‘E), and, finally, v is the
time rate of change of the current position of the body’s points, which is given by

v=v,+®OAX,a,+w (24)
where the last term in (24) is the time rate of change of the warping displacement.
For small warpings, small strains, and small local rotations, if the power expended by surface and body loads on the warping

velocities is neglected, the external power, I1, reduces to the following form
M, =A(F-vy+M @)+ | F,-v,+M, - (25)

where the vector field v, is the time rate of change of the position of the peints-ef-the-current centre-line points, the vector
field o is the time rate of change of the orientation of-the vectors a;, the terms F; and M are suitable resultants of inertial
actions and prescribed loads per unit length in the reference state, while the symbol A simply meansindicates that the
function between brackets is evaluated at both the ends of the beam and the difference between those values is taken.
The cross-sectional warpings may be important in calculating the 3D energy function and cannot be neglected in the internal
power, I1T;. However, the internal power may be reduced to a useful form for beam-like structures by introducing a suitable
1D strain energy function, U. For example, if U can be expressed in terms of the strain measures, y and k, we can write
d . :
M,=—[UG.ks)=| f-7+mk (26)
dt ?s s
where the vector fields f and m are defined in terms of the force and moment stress resultants, F and M, as follows
f=T'F, m=T'M @7
By using the principle of expended power, we also obtain balance equations for the vector fields F and M in the form
F'+F =0
, , (28)
M +R,AF+M_ =0

10
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At this point, we have kinematic equations, (6)-(7), strain measures, (8) and (16), force and moment balance equations, (28),
and the principle of expended power, II.=II;, in a suitable form for beam-like structures, (25)-(26). To complete the
formulation of the model we need relations providing the 1D stress resultants in terms of the 1D strain measures. To this end,
we need to know the warping fields. An approach to ebtainobtaining suitable warping functions is discussed hereafterin the

next section.

3.4 Warping displacements

In general, a 3D nonlinear elasticity problem can be formulated as a variational problem. In-any-ecaseHowever, if we try to
solve the variational problem directly, the difficulties encountered in solving the elasticity problem remain. For beam-like
structures whose transversal dimensions are much smaller than the longitudinal one, assumptions based on the shape of the
structure and the smallness of the warping and strain fields can lead to useful simplifications. In particular, the—reselation
ofsolving the 3D nonlinear elasticity problem can be reduced to the—reselutionsolution of two main problems. See, for
example, Berdichevsky (1981), who seems to be the first in the literature to plainly state thatthis for elastic rods. One of
thesethe two problems governs the local distortion of the cross-sections and is here-referred to here as the cross-sections
problem. The other preblem-governs the global deformation of the centre-line and is here-referred to_here as the centre-line
problem. Hereafter, we consider the following variational statement to determine the warping fields which are responsible ef

thefor deformation of the cross-sections
5 I ©=0 (29)

In (29) the symbol § stands for the variation operator and the density function ® depends on the warping displacements. The
warping fields satisfying (29) can be obtained by the corresponding Euler-Lagrange equations (see, for example, Courant
1953), by using numerical methods, in general, or analytical approaches providing closed-form expressions, in some
particular cases. Once such a problem is solved, the components of the stress resultants (21) can be linearly related to the
components of the 1D strain measures, by using equations (16)-(21). Then, if it is preferred or deemed useful, thesethe
resulting relations can also be arranged in-a standard matrix form.

Note that to determine the current state of the structure we also need the displacements of its centre-line points. They can be
determined by solving the centre-line problem, which is a non-linear problem governed by the set of kinematic, constitutive
and balance equations introduced in section 3 (in particular, we are referring to the constitutive model in section 3.2, which
relates stress resultants and strain measures, and the balance equations for the stress resultants in section 3.3).

In the next sections we show some analytical solutions (section 4) and numerical results (section 5) that can be obtained by

applying the proposed modelling approach to some reference beam-like structures.

11
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4 First analytical results for bi-tapered cross-sections

In this section we consider the case of a beam-like structure with bi-tapered elliptical cross-sections. For this case we can
prevideobtain analytical solutions in terms of warping fields, while for generic shapes (e.g. the aerodynamic profiles used in
wind turbine-blades;-and steam turbines blades, and-as well as helicopter rotor blades-as—wel) the problem corresponding to

(29) can be solved by-using numerical methods. However, this is not surprising, since even-in-the-classical-lineartheory-of
prismatie-beams-analytical solutions are available only for a limited number of cases enlyeven in the classical linear theory

of prismatic beams (see, for example, Love 1944).

As discussed in section 3, we are assuming the-smalness-ofthat the warpings, strains and local rotations_are small. Moreover,
hereafter we choose that the current local frames te-be tangent to the current centre-line and—we include possible shear
deformations within the warping fields. In addition, with the aim of showing a first analytical solution for bi-tapered cross-
sections, in-this-seetionhere we neglect the effects of the initial twist-efthe-cross-seetions-sectional twist. Then, we write the
Euler-Lagrange equations corresponding to (29), whose unknown functions are the warping fields, w,—Fhis (this can be done
by-using standard mathematical techniques—, see, for example, Courant 1953). Finally, we proceed to find a solution to the
resulting (partial differential equations) problem. In particular, if we neglect the terms smaller than & and maintain the

termsthose related to extension, y;, and ehange-of-eurvatureschanges in curvature, k;, the mentionedaforementioned Euler-

Lagrange equations are satisfied by the following warping fields

2 72 2
pd;—d
M
w, =—vy,Az, —vk,pN* 2,2, + vk AN (p°z; —25) 12 (30)

wy =V, PAZy + vk pA 2,2, ~ VI, A (P25 —25) 12
where d, and d; are the major semi-axes of a reference elliptical cross-section (e.g. the one at 18m from_the root section in
Figure 2), while A=A,, and p=A33/A,, are known functions of z;. Using this result, we can calculate the corresponding strain
and stress fields, (16)-(20), stress resultants, (21), and strain energy function U. For example, if we consider a local frame in
the reference cross-section with its origin at the cross-section’s centre of mass and its axes aligned with the cross-section’s

principal axes of inertia (as in Figure 2), we can write the 1D strain energy function, U, in the form
1 1 1 1
U= EEApAZ v+ EGJI PAK + EEJ2 PN K+ 5 EJ,pA* Kk 31

In (31), E is the Young modulus, G is the shear modulus, while A, J;, J, and J; are the following geometrical parameters

A=rdyd,, J,=Ad2d? [ (pd?+p 'd?), J,=Ad> /4, J,=Ad> /4 (32)

An interesting result is that the initial taper appears explicitly in all the previous relations (in terms of p and A). Ia+tsThis, in
turn, this-allows-an analytical evaluation of its effects on the 3D strain fields, which can be calculated by using (17) and

(303;) and whieh-are, in any case, required to determine the 3D stress fields (19).

12
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5 Numerical simulations

In this section we previdepresent the results of simulations conducted-by using the modelling approach discussed in section
3, which we have implemented into a numerical code in MATLAB language. FheseThe results are also compared with the

resultsthatean-be-obtained-bythose obtainable via 3D-FEM simulations with the commercial software ANSYS.

In particular, we show a first set of test cases in which a beam-like structure with rectangular cross-sections undergoes large
displacements, while itis-fixed at one end and it-is-loaded at the other end-by a force whese-magnitude-is-of progressively
inereased—In-theincreasing magnitude. The second set of test cases we-consideraddresses a more complex geometry, that is, a

beam-like structure with elliptical cross-sections, which is curved, twisted and tapered in its reference configuration,
whileunder the same loading condition-is—the-same as in the first set of test cases. Finally, n-the third set of test cases;—we
consider—_regards four) different beam-like structures under the same loading eendition-conditions. In particular, we
consider a first prismatic structure with elliptical cross-sections. The second structure is a modification of the first-ere, on

which we—maintain-the same cross-section is maintained at 18m from the root-and—we—add-the—, while taper is added

according to the taper coefficients efin Figure 2. Starting frem-with this latter, we then consider a third structure which
includes the—twisttwisting of the cross-sections, assuming the twist law efin Figure 2. The fourth ereand final case is a
curved, twisted and tapered structure obtained byfrom the third ene—(tapered and twisted) by adding thea centre-line
curvature. FheaOnce the simulations have been completed, we compare the results obtained by-simulating-the-behaviourof
these—fourstraetares—to shewshighlight the effects related—to—of their geemetrical-differeneesdifferent geometries on their

mechanical behaviour.

In all the-cases, the displacements of the peints—ef-the-reference centre-line points are calculated by solving the centre-line

nonlinear problem through athe previously mentioned numerical procedure we have implemented in MATLAB-lansuage,

which is based on the kinematic, constitutive and balance equations introduced in section 3. In particular, we—use-the
constitutive model introduced in section 3.2 is used to relate stress resultants and strain measures. We define the local frames
orientation by-using Euler angles and simulate orientation changes in terms of the derivatives of those angles over the arch-
length, s (see, for example, Pai 2003). We use the balance equations for the stress resultants introduced in section 3.3.

Finally, we-integrate(numerieally)-the resulting set of ordinary differential equations is (numerically) integrated with respect

to the reference arch-length, s. The results of this procedure are illustrated hereafterin the following sections.

5.1 First set of test cases

In this set of test cases we consider a rectangular cross-sectioned beam-like structure with—rectangular—eross-seetions
wndergoinewhich undergoes large displacements, while its-clamped at one end (i.e. the root) and iis-loaded at the other

end (i.e. the tip) by a force, F, whose magnitude is progressively increased (see Figure 3). The centre-line length is d;=90m-

The, while the cross-section sizesdimensions are d,=8m (edge-wise) and d;=2m (flap-wise). The material properties are

13
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360

summarized by reference values of the-Young’s modulus, 70GPa, and Poisson’s ratio, 0.25. FheFinally, the flap-wise tip
force, F, varies from 100kN to 75000kN.

The simulations are run for different values of the tip force. The model we have implemented in MATLAB languase—to
sotvefor solving the non-linear problem previdesrenders results on the structure’s deformed configuration ef-the-struecture
(e.g. Figure 3, left) within a few seconds. In all the-cases, the simulation time is less than 2.4s—}t, which is significantly less
than that required byfor the corresponding non-linear 3D-FEM simulations carried out on the same computer, while the
accuracy of the results is almost the same. A summary of the results obtained-results, in terms of global displacements and

simulation times, is shown in Figures 3 and 4.

Ry
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T 5 RSYS=0 ;
o o
3
& -15
N —
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A F=10000kN l
30 -
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40
50
F=50000kN —:L'——r 1846 m -5.22188 -1.74023
X (SPAN) [ml o -13.9253 . c*15.4433 o -6.3624 Toees —3.480395 S .453E-03
10
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Figure 3: Global deformation with 3D-BLM for E-increasing F (left) and with 3D-FEM for F=25000kN (right)
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Figure 4: Comparison of tip displacements (left), tip displacementsdisplacement differences and simulation times (right)

In particular, Figure 3 (left) shows the un-deformed shape (for F=0), as well as the deformed shapes for F equal to 10000kN,
25000kN and 50000kN. Figure 3 (right) shows the 3D-FEM deformed shape for F=25000kN (the coloured legendscale is for
the flap-wise displacements).-Fhen; Figure 4 (left) provides a comparison between the tip displacements obtained with the
linear 3D-FEM, the nonlinear 3D-FEM and our model (therein—referred—toindicated as 3D-BLM). It also shows the
differences (between the non-linear 3D-FEM and the 3D-BLM) in terms of tip displacements and simulation times for the

considered cases.

5.2 Second set of test cases

Let’s now consider a more complex beam-like structure, mere-preeisely;specifically, one with a 90m curved centre-line with

constant curvatures, which schematizes a pre-bent and swept beam whose tip is moved 4m edgewise and 3m flap-wise, as in
Figure 2. The local frames in the reference state are characterized by a pre-twist of 20deg/m. The reference cross-section at
18m from the root is an ellipse whose major semi-axes are d,=2m (edge-wise) and d;=0.5m (flap-wise). The sizes of the
other cross-sections change according to the taper coefficients efin Figure 2. Eer—whattheThe material properties are
coneerned;-they-are-summarizedrepresented by reference values of-the Young’s modulus, 70GPa, and Poisson’s ratio, 0.25.
Finally, the structure is clamped at its root and #-is-loaded by a flap-wise tip force, F, which varies from 100kN to 1000kN.

The simulations are run for different values of tip force, F. The model we have implemented in MATLAB language—to
sebvefor solving the non-linear problem previdesyields results abeutregarding the structure’s deformed configurations-ef-the

straeture, such as those in Figure 5, which confirm the computational efficiency and accuracy observed in the previous

seetion-tests. In particular, the-simulation time-istimes are significantly lessshorter than thatthose required by corresponding
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nonlinear 3D-FEM simulations (see, for example, the simulation times’ ratio in Figure 6, right), while the accuracy of the

results is again almestnearly the same (Figure 6).
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Figure 5: Global deformation with 3D-BLM for E-increasing F (left) and with 3D-FEM for F=250kN (right)
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Figure 6: Comparison of tip displacements (left), tip displacements-displacement differences and simulation times ratio (right)

Hereafter—we—continue-byshowingApart from the foregoing results, the model is also able to provide other meaningful
information-eur-medel-eanprovide-. In particular, we can obtain the displacement fields of the peints-ef-the-reference centre-
line points (Figure 7), as well as the change ef-eurvaturesin curvature of the beam-like structure (Figure 8, left) and the

corresponding moment stress resultant (Figure 8, right). The moment components are in the current local frame, a;, whose
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orientation has been determined as part of the solution efto the nonlinear problem. For example, the orientation of the current
local frame, a;, can be providedexpressed in terms of a set of Euler angles, as in Figure 9. In this case we have considered the

set of Euler angles corresponding to a first rotation, 6, about the initial z-axis, a second rotation, y, about the intermediate y-

400 axis, and a third rotation, y, about the final x-axis.
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Figure 7: Displacement of the peints-of-the reference centre-line points with 3D-BLM for F-increasing F
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Figure 9: Local frames orientation in terms of Euler angles before (green-lines) and after deformation

5.3 Third set of test cases

Here—we—considerThe last test cases regard four different beam-like structures, starting with a prismatic elliptical one,

ineluding—to which there is the step—-by—-step addition of the taper—ane, the twist of the cross-sections and, finally, the

curvature of the centre-line, as discussed in—the—beginning—of section 5. Note that the “curved-twisted-tapered” case
considered here coincides with that discussed within more detailsdetail in section 5.2 (see Figures 5-9, F=250kN). We begin
by simulating the behaviour of these four structures under a flap-wise tip force of 250kN. Then, we analyze the results
obtained results-to show the effect of theirthe geometric differences on their mechanical behaviour.-A-sammary-of-the- The
results obtained results—is—hereafter-are summarized in the following. In particular, Figure 10 shows the reference and

deformed states of the prismatic structure (left) and the deformed states of the non-prismatic ones (right), while Figure 11
shows the displacements of their centre-Hnesline points. The main effect of the considered tip force is a displacement in the
z-direction; in all the-cases, with a displacement in the y-direction that-we-have-enlyfor the eases—“tapered-twisted” and

99 9

“tapered-twisted-curved>;” cases only, as it tswould be expected.
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Figure 11: Displacement-of eentreCentre-line points displacement of prismatic case (blue) and non-prismatic cases (other colours)
for F=250kN

Similar results have also been obtained alse—for larger values of tip-force, F, which lead to larger tip-displacements. In

particular, such-aforee-hereafter we show the results for Fiis-varied varying from 250kN to 750kN. As for the previous test

cases, the results obtained results—have been compared with those effrom 3D-FEM simulations, confirming the
computational efficiency and accuracy peinted-euntrevealed in the previous sections. A-results> summary is shown in Figure
12, which provides a comparison in terms of tip-displacements, for the four geometries considered here, for F=250kN,
F=500kN and F=750kN. Such loads correspond, respectively, to tip-displacements of about 6.4%, 12.5% and 18.1% of the
span-wise reference length. The difference between the 3D-BLM and the non-linear 3D-FEM in terms of tip-displacements

is always-below 0.9% in all the considered cases (Figure 12).
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Hereafter—weWe conclude with-eemparisennow by examining the results for the 3D strain measure E;;, also referred to as
longitudinal strain, which is another important parameter for the analysesanalysis and design of rotor blades (see, for
example, Griffith 2011). In particular, we focus-the-attention on the effects of taper by considering a beam-like structure with
bi-tapered cross-sections (the above “test case 2”’). Then, we compare the outcomes of the 3D-BLM with those of linear and

nonlinear 3D-FEM simulations. A results’summary of the results is reported in Figure 13—, which shows the maximum

longitudinal strain at different reference cross-sections (these-enes-at 30%, 50%, and 70% of the span-wise reference length)
and for three different tip- forces (F=250kN, F=500kN and F=750N).
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Figure 13: Max longitudinal strain E; in the-cross-sections at 30%, 50% and 70 % span for F-increasing F (bi-tapered case)

As verified by many simulations and shown in the examples, the proposed approach performs well in terms of computational
efficiency and accuracy. It can be used to study the mechanical behaviour of beam-like structures, which are curved, twisted

and tapered in their reference-unstressed reference state and undergo large global displacements. It can moreover provide
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information on the deformed configurations of thesethe structures, such as their displacement fields, as well as the
corresponding strain and stress measures. It is worth noting that it is suitable for beam-like structures with generic reference
cross-sections shapes. However, as already pointed out, for bi-tapered elliptical cross-sections we-have-analytical solutions
can be obtained in terms of warping fields, while for generic reference cross-sections shapes the-problem (29) has to be

solved-by using numerical methods.

6 Conclusions

Many complex engineering
structures, ean-be-considered-complex—such as the rotor blades of wind turbines and helicopters, are non-prismatic} beam-

like structures, with one dimension much larger than the other two and a shape that is curved, twisted and also tapered

already-in the referenee-unstressed reference state.—Fheirechanieal The increasing size and flexibility of such structures

make the prediction of their aero-elastic behaviour arecver more

challenging. This paper addressed the structural part of this modelling and proposed a modelling approach, referred to as 3D-

BLM, which is computationally efficient, accurate and explicitly consider the main geometrical design

featurescharacteristics of these-the mentioned structures, the large deflections of their reference centre-line; and the in- and

out-of-plane warping of their transversal cross-sections. In this—werk—eurved,—twisted-and-tapered-beam-tikestrueturesthe
mentioned approach, the warping displacements have been medeHed—&nal—yﬁeaH—y—TheH—mam—geemetﬂeal—eh&Faeteﬂsﬁes

a-thought of as an additional small motion

superlmposed teon the global motion of the local frames. The fesu}tmg—medelﬂs—smeabl%te—sﬂﬂulat%}&g%deﬂeeﬁmm

he—strain tensor has been

calculated analytically in terms of the-geometrical parameters of the eonsidered-structures;—thestructure, 1D strain measures

and the-3D warping fields. An-approachA method based on aﬂ—eneltgy—f—uﬂeﬁeﬂal—and—a variational statement havehas been
used to obtain suitable warping fields. The

r—proposed approach

enables to obtain analytical results anrd-in particular cases and can be implemented into an efficient numerical code in the

general case. The analytical results obtained, along with numerical examples;—which—inelude—ecomparisen— (obtained by

implementing 3D-BLM into a computer code) and comparisons with 3B-corresponding results from 3D-FEM simulations;

have been presented to show the effectiveness of the prepesed-modelling approach and the information it can provide._In all

cases, the simulation times with 3D-BLM have been significantly shorter than those required by 3D-FEM simulations, while

the accuracy of the results has been always almost the same. In this paper the analyses have been limited to the terms of

order ¢, as discussed in the introduction of the strain measures of the model. This turned out to be sufficient to accurately

predict the global deflection of the considered structures even when the displacements of the centre-line points are large and

nonlinear with respect to the applied loads. The inclusion of higher order terms in the model may provide better results
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especially in terms of stress and strain fields predictions, while not practically affecting the computational performance of

the implemented model. This is an important point to be further investigated and will be the objective of a successive work.

An interesting future activity would also be to performing comparison analyses with other structural modelling methods (not

only 3D-FEM), with the aim of assessing the performance of different structural models for non-prismatic beam-like

structures in terms of information each approach can provide (e.g. centre-line displacements, 1D strain measures, 3D strain

fields), computational efficiency and results accuracy.
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