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Abstract.

Quantifying blade tip vortices helps to understand the process of vortices detaching from the wind converter blade and

their development in the wake until finally dissipating in the far wake, contributing to overall turbulence. This is especially

interesting for set-ups of numerical simulations when setting the spatial resolution of the simulation grid.

The MASC MK 3 (Multi-purpose Airborne Sensor Carrier Mark 3) UAS (Unmanned Aircraft System) by the University5

of Tübingen measured atmospheric and meteorological quantities during the HeliOW campaign in July 2018 data behind a

wind energy converter (WEC) (Enercon E-112) north of Wilhelmshaven, Germany, at the Jade Wind Park. Aside turbulence

distribution, air temperature, humidity and the three wind components u, v, w in front of the WEC and in the wake were

measured. By evaluation of the wind components, detached blade tip vortices were identified in the time series. The presented

data were captured under a dominating marine stratification about 2 km from the North Sea coast line with northern wind10

direction. The measured vortices are compared to the analytical Burnham-Hallock model for two vortices spinning in opposite

direction. The model has its origin in aviation, where it describes two aircraft wake vortices. It will be shown that the BH model

can be used to describe wake vortices behind a WEC. An evaluation method is presented to measure detached tip vortices with

a fixed wing UAS. Also an improvement for the model in WEC wake use will be proposed.

Copyright statement. TEXT15

1 Introduction

Since the politically induced ’Energiewende’ (exit from nuclear and fossil energy sources) in the late 1990s in Germany, the

wind energy sector has been growing. Not only in the amount of installed wind energy converters (WECs) but also in their single

capacity and diversity. A modern off-shore WEC delivers up to 9 MW of power in ideal conditions. The constant enhancements

of the concept of harvesting energy from wind lead to a wide field of applications for WECs, e.g. in homogeneous conditions20

off-shore as well as in complex terrain further inland. In research and development numerical simulation of the wind velocity

field of a WEC and its produced turbulence is an important tool that gives valuable insights of pressure and velocity distributions
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around a turbine blade and nacelle as well as in the wake. A numerical model increases its validity when it is backed by real

world in-situ data. Not least, because of improvements that can flow back into the model, once measured data has revealed

some possible tweaks and enhancement to the prior model. Numerical simulation might under predict peak vorticity and radii

of wake vortices, especially when the grid size of the simulation is not sufficient (Kim et al., 2016). Another mean of studying

WEC wakes are wind tunnel experiments that try to recreate wake patterns in a smaller scale (e.g. Bartl et al. (2012) or Vermeer5

(1992)). While in the early days of wind tunnel experiments the wake has been visualised by smoke trails, PIV (Particle Image

Velocimetry) measurements have increased the resolution and accuracy of wind tunnel experiments drastically (e.g. resolving

Reynolds shear stress and turbulent kinetic energy, Zhang et al. (2012)).

The MASC Mk 3 system allows in-situ high frequency measurements of the atmospheric flow and its transported properties.

A detailed description of the UAS and its instruments can be found in Wildmann et al. (2014a) and Wildmann et al. (2014b).10

The latest iteration MASC Mk 3 is using an improved IMU (Inertial Measurement Unit) and positioning system. The lateral

positioning accuracy is now in a range of 2 cm, whilst the vertical path accuracy has also improved by approximately 0.45 m

through implementing revised design elements in the fuselage allowing a more stable flight path and using a more precise GPS.

For this study of the near wake of a WEC an Enercon E-112 prototype located at the Jade Wind Park north of Wilhelmshaven

at the German North Sea coast has been chosen. This specific converter and its location near the coast is comparable with off-15

shore converters in marine flow which was a requirement when choosing the WEC. The measurements are part of the HeliOW

project, in which the atmospheric turbulence in front of and in the wake of a WEC are the foundation of a chain of numerical

simulations. The project aims for save helicopter flight paths in off-shore wind energy parks. The numerical simulation chain

also includes flight-mechanical simulations (provided by Technical University Munich and DLR Braunschweig) of helicopters

interacting with turbulence generated by WECs. The helicopter flight simulations are coupled with a numerical simulation of20

the marine flow over an off-shore 4.5 MW wind energy converter. The WEC simulations are done by the Univerity Stuttgart.

A WEC, especially in a stable marine ABL (atmospheric boundary layer), acts as a turbulence generator. The added turbu-

lence has two main sources. On the one hand the increased wind shear in the wake that results from the wind deficit in the near

wake and the low pressure bulb that develops behind the WEC nacelle. On the other hand turbulence is created by expansion

and dissipation of detached blade tip vortices that transfer their kinetic energy to the surrounding flow. A proper understanding25

of these vortices and their inducing load onto the converter blade is of great importance for future enhancement of life span

and working loads of wind energy converters. Blade tip vortices follow a helical pattern into the wake, detaching from each

converter blade. These detached eddies can be measured with the mounted five-hole-probe on the MASC UAS. Subramanian

et al. (2015) measured the presence of tip vortices via pressure fluctuations qualitatively in a flight pattern along the wake,

also using a small UAS. In this study an evaluation method is presented to measure the core radius and maximum tangential30

velocity of a tip vortex rc using in-situ wind measurements from flight patterns perpendicular to the mean wind velocity.
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Figure 1. Research UAS MASC Mk 3 shortly before lift-off. (Photo taken by the author).

Table 1. Characteristics of the MASC Mk 3 UAS at the HeliOW campaign.

wingspan 4 m

total weight ≈ 7 kg

sci. payload ≈ 1 kg

cruising speed 19 m s−1

endurance up to 2 h

propulsion electrical pusher engine

take-off bungee or winch

2 Measurement system and measurement site

2.1 Research aircraft

The research UAS MASC Mk 3 (cf. Fig. 1 and Tab. 1) is a fixed wing airborne measurement system of the University of

Tübingen that has been used in several measurement campaigns and has been described by Wildmann et al. (2014a, b). The

third iteration of this platform features some changes to the fuselage. The electrical pusher motor has moved from a centre5

position behind the wings to the tail, accelerating the aircraft along the centre axis increasing flight stability. The time span in

which the presented data was captured was about 15 minutes. It can be expected that atmospheric conditions (wind direction

and speed) did not change during this period.

Aside the manual changes to the platform the former ROCS autopilot operating on the MASC Mk 2 system has been changed

to the Pixhawk 2.1 autopilot. This is an independent open-hardware and open-source autopilot project (www.pixhawk.org). The10

Pixhawk autopilot is equipped with RTK GPS, which enables a track accuracy in the centimetre range.
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Figure 2. Research UAS MASC Mk 3 in front of an Enercon wind energy converter at the Jade Wind Park in July 2018. (Photo taken by the

author).

2.2 Measurement site

Figure 3 shows the location of the measurement site in the north-west of Germany and the flight tracks of the MASC Mk 3

UAV around the Enercon E-112 converter. Both tracks are part of a rectangular flight pattern around the WEC in anti-clockwise

direction. For the wake data evaluation only the data captured along the southern flight tracks (orange path in Fig. 3) are used.

The WEC is the most powerful converter in the Jade-Wind-Park north of Wilhemshaven, Germany. The particular converter is5

a former near-shore prototype with a diameter of 114 m delivering up to 4.5 MW of electrical power and thus comparable to

an actual off-shore WEC. The Jade-Wind-Park is located about 2 km from the North Sea coast line and a maritime influence

in the wind profile can be expected.

Apart from surrounding WECs (to the south of the E-112 WEC) power lines to the east and north and industrial buildings to

the north and north-east (not in the picture) restricted the flight path to the ones depicted in Fig. 3.10
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Figure 3. Location of the E-112 WEC in the north-west of Germany near the North Sea coast. MASC flight tracks in front (blue) and in the

wake (orange) of the E-112 with northern main wind direction (5 degree north that day). On the Google Earth image the WEC is oriented

toward south-easterly wind direction.

3 Methods

With the goal to measure detached tip vortices behind a WEC, it is helpful to have a first understanding of the behaviour of those

vortices. Fig. 4 shows the helical vortex pattern forming behind a WEC, by representing the iso-surfaces of the λ2-criterion

of detached tip vortices from CFD simulation. The fully resolved URANS simulation has been performed at the University

of Stuttgart with the compressible flow solver FLOWer (Kroll and Fassbender, 2005), using the Menter SST (Menter, 1994)5

turbulence model. The modelled rotor is a stand alone generic recreation of the Enercon E-112 WEC rotor, based on free

access airfoil data. For more details regarding the numerical methods, please refer to Cormier et al. (2018) in which the same

methods have been applied and described. Figures 5 and 6 give a qualitative impression of the presence of the WEC wake. In

both, horizontal wind velocity and turbulence kinetic energy (TKE) the wake and its effects are visible. Farther downstream

the helical pattern will start to meander and the symmetrical pattern will dissipate into turbulence. In the near vicinity of the10

WEC nacelle these vortices follow a helical pattern. The helical structure is shown simplified by a ring vortex in Fig. 7. Note

that the tangential velocity in this sketch can be split in its horizontal components at hub height (nacelle height). Here the y

axis points north (parallel to main wind direction) similar to the conditions at the HeliOW campaign (cf. Fig. 3) and the x axis

points east along the UAS flight path. When measuring at hub height the tip vortex has ideally no w component (Fig. 7). The
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Figure 4. Iso-surfaces of detached blade tip and root vortices following the λ2 criterion for vortex identification. Here the x axis follows the

main wind direction. Numerical simulation of a generic recreation of an E-112 4.5 MW converter.

Figure 5. Visualisation of the horizontal wind measurements at different flight leg altitudes (from 85 m to 185 m above ground in 20 m

steps) and different distances to the WEC (1D, -1D, -2D and -4D). Significant wind deficit 1 D behind the WEC E-112. At this day the wind

direction was about 30° north. Image generated in Google Earth.

red rectangle indicates a change of perspective, showing a top view of a vortex spinning in the x−y plane. For later evaluations

the coordinate system has been rotated into the main wind direction.
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Figure 6. Visualisation of the turbulence kinetic energy (TKE) from the same measurements as in Fig. 5. Blue areas represent low turbulence

and red the highest measured. At 1D the presence of the wake and the produces turbulence by the tip vortices is visible. Image generated in

Google Earth.

3.1 Vortex model

Previous efforts to define a vortex were reviewed e.g. by Jeong and Hussain (1995), comparing several definitions with data

from direct numerical simulations and exact solutions of the Navier Stokes Equations. A universal definition of a vortex or a

generally applicable model does not exist. Assuming incompressible flow and an irrotational velocity field, where the curl of

the gradient of the velocity is zero, potential theory is applicable. Considering potential flow, the circulation Γ, representing5

the strength of a vortex, around a contour C, can be connected to the vorticity flux by Stokes’ theorem. For any surface S that

spans the curve C and dI being an infinitesimal tangential element along C,

Γ =
∮

C

Vt ·dI =
∫

S

ω ·n dS. (1)

The circulation Γ is the line integral of the tangential velocity along the curve C which is equal to the vorticity flux ω =∇×Vt

through the surface S, with n being the normal vector of the surface.10

A circular integration in a cylindrical polar coordinate system with the azimuthal angle φ and the radius r yields:

Γ(r) =

2π∫

0

r∫

0

ω(r,φ)r dr dφ (2)
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Figure 7. Simplified sketch of a vortex pair passed by the UAV to the right. In reality it would rather have a helical pattern than a ring shape.

Velocities and axis according to meteorological standards, therefore axis and orientation according to the in-situ conditions. y axis pointing

north, x axis pointing east. At hub height the w component (along z axis) vanishes. The red rectangle illustrates a top view of a tip vortex

with distance ∆y to the UAS.

For a two dimensional, axisymmetric vortex, the circulation

Γ(r) = 2πrVt(r) (3)

is a simple function of the radius and the tangential velocity Vt. Since real vortices in fluids experience viscous effects, the

structure of detaching tip vortices of the blade of WEC cannot be sufficiently described by Equation 3. Close to the centre of

the vortex, lower tangential velocities persist, increasing to their maximum at the core radius rc of the vortex and decreasing5

again for further distances r. To account for that, in the context of WEC and also for detaching tip vortices from the wings of

aircraft, several analytical models were suitable.

Since in this study detached vortices of a WEC converter are treated similar to aircraft wake vortices, a few similar model

approaches were possible. A comparison of analytical vortex models for tip vortices created by aircraft has been done by

Ahmad et al. (2014). Also Fischenberg (2011) measured wake vortices created by the VFW 614 ATTAS manned aircraft (DLR10

Braunschweig) and compared the results to two similar vortex models proposed by Lamb (1939) and Burnham and Hallock

(1982). Fischenberg concludes that both models show the ageing processes of a vortex wake known from theory. In general

the model by Burnham-Hallock shows a slightly better agreement in circulation and tangential velocity to the conducted
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Figure 8. Qualitative plot of the tangential velocity from the vortex core outwards. The tangential velocity increases from zero (left) to a

maximum at a distance rc and decreases to zero for large distances (to the right).

measurements by Fischenberg. Also Vermeer (1992) uses the Burnham-Hallock vortex model successfully to describe WEC

wake vortices. According to these findings and its simplicity it has been decided to use the analytical solution for wake vortices

by Burnham-Hallock in this study.

The Burnham-Hallock model provides a solution for two vortices spinning in opposite direction, as found in an aircraft

wake. A similar constellation of vortex pairs can be found in a WEC wake at hub-height (cf. Fig. 7) along the x axis.5

Following the Burnham-Hallock model a vortex is described by its circulation Γ, tangential velocity Vt and its core radius

rc. The tangential velocity is the velocity of the air circling the vortex centre and is a function of the distance r to the vortex

core.

Vt(r) =
Γ
2π

r

r2
c + r2

. (4)

The core radius rc is defined as the distance from the vortex centre (or core) at which the tangential velocity is at its maximum10

(circular symmetry). So the radius rc is also the radius at which the surface integral (cf. Eq. 1) is maximal, considering a

circular surface. For r = rc the maximum tangential velocity becomes (Eq. 5)

Vt, max =
Γ

4πrc
. (5)

Figure 8 shows the tangential velocity Vt distribution of a Burnham-Hallock modelled vortex with the highest tangential

velocity at the distance r = rc. The distribution is circle symmetric with the vortex core (r = 0) in its centre.15

In order to estimate the circulation and size of rc from transects through the vortices with MASC in the wake of a WEC, the

following procedure is proposed.
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Figure 9. Schematic of the UAS passing a vortex in the horizontal plane (top down view). Two different cases have to be distinguished. The

closest distance to the vortex ∆y > rc (a) and the passing distance being ∆y < rc (b).

3.2 Evaluation method

As shown above it is likely to measure tip vortices in hub height that reduce to a two dimensional problem, simply due to

their physical presence and orientation at hub height. The vortices can therefore be considered of circular shape rotating in the

horizontal plane thus the vertical component w vanishes. So after subtracting the mean wind v∞ the vortex tangential velocity

is5

v−v∞ = v′ = (u′,v′,0). (6)

The norm of the tangential velocity then is

Vt =
√
u′2 + v′2. (7)

When measuring with a UAS the measurement can be considered a snap shot of the in-situ conditions. Figure 9 differentiates

between two different scenarios of the UAS passing a vortex. Both shown from a top view. In Fig. 9a the UAS passes the vortex10

at its closest distance (∆y), marked point 3 in the sketch, with ∆y > rc thus the vortex core radius is not reached. Point 1 and

2 mark the position of two corresponding tangential velocities of identical absolute value when approaching the vortex and

moving away from it again. The measured signal is similar to the dashed black line in Fig. 10 that is an example for ∆y = 2rc.

From such data only point 3 can be identified, since it is the point at which the measured tangential velocity is at its maximum.

Point 1 and 2 are somewhere left and right of the maximum with L being unknown. There are indefinite combinations of Γ and15
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rc that could describe the vortex using Eq. 4.

Vt,2 = Vt,1 =
Γ
2π

r1

r2
c + r2

1

(8)

Vt,∆y =
Γ
2π

∆y
r2
c + ∆y2 (9)

r2
1 = r2

2 = L2 + ∆y2 (Pythagorean theorem) (10)

The three equations 8, 9, 10 are known to describe the velocities and geometry of the measurement. Vt,1 ( Vt,2) is the tangential5

velocity at the point 1 (and 2). Since there are four unknown parameters Γ, rc, L, and r1,2 the problem is not solvable.

In case ∆y < rc the sketch in Fig. 9b applies. The measured tangential velocity now provides a distinct feature; a double

peak in the horizontal wind measurement. This double peak can be lead back to passing the maximum tangential velocity at

r = rc at position 1 and 2. Since the tangential velocity decreases from that point inwards (towards the vortex core), the velocity

at point 3 is a local minimum, leading to a visible ’dent’ in the data (cf. red line in Fig. 10). Additionally the ground speed of10

the UAS is known, hence the distance L can be calculated. The three equations previously described above then become:

Vt,2 = Vt,1 = Vt,max =
Γ
2π

rc

r2
c + r2

c

=
Γ

4πrc
(11)

Vt,∆y =
Γ
2π

∆y
r2
c + ∆y2 (12)

r2
1 = r2

2 = L2 + ∆y2 = r2
c ←→∆y2 = r2

c −L2 (13)

With now only 3 (Γ, rc and ∆y) unknown parameters it is possible to solve the equations.15

Dividing Eq. 12 by Eq. 11 eliminates Γ. Inserting Eq. 13 gives:

Vt,∆y

Vt,max
=
rc

√
r2
c −L2

r2
c − L2

2

(14)

Equation 14 describes a tangential velocity ratio that is proportional to L. Also L is known to range from 0 to rc. A dimension-

less relationship L r−1
c can be plotted and is shown in Fig. 11. By passing the vortex with ∆y < rc, and plotting the measured

Vt against the distance to the vortex (Fig. 10), we can determine L,Vt,max,Vt,∆y. Using diagram Fig.11, we finally determine20

L r−1
c and thus rc.

3.3 Analytical reconstruction

As shown above the presence and identification of a vortex (or a pair of vortices) is measurable. Basic geometry and the

Burnham-Hallock model further allow for a reconstruction (analytical solution) of the individually measured vortex, which

is helpful to verify the measurements and evaluation technique. With Eq. 15 and 16 the distance to each vortex core (centre)25

to and along the UAV flight path can be calculated (Fischenberg, 2011). In Fig. 12 the distances of the UAS to two vortices

spinning in opposite direction are shown. In the figure vortex 1 is passed through its core and vortex 2 is passed with a slight

off-set. The flight path of the UAS is indicated with a red dashed line. Those distances are inserted into Eq. 17 and 18 using
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Figure 10. Analytical solution of a UAS passing the vortex at a path crossing the centre (black solid line), passing at r = 0.5rc (red line) and

at a distance double the core radius (black dashed line). The peak to peak distance is 2 L (cf. Fig. 9), above illustrated for the black solid line.
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Figure 11. Dimensionless relationship between the ratio of the minimum (dent) tangential velocity and the maximum tangential velocity

versus half the peak to peak distance (L) in percentage of rc.

the relation of Eq. 4 the tangential velocity along the meteorological x axis (u’ component) and y axis (v’ component) can be

calculated:

d1 =
√

∆x2 + ∆y2 =
√

(x−xVortex1)2 + (y− yVortex1)2 (15)

d2 =
√

∆x2 + ∆y2 =
√

(x−xVortex2)2 + (y− yVortex2)2 (16)
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Figure 12. Qualitative example of an ideal flight path (vortex 1) and a passing with a little off-set (vortex 2) of the UAS. In a field measurement

the distances d1 and d2 are calculated from the UAS GPS position and the location (off-set) of the vortex in relative coordinates with WEC

at (0,0), indicated with a black dot. The vortex position can be derived from the extent of the tangential velocity Vt measured by the

UAS and the peak to peak distance explained in the previous sections. In this example d1,2 =
√

∆x2 + ∆y2 with ∆y1 = 0 for d1 and

∆y2 = const. 6= 0 for d2.

While the y coordinate can be derived from the measurement (using ∆y and the UAS position, s.a. chapter 4.2) the x

coordinate of the vortex xVortex1,2 is the x coordinate of the flight path at the position ’3’, e.g. Fig. 9.

u′ = Vt(d1)
(
y− yVortex1

d1

)
−Vt(d2)

(
y− yVortex2

d2

)
(17)

v′ =−Vt(d1)
(
x−xVortex1

d1

)
+Vt(d2)

(
x−xVortex2

d2

)
(18)5

4 Results

4.1 Vortex measurement

Figure 13a shows the vh =
√
u2 + v2 component of the wind measurement behind the WEC at hub height. The data reveals

several (near) wake specific features. This measurement shows two measurements of a tip vortex, indicated by the arrows in

Fig. 13a. In-between those two peaks the wake deficit is measurable by a significant drop of the horizontal wind velocity. Due10

to the near vicinity to the nacelle the wake deficit is dominated by turbulence created by the blade root vortices.

Figure 14 shows a zoomed-in look at the measured vortices depicted in Fig. 13. Figure 14a shows the vortex measured while

entering the wake (vortex 1) and 14b while leaving the wake (vortex 2). Both, (a) and (b), are the plain UAS measurements. Fig-
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ure 14c and Fig. 14d show the same measurement but the UAS coordinate system is rotated into the vortex coordinate system.

This ensures that the rotational energy of the vortex is entirely captured by the u and v component, thus becoming the velocity

components of the two dimensional rotational plane of the vortex. Examining both vortices the velocity distribution pattern of

the UAS passing at distance r < rc is visible in the vh measurement. The horizontal wind velocity vh is a superposition of the

tangential velocity, turbulence and the horizontal wind of the undisturbed inflow. The characteristics of the tangential velocity5

of vortex 1 (Fig. 14a,c) is almost solely determined by the v component, while in Fig. 14b,d the u component inheres an equal

part. In the plain UAS measurement (i.e. before coordinate transformation) vortex 2 has a significant non-zero w component

(Fig. 14b), indicating that the vortex did not rotate in the x− y plane, hence the coordinate transformation into the vortex

coordinate system. Especially Fig. 14d shows a significant reduction of the w component after the coordinate transformation.

Purple dashed lines indicate the velocity deficit dVt (dent), grey dashed lines the peak-to-peak distance. In Fig. 14 shown as10

a solid purple line. The dot-dashed purple line can be interpreted as an extension of the horizontal wind velocity by the w

component, essentially giving the norm of the wind vector:

|v|=
√
u2 + v2 +w2 (19)

The described coordinate system rotation was applied with respect to the area between the grey dashed lines (Fig. 14) i.e.

between entering and leaving the vortex. A good indicator that the data rotation was successful is when the norm of the15

wind vector (purple dashed line) and the vh in-between the grey dashed lines are about the same magnitude. Then it can be

concluded that the two dimensional vortex rotation (u and v components) includes the entire kinetic energy, i.e. the vertical

wind component is now neglectable.

Table 2 shows the derived parameters from the vortices depicted in Fig. 14. It has to be mentioned that vortex 1 made for

a better and clearer measurement, since vortex 2 is influenced by the wind deficit and turbulence inside the wake. Vortex 120

shows a clear and sharp jump in the tangential velocity which makes it easier to obtain the necessary quantities and provides

clearer results. Figure 16a shows the relationship between the velocity ratio (Eq. 14) at point 3 (cf. Fig. 10) and the peak to

peak distance (2 L) for the flight measurement. The obtained solutions for vortex 1 and 2 are marked with grey dashed lines.

Equation 5 allows a calculation of Γ from the parameters extracted from Tab. 2. The average of the obtained circulations is

Γ = 74.17 m2 s−1, the average core radius is rc = 0.61 m.25

Figure 15 shows two dimensional cut through a skewed or canted vortex that results in an ellipse where the peak to peak

distance is 2 L′. This peak to peak distance is under-predicted (2 L′ < 2 L). The introduced error ∆y′ is visualised in Fig. 15

by dotted red lines. To overcome this issue the measured data are rotated into the vortex hose if necessary. This simulates the

UAS canting to follow the skewed vortex hose.

4.2 Vortex reconstruction30

With all necessary quantities obtained from the measurement an analytical reconstruction of the vortices can be done. Figure

16b shows the distribution of the tangential velocity of a typical vortex at 0.25 D from the WEC derived from the measurement

of vortex 1 (Fig. 14a). With Γ and rc retrieved from Tab. 2 the minimum measured tangential velocity between the two peaks
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Figure 13. (a) Horizontal wind vh measurement at hub height in the WEC wake at a distance of 0.25 D to the nacelle. The two tip vortices

are indicated by the arrows. (b) The same measurement split into the three wind components u,v,w.

Table 2. Determined parameters from vortex measurements.

Vortex dVt [m s−1] Vt,max [m s−1] Vt,∆y [m s−1] Vt,∆y/Vt,max [−] L [m] L/rc[−] rc [m] Γ [m2 s−1]

Vortex 1 3.4 9.6 6.2 0.65 0.61 0.93 0.66 81.30

Vortex 2 0.2 9.7 9.5 0.98 0.3 0.55 0.55 67.04

(position ’3’ in Fig. 14), a distance ∆y can be derived by comparing the measured tangential velocity with the analytical

solution shown in Fig. 16b. The resulting distance to the vortex core ∆y can then be fed to a model, based on the Burnham-

Hallock approach. Figure 17 shows the analytical solution of u′ and v′ overlain measured data of u an v. Overlain to the

in-situ data the tangential velocity still contains the mean horizontal wind Vt =
√
u′2 + v′2. For the analytical solution the

measured data has been rotated slightly into the mean wind direction to fit the meteorological coordinate system with the5

vortex coordinate system, so the u component equals zero in average and v is the predominant horizontal wind direction. In

addition to the solely Burnham-Hallock solution for the v′ component (dotted line in Fig. 17b) the long dashed line shows the

same solution but multiplied with a correction factor to satisfy for the wind deficit in the wake. The general vortex model does

not consider the mean horizontal velocity, so it needs to be accounted for, especially when there is a artificially induced drop

behind the WEC in the wake. In the present case the velocity deficit was measured to be about 65 %. It is visible as a jump in10

the mean horizontal wind between the two measured vortices. This deficit is in agreement with the findings by Wildmann et al.

(2014a) or Bartl et al. (2012). The velocity correction function is shown in Fig. 18 and is simply an upside down Tukey window.

The analytical solution remains uncorrected until entering the wake of the WEC. After incorporating a deficit correction to the

analytical solution it is visible that the deficit in the wake plays an important role to the structure of the vortex.
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Figure 14. Measured tip vortex 1 and tip vortex 2 from Fig. 13a. Purple dashed lines indicate the velocity deficit (dent), grey dashed lines

the peak-to-peak distance. The horizontal wind velocity vh is a superposition of the tangential velocity and the horizontal wind of the

inflow/surroundings. To eliminate the w component the data has been rotated into the vortex coordinate system. This is necessary to measure

the vortex correctly. The sub-figures (a) and (b) show the plain UAS measurement of the vortices. In sub-figures (c) and (d) the UAS has

been rotated into the vortex coordinate system (vortex plane) to capture the whole two dimensional rotation.
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in the x− y plane leads to an error. A horizontal cut though the vortex has an ellipsoidal geometry instead of a circular one as in ideal

measurement conditions.
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Figure 16. (a) Obtaining the correction factor for L for vortex 1 and 2 using the relationship described above. (b) Analytical solution for the

tangential velocity of a vortex in the wake at a distance of 0.25 D. Γ and rc averages from measurements from Tab. 2.
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Figure 18. Velocity correction function for the v′ component of the analytical solution when entering the wake (grey).

5 Discussion

Here we compare the airborne measured circulation Γ with data of the WEC itself and with data from an LES simulation.

Equation 20 allows for a calculation of the blade tip vortex strength by given parameters (Sørensen et al., 2014):

Γ =
πv2
∞CT

ΩNb
≈ 66.2 m2 s (20)

The rotational speed Ω is provided by the owner of the WEC. For the determination of the thrust coefficient CT the following5

estimation is done:
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The relatively low wind speed (v∞ = 8.8 m s−1 by UAS measurement) implies a pitch angle of β = 0° when approximating

the E-112 with the NREL 5 MW offshore WEC (Jonkman et al., 2009).

The tip-speed ratio (TSR= ΩR
v∞

) can also be calculated and thus a thrust coefficient CT ≈ 0.8 can be estimated from the CT

to TSR relationship by Al-Solihat and Nahon (2018). With further Nb being the number of blades, Γ can be calculated.

The calculated value for Γ from WEC specific and atmospheric parameters is similar to the vortex strength that was ex-5

tracted from the vortex measurement (Γ = 73.17 m2 s−1). This shows that the method presented here (calculation of Gamma

from UAS data) provides reasonable results, and that the geometric simplification of the tip vortex and the application of the

Burnham-Hallock model both are valid.

The Burnham-Hallock vortex model does work for aircraft induced vortices as shown by Ahmad et al. (2014) as well as

Fischenberg (2011) and as the results imply, it can be used to describe WEC wake vortices. Not least, both phenomena can be10

described by two vortices spinning in opposite direction. Vortex patterns of a WEC wake show higher complexity than aircraft

wake vortices. The whole wake is in motion and different turbulence and shear forces interact with each other. Therefore for

the wake vortices some simplifications have to be made, e.g. the shown evaluation method is only valid for a 2-D cut of the

whole vortex hose. Also the blade root vortex was not analysed any further.

In this study also the fact that the UAS experiences a change in true air speed (TAS) when entering the wake is ignored.15

Theoretically the calibration range of the used five hole probe is for a fixed air speed which changes when entering the wake.

Since this evaluation uses the ratio of two velocities the influence of a different calibration for the five hole probe should not

lead to a significant error. For the calculation of the circulation Γ, however, absolute velocities are necessary and a small error

can be expected due to a change in TAS when entering the wake.

6 Conclusions and outlook20

The resulting circulation strength Γ derived from the data shows good accordance to the equation by Sørensen et al. (2014). This

shows that the evaluation method using the basic geometrical properties of a vortex can be used to derive vortex properties in a

flow. Turbulence acting on the vortex often aggravates an evaluation. So this method still has to be proven at larger distances to

the WEC nacelle, where the vortices begin to meander and get unstable. However, to our knowledge, this is the first quantitative

analysis of WEC tip vortices using in situ measured turbulence data.25

The MASC Mk 3 system is capable of measuring detached tip vortices in the wake of a WEC. The spatial and temporal

resolution is sufficient to detect vortex patterns in the measurements. However, on many occurrences the measured side slip

angle beta overstepped the calibration of the 5-hole probe and in conclusion those measurements could not been used. This

adds uncertainties to the wind measurement. For the measurements shown in this study the angles of the 5-hole probe were not

exceeded. For future measurements the calibration of the 5-hole probes could simply be expanded to larger angles. This also30

allows for a lower TAS (true air speed) of the UAV, which in turn results in a better spacial resolution of the data. The path

accuracy of the UAS will be upped by using an RTK GPS as originally intended.
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The proposed analytical vortex model by Burnham and Hallock is capable of describing WEC wake vortices. Yet, as for

most analytical models, the analytical solution shown in this paper can and should be improved. E.g. to better fit the WEC

wake (velocity deficit, blade root vortex near the nacelle). This evaluation was conducted with data obtained at 0.25 D from

the nacelle. For a future additional field campaign blade tip vortices in the farther wake shall be investigated.
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