Optimum induction distribution for fixed bending moment

Reference values:

1
p:= 1225 Uy =10 R(y =50 a:= g B:=3 A=38
(1-x)-B-X
F(x) = £~acos e 2(1-a) Prandtl tip loss factor - to switch off make B or A large

s

Reference case 1: Standard optimisation for maximum power

1
Cp:= 4[ 8-a-(1 — a)2~x-F(x) dx = 0.549
0

1
Ct:= J 8-a-(1 —a)-x-F(x) dx = 0.824
0

1
Cm, = 4[ 8-a-(1 — a)-xz-F(x) dx = 0.531

0
M = 0.5~p-U02-w~R03-Cmr —1.277x 10 Reference total bending moment
Py = 0.5-p-Uy>-m-Ry>-Cp = 2.643 x 10° Reference rotor power
0._ p 07[ Op_ . X p
2 2 5
Ty = 0.5-p-Uy~-mR(™-Ct = 3.964 x 10 Reference rotor thrust

Reference case 2: Optimum axial induction to maximise power for variable radius
and fixed total moment :

1
A:=02  Cta):=4-a(l —a) Ct(a) = 0.640 Sp(a) = 4[ 8-a-(1 — a)2~x-F(x) dx
0
Cp(a) =0.475
1
Cm(a) := J 8-a-(1 — a)~x2~F(x) dx Cm(a) = 0.382
0
1
3
. My 7
Ropt = =55.786 Mg = 1.277x 10

(0.5- p-UOZ-’iT-Cm(a)>



Ropt

Ry

=1.116 11% increase in radius
3 2 6
P:= 0.5:p-Uy TR Cp(a) = 2.842235 x 10

P
P_O =1.076 7.6% increase in power

Exactly same results with tip loss on or off as F cancels in My and Cm

Axial induction function:

N,=10 A= 1 p=1 Arbitrary starting values for the optimisation
3 except that the solutions for maximisation with
small and large N initial values appear to be

different.
NP N o
al(x,N,p) == a-(l -Xx ) Adefinition of axial induction with 3 DOF (a,N,p)
that will tend to zero at x=1 and be positive over
[0,1].
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Fig 1 llustration of variety of possible axial induction distributions



) 1

2
-(1 - xN)p{l - a-(l - xN)p} -x-F(x) dx

0
P(N,a,p) =
L(N,a,p) 2
| 3
p p
4-p~U02~7T-[ a-(l - XN) -|:1 - a~(l - XN) :|~x2~F(x) dx
0
Mo
R N,a,p) :=
e ! r 1
p p
4~p-U02~7r-J' a~(1 - XN) -Ll - a~(1 - XN) J'XZ'F(X) dx
0
Given
1
as—
3

1.504
OPT := Maximize(P,N,a,p) OPT =] 0.331 A= OPT1 a=0331
1.125 )
N= OPT0 N =1.504
= OPT2 p=1.125
p
agpt(x,N,a,p) := a-(l - xN)
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Fig2 The optimum axial induction distribution for maximum power at fixed M,



Ropt(Na a, p)

R (N,a,p) = 67.133 P 1343
Opt s Gy
Ry
P(N, a,
P(N,a,p) = 2.957 x 10° % — 1,119
0

Optimum distribution of axial induction for constrained radius expansion

Given
1
as—
3
Ropt(N,a,p) < 1.067-R(
0.417
OPT := Maximize(P,N,a,p) OPT =] 0.333 A= OPT1 a=0.333
0.136 )
N= OPTO N=0.417
ax(x,N,a,p) := aopt(x,N,a,p) = OPT2 p =0.136
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Fig3 The optimum axial induction distribution for maximum power at fixed M,
with constrained radius expansion
Ropt(N,a,p) a=0333
Ropt(N.2,p) = 53.351 — = 1.067
Ry N =0417
P(N,a,
P(N,a,p) = 2.843 x 10° PM-2:p) g 76

P, p=0.136



Check that constraint on M, is met

2 3 7
Ma.= 0.5-p-Uy -mRy"-Cm. = 1.277 x 10
1

[ p|
Mpeck = 0.5~p~U02-7T~ROpt(N,a,p)3~J ga(t - L1 —ali - o) PR ax= 1277 107
0

Bending moment distributions

1

p[ p]
Mopt(3) = 0.5:p-Up R gpy(N.a.p) salt -y 1 -alt 3 Ly -0y gy

X

b=

1 1
a:=— -
w3 5

1
2 3
M(x) := 0.5-p-Uy "R ™-8-a-(1 —a)-J (y —x)-F(y)-ydy
X
2 3 3 :
M (x) := 0.5-p-Uy 1Ry 1.1167-8-b-(1 —b)-J (y — x)-F(y)-ydy
X

x:=0,0.01..1.12
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Axial thrust force

1
Clop; = L g1 - xN)p~[1 i - XN)p}-x-F(x) dx = 0.698

2 2 5
Topt = 0.5-p-Uy -7T~R0pt(N,a,p) -Ct 3.825x 10

opt ~

T
t
P 0.965

T

L Topt
Thrust reductionis | 1 — —— |-100 =3.497 %

To



Power coefficient

1
2
[ p[ p
N N
CPopt = J 8-a-(1 —x ) {1- a-(l - X ) | xF) dx=0519
0
2
[ p|
N N
Cpxopt(x) = 43(1 —-X ) Ll - a(l - X ) J F(X) Cpr(x) = Cpopt
radial distribution of Cp
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