Dear editor and reviewers, thank you for taking the time to examine our work. Several weak
points were pointed out, which we hope to have comprehensively answered in the final
version. Please find our answer (in bold blue) to the reviewers comments (in black).

RC1

The authors developed an analytical model for the velocity and turbulence in the
wake of a wind turbine taking meandering into account. The overall topic is an
important one, as there is a need for improving engineering models. However, some
of the assumptions made in the derivation of the model seem to be poor choices,
for example, using the Gaussian shape hypothesis of the velocity deficit in the near
wake and the Gaussian distribution of the wake center in the far wake. Thus,
excluding the veer impact is a big question even for the unstable case. The authors
keep giving pieces of advice on how to develop the current model in many places,
which provides a negative impression of the current work. Although the results are
encouraging, and my overall impression of this manuscript is positive, the authors
should do some revisions to re-evaluate their work objectively.

1. The authors need to show a comparison between the new model with known
models to evaluate the work.
The authors think that a comparison with another model would be
confusing because our model has not been calibrated and its
parameters have been optimized to get the best results compared to
Meso-NH. A true comparison with other models will be possible once our
model is calibrated.
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Although, we added results from the model of Ishihara and Qian to show
the capability of our model to give different shapes for the unstable and
neutral cases whereas the 1Q2018 gives similar results. We added the
following lines:

Figure 1 Modified Figure 12

“In green is also plotted the model of Ishihara and Qian (2018), denoted
1Q2018 hereafter. The results from 1Q2018 are obtained from the values of
CT, Tix and Kx upstream of the turbine. It should be noted that the
comparison is not very fair because our model has not been calibrated and
thus does not depend on calibration like 1Q2018. We can note that the
1Q2018 model gives fairly good results for vertical profiles, due to the
correction near the ground proposed by the authors. However, for the
1Q2018 profile to show a peak at the top tip, it needs to also show a double
peak for the y profile (see Fig.12 at x/D=8), a phenomenon that is not
observed in the LES and that is not necessarily seen in our model due to the
definition of o and o in the two directions.”
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Figure 2 Modified figure 13

“The unstable case shows the main shortcoming of the 1Q2018 model and
the added value of our model. Besides the upstream turbulence profiles, the
inflow conditions used in the Q2018 are very similar between the neutral
and unstable cases. Consequently, the green profiles are alike in Figs. 12 and
13 whereas the stronger meandering in the unstable case leads to a
Gaussian-like turbulence profile, even in the vertical direction. The



3.

maximum turbulence is thus no longer located at the top tip but rather at
hub height. This property is well-predicted by our model whereas the 1Q2018
model, which does not take meandering into account, predicts quasi-
identical behaviours in the neutral and unstable cases.”

The authors assumed that “It appears that the results are much better in the
neutral case (in green) than in the unstable case (in red). This is likely due to
the higher meandering in the unstable case, which would require a higher
number of data to reach a converged PDF.” How can one trust the result if we
do not have converged statistics, especially for turbulence?

This is indeed a weakness of our work, that we acknowledged only
during the post-processing. At first, it was expected that 40-minutes
statistics would be sufficient to have converged data in the unstable
case, which does not seem to be the case. Our results must thus be
taken with care, and this is one of the reasons why we did not calibrate
the model on the current dataset. However, it was interesting to include
this unstable case because with a similar Ct and Tl at hub height than
the neutral case, it gives significantly different results in the wake,
which is the reason why we developed the present model.

There is also a certain utility for the scientific community to show that
even 40-minutes averages are not sufficient to get converged data in
unstable ABL. For a further study to calibrate the model, this must be
taken into account.

The authors need to justify that the impact of the veers is negligible in the
unstable case.

This is simply an observation of the wind direction profile upstream the
turbine, which happens to be almost constant with height over the
rotor-swept area. The profiles are plotted in the figure below: between
the ground and 90 metres (i.e. more than 2D above hub height) above
the ground the gradient of wind direction in the neutral case is about
1.25° In the unstable case, it is even less.
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We thus added the following remark in line 105:

“the veer upstream the turbine is negligible: respectively, the difference
between the maximum and minimum wind direction between the ground
and 90 m above the ground is of $1.25\degree$ and $0.5\degree$.”

4. The authors need to check if possible the impact of the turbulent intensity on
the model, since the structure of the turbulence depends on that.
The authors are not sure to understand the reviewer’'s comment. If it is
about the impact of the inflow's Tl on the LES data, we could not do so
with the present dataset since we had only two cases with similar TI
levels.
If it is about how the inflow Tl will be included in the model, it is planned
for the future. Basically, so far the model is not calibrated, i.e. the
parameters are not expressed as a function of the inflow. This will be
done in the future with a larger dataset containing more cases. Once
enough data are gathered, we will be able to write o), 0, and oy, of, as
a function of the inflow TI. For ,, 6, we expect a dependency on I, as in
[8] for instance. For o, ;, Wwe expect to write them as a function of I,
and I, respectively, but this is only a supposition and must be
confirmed by future works.

RC2

Summary: The manuscript entitled “Breakdown of the velocity and turbulence in the
wake of a wind turbine - Part 2: Analytical modeling” endeavors to describe the
turbulent velocity field in a wind turbine wake by accounting for energy in both the
meandering and fixed frames of reference. The mathematical development is
thorough and detailed, even if the presentation is difficult to follow at times. The
model development takes cues from some well known approaches in fundamental
turbulence (e.g., the Boussinesq Hypothesis) and is almost entirely analytical, leaving
very few constants to be tuned empirically. For the most part, the manuscript is well
written and clear, although there are a few points that require more discussion.

Comments:

* The manuscript does not adequately contextualize the work with regards to other
wake turbulence models. While the work by Ishihara and Qian is mentioned, there
are no comparisons to the proposed model and so advantages of the current
approach cannot be fully assessed. Moreover, the work by Crespo and Hernandez
[1, 2], which remains the prevailing wake-added turbulence model used in the wind
energy industry and research communities is not mentioned at all.



Thank you for the advice, we added a reference to the work of Crespo as well
as the more recent work of Stein:

“For the turbulent kinetic energy (TKE), it is common to model only the maximum
value of added turbulence which can be computed with the Crespo model (Crespo
and Hernandez, 1996) or the Frandsen model (Frandsen, 2007) as in the IEC 61400-1
standard. Their approach is mainly empirical and can be extended to describe the
whole profile of turbulence instead of the maximum value alone (Ishihara and
Qian, 2018). More recently, a physically-based model for each Reynolds’ stress
component has been proposed based on self-similarity (Stein and Kaltenbach,
2019).”

And at the end of the introduction for more context about our work:

“We will show that due to meandering, the turbulence in the wake no longer
respects self-similarity and that another parameter is needed to yield correct
shape functions in the wake.”

According to the first remark of RC1, we added a comparison to the work of
1Q2018 in the results.

* The two parts of the manuscript overlap a great deal. Both parts contain a
description of the mean flow, and of components of the turbulence field
(meandering and fixed frames of reference). | recommend either combining and
consolidating the work into a single article or working to distinguish the content in
each.

The authors chose to split the article into two parts because there was two
distinct matters. The Part | focuses on the development of the turbulence
breakdown and the quantification of other terms. This first part is not limited
to steady analytical models and shows some underlying assumptions of DWM-
type models, even when they are used in unsteady mode because they neglect
cross-terms. The second part is a new steady analytical model. Readers may
thus be interested in one part and not the other. We think it is pertinent to
submit two papers to avoid needless reading efforts for those that are not
interested by the whole work (which would be about 40 pages if submitted as
a whole).

We thought it pertinent to describe some things twice such as mean flow and
breakdowns so the two parts are nearly independent and so the reader must
not read both.

* The notation ~ is not defined in the current work and requires readers to look at
Part I. It's also not clear why the notation must also require subscripts to distinguish
between quantities in the meandering or fixed frames if the hat notation does the



same job. In some terms, the authors use subscripts for meandering frame and for a
reference velocity field, which is the undisturbed ABL. This seems like a
contradiction. What is meandering in the reference field?

The introduction of the notation has been modified to be consistent with the
companion paper (line 55).

There is indeed no meandering in the reference simulation because there is no
wake at all. However, if we define y.(t) and z.(t) equal to those in the
simulation with the turbine, we can define a meandering frame for this
reference simulation.

This approach has been decided so the following equation holds for the LES
dataset:

Akpp = kpp — kFF,ref = k/II;F - kmf = kyr :FMF,ref = WF

* Many equations are repeated between the two Parts of the article. Equations 6 and
7 contain many terms that are not given enough description or physical
interpretation in Part Il. Please add a brief description for each term.

Equation 7 defines several forms of shorthand for some terms (e.g., km = (ll1)). Why
are multiple names used?

Two paragraphs have been added to answer these remarks:

“The different terms, noted from (I) to (VII), are separated into pure- and cross-
terms. They are thoroughly described and quantified in the companion paper. The
term (I) is the convolution of UM F with fc. It is a pure mean velocity term: it is null
only if the mean velocity is null. Conversely, the term (Il) is a cross-term because it
can be equal to 0 either if there is no meandering (x = x) or if there is no turbulence
in the MFOR (U'M F =0).

The term (lll), also written km in the following to be consistent with notation from
Keck et al. (2013) and Conti et al (2021), is the turbulence purely induced by
meandering: in the case of a meandering steady wake i.e. U' M F =0, Eq. 7 reduces
to this term only. The term (1V) is the rotor added turbulence, which is also written
ka for consistency with other works. It is the turbulence purely induced by the
rotor: in absence of meandering (x = x), the equation reduces to this term only, also
written ka in the following. Term (V) is the covariance of "'UM F and"U'M F, term
(VI) can be viewed as the varying part of the MFOR turbulence and term (VIl) is the
square of the term (ll). It is a pure dissipation term as it is always negative. Like
the term (ll), they are cross-terms since they are equal to zero if either the
turbulence in the MFOR or the meandering is null.”

* The definition of turbulence used by the authors appears to arise from
decomposing TKE in a fixed frame into the meandering frame of reference. The



turbulence model is only coupled to the velocity model through the decay function
C(x) given in Eq. 2. In reality, the turbulence field arises from mean shear gradients,
solid body interactions and boundary layers. Is this model sufficient to describe
changes in turbulence due to changes in the mean momentum deficit and wake
morphology? Does the velocity model depend in any way on the turbulence field?

In our model, the turbulence (in the MFOR) is assumed to entirely come from
velocity gradients of U in the y and z directions (cf 2" line of Eq. 19). This
assumption is of course questionable but is convenient to develop our model.
The wake is here assumed to take a Gaussian shape, so the morphology of the
wake is given by parameters o, and o,. A Super- or Double-Gaussian shape
model could be developed in the future to improve this morphology in the
near wake, hence adding other parameters, but it was not in the scope of this
work.

Conversely, the velocity model is often assumed to depend on the turbulence
field through a dependency of g on k, (or its Tl form). But this dependency
does not vary with y and z.

* On lines 66 and 67, the authors state that the mechanisms for wake meandering
and wake expansion are treated independently. This strong assumption is not likely
to hold in all cases. Can the authors offer more reasoning for this decision? What are
the consequences of treating the mechanisms separately? Are the cross terms in Eq.
7 responsible for the coupling of these mechanisms?

A realistic wake is simultaneously expanding and meandering. In most
analytical models it is assumed that on average these two phenomena can be
treated as an expansion, but here they are treated as two different
phenomena, as they are in reality. The level of assumption is thus lower in our
work than in most models.

This approach is not new [9,10,11] but one of the originalities of our work is
that Eqs. 6 and 7 have been developed to show that indeed, these two
phenomena are not entirely independent. However, the quantification of the
different terms in the companion paper has shown that the cross terms,
responsible for the interaction between expansion and meandering as you
said, are negligible as a first approximation. The induced error can be seen by
the differences between the blue and black curves in Figs. 7, 8, 13 and 14,
which is often less important than the other assumptions of the model, that
lead to the differences between orange and blue curves in the same graphs.

To clarify, we added (line 80):

“It is common in wake modelling to assume that meandering can be entirely
accounted for by increasing the wake expansion. In the present model, these



phenomena are modelled separately, but it will be assumed that they do not
interact. This is equivalent to neglecting cross-terms in Eqs. 6 and 7 which have
been shown to take consistently smaller values than pure-terms in the companion
paper. In the future though, modelling these cross-terms might be necessary to
improve the results.”

And in the conclusion;

“As shown in Figs. 7, 8, 13 and 14 the error induced by neglecting cross-terms
(between black and blue curves) is lower than the error of the model itself
(between blue and orange curves) but modelling these terms could improve the
results, in particular in the vertical direction.”

* Neither the velocity model nor the turbulence model make use of the stable
simulation discussed in Part | of the paper. The authors state that the stable case is
not modeled because veer is not described in the current formulation, but that it
could be in the future. This is arguably one of the most important cases to model as
it leads to the greatest wind plant wake losses and should be included in the current
work.

A model for the stable case has not been proposed, mainly for two reasons:

e The model of wakes under veer, as proposed by Abkar [1] could indeed
be used. However, it uses a tangent function, which depends on z.
Therefore, derivations such as Eqs. 19, 28 or 30 would become much
harder to resolve, and may not even have an analytical solution.

e Moreover, in stably stratified ABL, the meandering becomes negligible,
and the meandering turbulence as well (cf companion paper). For such a
case, our approach does not bring a lot, and one could simply use a
model that does not predict meandering explicitly since, meandering is
negligible.

We thus modified line 101 as:

“In the companion paper, three cases of stability were simulated but the stable
case has been discarded for this paper. Indeed, the veer present in such a case can
be modelled as in Abkar et al (2018) but would significantly complicate the present
derivations. Moreover, meandering and meandering turbulence are negligible in a
stably stratified ABL (see companion paper) and thus there is little interest in using
the approach presented herein.”



« Stability is not described in the models. The changes introduced by stability must
then come from the dizzying array of standard deviations listed in the models. Is this
level of empiricism a step forward from existing wake velocity and turbulence
models?

Please note that we did not propose any calibration of the model’s parameters
yet. Instead, the parameters have been deduced directly from the simulations,
according to Sect 3.4. Writing a relation between the model parameters and
inflow conditions is thus not in the scope of this work.

In the future it will be possible to write o, = f({) for instance. However, we do
not think that it is a good idea: according to the work of Du et al. [2], buoyancy
itself does not play any role in the recovery of wind turbine wakes. Thus, it is
possible that the impact of stability on recovery is only due to modification of
the std of lateral and vertical velocities. We may instead model o, = f(I,) in
the future. Maybe we will need o, = f(I,,A,) where A, is the integral length
scale because as we showed in [3] the integral length scale is an important
parameter for meandering. These parameters could be related to { but we
think it is important to relate a phenomenon to its direct cause, i.e. std of
velocities.

* The authors state that “only atmospheric parameter that seems to influence AT
IMF is the shear...". This is not the only boundary condition that should be
considered. Even in the neutral case, the roughness length will determine the
velocity and turbulence profile, the characteristic length scales of inflow turbulence,
correlation lengths for meandering, etc. In stable and unstable cases, the surface
heat flux will be important to fully describe the sources/sinks of momentum and
turbulent kinetic energy. The authors must discuss limitations in the modeling
approach and consequences in the final predictions. These sources of uncertainty
may be the limiting factor of the model in the end.

As shown in [2], the heat fluxes in the wake are negligible in the mean kinetic
energy budget. It may take a more important role in the TKE budget but we
expect the transport and convection terms to be preponderating. This is
confirmed by the fact that our turbulence field in the MFOR is very similar
between the neutral and unstable cases. The role of integral length scales has
been studied in [3].

We agree that our statement is rather bold, especially since it is based on only
two cases with the same level of surface roughness and thrust coefficients. We
thus replaced



“Similarly to the velocity deficit, the added turbulence field in the MFOR is very
similar between the two cases of stability, indicating that the turbulence added by
the rotor depends more on the operating conditions (CT, tip-speed ratio) than on
the atmospheric conditions (velocity at hub height, atmospheric stability...). The
only atmospheric parameter that seems to influence AT IM F is the shear (in
particular in the neutral case), which breaks the symmetry of the wake as it travels
downstream.”

With

” Similarly to the velocity deficit, the added turbulence field in the MFOR is very
alike between the two cases of stability. Atmospheric stability and hub-height
velocity are thus not parameters of the added turbulence in the MFOR, as long as
sufficiently large turbulent structures are present in the inflow (Jézéquel et al.,
2022). Instead, shear has a clear effect in the neutral case, by breaking the
symmetry of the wake as it travels downstream. Other parameters, such as thrust
coefficient or roughness length, may impact AT IM F but are here constant among
the two cases so more work is needed to estimate their impact.”

* The wake-added turbulence shown in Figures 3 and 14 does not appear to be fully
converged. What is the uncertainty associated with developing the model with
poorly converged statistics?

Please refer to our answer to question 2 of RC1. We acknowledge that it is a
weakness of our study but think that the unstable case is still worth to be
shared with the scientific community. For further works, in particular
calibration of the model, this will be more closely looked upon.

* Eg. 15 is shown in the text and can be removed.

Thank you for this remark, it has been removed in the text instead.

* Are Egs. 15-17 used to infer a value of Im? If so, what are the consequences of
neglecting so many non-zero gradients in the rate-of-strain tensor? What about
using a log-layer estimate of u0? Finally, is a single value of Im used for the full
model everywhere in the wake? There are challenges and limitations with this
approach discussed by lungo [3, 4] and Mart"inez [5, 6]. Please discuss the model
and assumptions in the context of previous work.

For the present work, the mixing length has been deduced through an
optimization process (cf part 3.4). This has been done because at first, using



the mixing length formulation proposed by lungo et al., 2017 [12] (Eq. 15) failed.
Calibration of this mixing length is expected to be a challenge.

Neglecting some of the gradients has been done based on the work [12] (fig 2,
we see that most of the strain rate tensor comes from aU,./dx), which we
supposed to be also true in the MFOR.

Thank you for suggesting a vertical-dependent value as in the works of
Martinez-Tossas. There are indeed many models for the mixing length
available in the literature, like Prandtl (1, = xz), Blackadar [4] (i.e. the one used
by Martinez-Tossas) or Grisogono and Belusi¢ [5]. However, this choice has not
been made for the following reasons:

All these mixing lengths are developed to model the ABL at large scales,
usually much larger than the typical size of a wind turbine wake. We are
here not trying to model the same phenomena and thus should not
necessarily use the same parametrization.

Mixing lengths of Prandtl or Blackadar would result in a mixing length
solely dependent on z, whereas we want something that is dependent
on x as well to be consistent with the previous work of[12]. This is
confirmed by our Fig. 6 where [, found with an optimisation algorithm
at each x reveals a value that depends strongly on x.

Ak AWk
NS
the Brunt-Vaisala frequency and the strain rate norm could be pertinent

but once inserted in our equation it would simplify k, that would no
longer be present in the equation which we obviously don’t want.

One could argue that a value of [,, dependent on z would improve the
dependency of the model on z. That may be true but to our
interpretation, this would be due to an error compensation because the
weak asymmetry of k, yr ., compared to the LES value is due to our
simplifications on shear. The z-dependent models like [4] and [5] are
developed to model the tendency of atmospheric eddies in the
atmosphere to grow in size as they elevate above the ground. To our
interpretation, there is no reason that it is the case inside a wake,
especially in the MFOR. We recall that our mixing length is only used for
the wake in the MFOR so we do not need to have a realistic mixing
length for the atmosphere.

A mixing length like that in [5] i.e. [, = min ( ) where N and S are

Assuming [,, = f(x) only, one could relate [,, to the wake width ¢(x) = /5,0, as
in Keck et al (2012) [6], but this approach did not give good results. That is why
an optimisation method has been chosen to find the values of [, for this work.



Following your recommendations, this contextualization has been summed up
after Eq. 19:

”Computing the mixing length in Eq. 19 is a challenge that has not been answered
yet in this work. Formulations that depend on the vertical coordinate (like the
Prandtl mixing length Im = kz or the modified version of Blackadar (1962)) are not
appropriate herein because they would result in a value constant with x whereas a
previous work showed the opposite in a wind turbine wake (lungo et al., 2017).
Local formulations such as Grisogono and Belusi c (2008) could also be used but
would increase the complexity of the model and for this particular case would lead
to the simplification of kx,M F,am, which we want to avoid. Moreover, these
formulations have been developed for the ABL whereas we are looking for a mixing
length to apply to the wake in the MFOR, which is not driven by the same
phenomena.

It has thus been decided to use a mixing length that only depends on the
streamwise direction Im(x). Two mixing length values proposed in the literature
have been tried (Keck et al., 2012, lungo et al., 2017) without success. However, the
authors think that this type of formulation is more appropriate than those
aforementioned but needs some modifications to fit our model. A proper
formulation of the mixing length will be proposed in further works, but for the
present work the value of Im at each position downstream is deduced through an
optimisation algorithm (see Sect. 3.4).”

* The notation in Eg. 19 needs to be changed from e to exp to be consistent with the
rest of the manuscript.

Thank you for noticing this typo, it has been corrected.

* How will the models used in the current work be validated? There are not many
sources of utility-scale wind turbine wake turbulence available for research.

We plan to perform new LES simulations to complete this work with proper
calibration. Validating the models against utility-scale turbines might indeed
be an issue. However, some facilities are equipped with high-frequency
scanning lidars that allow computing turbulence in the wake of a real turbine
(and even in the MFOR such as [7]). These are promising and we are looking
forward to get access to more data of this type.

Moreover, some wind tunnels can simulate non-neutral ABLs and perform
turbulence measurements in the wake of wind turbines. In absence of data
from utility-scale wind turbines, we may use such data for validation.
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