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Abstract. Understanding wind turbine wake recovery is important for developing models of wind turbine interaction employed
in the design of energy-efficient wind farm layouts. Wake recovery is often assumed or explained to be a shear-driven process;
however, this is generally not accurate. In this work we show that wind turbine wakes recover mainly due to the divergence
(lateral and vertical gradients) of Reynolds shear stresses, which transport momentum from the freestream towards the wake

center. The wake recovery mechanisms are illustrated using a simple analytic model and results of large-eddy simulation.

1 Introduction

Wind turbine wakes can cause energy losses in wind farms and increase blade fatigue loads. Hence, understanding wind turbine
wakes is important for designing energy-efficient wind farm layouts. Wake recovery is the process describing the flow’s return
to an undisturbed state via turbulent mixing. The wind energy science community (including the main author of the present
work) often refers to the shear at the wake edges as the main driver behind the wake recovery, as the production of the turbulent
kinetic energy depends on the square of the mean shear (van der Laan, 2014; Porté-Agel et al., 2020). Other authors have
analyzed the mean kinetic energy budget of a wind farm using wind tunnel measurements (Newman et al., 2014) and large-eddy
simulations (LES, e.g. Andersen et al., 2017); they concluded that the vertical shear stress component of the Reynolds stress is
the main driver behind energy transport of the freestream into the wake. Meyers and Meneveau (2013) computed transport tubes
of the streamwise momentum and energy in wind farms using LES, and showed that the energy is transported sideways and top-
down, where the dominant direction depends on the turbine lateral spacing. While the shear and the vertical Reynolds stresses
are indeed important, they are not the precise reason why wake recovery occurs, since the Reynolds-averaged Navier-Stokes
equation for streamwise momentum includes gradients of Reynolds stresses (stress divergence) that cause turbulent mixing. If
a Reynolds stress is represented by a velocity gradient following the hypothesis of Boussinesq (1897), then it becomes clear
that the gradient of the shear is responsible for wake recovery, and not the shear or Reynolds stresses themselves. This brief
communication is meant to clarify the main mechanisms behind wake recovery, through use of a simple illustrative model of

the far wake (Sect. 2), and by analyzing LES results (Sect. 3) to confirm the trends of the simple model.

2 A simple illustrative model of far wake recovery

We derive a simple model for the far wake with the aim of creating an illustrative example of the main wake recovery mecha-

nism. The model is not meant to be used for the prediction of a wind turbine wake flow. We start with the Reynolds-averaged
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Navier-Stokes (RANS) momentum equation for incompressible and high Reynolds-number flow, for the streamwise direction:
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where U is the mean streamwise velocity, p is the air density, P is the mean pressure, f is the wind turbine thrust force that we

choose to represent by an actuator disk (AD) model (Réthoré et al., 2014), ¢ is the time and z; = (z,y, z) are the streamwise,

lateral and vertical coordinates. The normal Reynolds stress u/v/ and the shear Reynolds stresses /v’ and u/w’ need to be
modeled; we apply the well known hypothesis of (Boussinesq, 1897):
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with k as the turbulent kinetic energy that can be absorbed in the pressure and v as the eddy viscosity. In latter two expressions,

we will neglect the 9/dx contributions to simplify the illustrative model.

Around the AD, a strong adverse pressure gradient is present that reduces the streamwise velocity upstream and down-
stream of the rotor. In absence of the Reynolds stresses, one can derive the well known 1D (axial) momentum solution for the
streamwise velocity at the AD and at the far wake (Sgrensen, 2016). The latter can be written as a velocity deficit, AU, and
can be related to the thrust coefficient, Cp: AU/Ug =1 — v/1—Cr, with Uy as the freestream velocity. In a turbulent flow,
the divergence of the Reynolds stresses recover the streamwise velocity back to the freestream velocity. The 1D momentum
solution for the velocity deficit can be seen as the maximum deficit that one could obtain in turbulent flow of an AD.

It can be shown that for zero pressure gradient and a constant eddy viscosity, the far wake velocity deficit is self-similar and

can be modeled by a Gaussian function, as shown by Pope (2000); Bastankhah and Porté-Agel (2014); Xie and Archer (2015):

(y2 + [z — ZH]Q)

AUwake(y7 Z) = AUmax exp 202
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where AUyax is the maximum deficit that is normally a function of the downstream distance but can be considered as a
constant for fixed downstream position x, zy is the wind turbine hub height and o is the standard deviation. We model the far
wake velocity as a combination of a Gaussian velocity deficit and a logarithmic inflow similar to Bastankhah et al. (2021):

z
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where Uy, (z) represents a neutral atmospheric surface layer with u, as the friction velocity and zj as the roughness length.

The shear stresses and their contribution to the momentum equation (also known as stress divergence) become:
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Here, we have assumed that the eddy viscosity is unaffected by the wake and equal to the logarithmic inflow: v = u. k2. This
assumption is the same as assuming a constant eddy viscosity in the far wake in order to derive a one-dimensional Gaussian
profile as function of y, for each height z. In addition, the added eddy viscosity from the wake could be modeled as a Gaussian
profile itself, but this was found to have minor impact, so we prefer the simpler model without.

The streamwise velocity, shear stresses and stress divergence terms can be written in a normalized form using normalized
coordinates: § =y/D and Z = (z — zp)/ D, and four normalized parameters: AUpox = AUnoax/Up, 6 =0/D, Zg =z /D

and Zp =z /20:
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with w'ul,, = —03u2 as the inflow shear stress and &;,, as the Kronecker delta. In addition, the o symbol is used to show that

summation is not performed over the indices and will be used throughout this article.
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Figure 1. Gaussian velocity wake deficit, negative shear stress and stress divergence using AUmaX =04,6=0.35,2g =1, Z2o = 10%. a)

Lateral wake recovery at hub height. b) Vertical wake recovery at the rotor center. Black filled rectangle indicates the rotor area.
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The results of the far wake model are depicted in Fig. 1, in terms of normalized streamwise velocity, f, normalized Reynolds
shear stresses, f/, and normalized Reynolds stress divergence, f//, as function of the lateral (v = 2) and vertical distance

(av = 3). Note that the prime indicates the derivative of f times a normalization factor, i.e., f/, # 0f/0x,. Figure 1a shows the

first and second derivatives of the wake deficit that represent the negative shear stress —u/v’ and stress divergence —ou/v’ /9y.
The stress divergence is negative at the wake edges and positive at the wake center, which shows how momentum outside
the wake is transported to the wake center; this is the main mechanism for (far) wake recovery. A similar observation can be
made in the vertical wake recovery depicted in Fig. 1b; however, more momentum from above is transported to the center
with respect to the bottom due the eddy viscosity of the logarithmic inflow that increases linearly with height. It can easily
be shown that the integral of the negative stress divergence (depicted by the red areas in Fig. 1a) is equal to the integral of
the positive stress divergence (depicted by the blue area in Fig. 1a). This must hold because stress divergence is momentum
transport and should not result in a loss or gain of total momentum. The same balance of stress divergence is present in the

vertical wake recovery depicted in Fig. 1b. The amount of lateral U-momentum transfer, Mi,¢eral, and vertical U-momentum

transfer at bottom, Mycrtical,b, and top of the wake, M,crtical ¢, can be quantified by the bottom and top peaks of v/v” and uv/w’,

respectively, since we can write:

Y- [ee]
ou'v’ ou'v’ — — _1/9VT
Mlateral = ay dy + ay dy = ulvl|y— - ’U,/’Ul|y+ =2e / 7AUmaX (13)
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where y_ and y; are the lateral locations of the peaks in w/v’, and z_ and z; are the vertical locations of the bottom and the
top peaks in u/w’, respectively. For the analytic model, we have y_ = —¢, y, = o, and z_ and z, are solutions of the cubic
equation 2(z/zp) — (2/2m) [(z — zx) /o]” = 1, see Egs. (7)-(8). The analytical model predicts that the momentum transfer
from above is larger then the momentum transfer from below, as shown by the peak values of w'w' in Fig. 1, i.e., Myertical t >
Miertical,b-

The fact that wake recovery requires a change of shear also becomes clear when considering a hypothetical flow that includes
a constant shear and a constant eddy viscosity in space, without a pressure gradient, since in this case the right hand side of the
momentum equation will be zero and the shear will not recover to a uniform flow. This flow is also known as a homogeneous
shear flow (Pope, 2000) and it is often used to test turbulence model equations without the influence of an active momentum
equation. A homogeneous shear flow case is analogous to modeling a constant temperature gradient with a simple heat diffusion
equation using bottom and top boundary conditions that set a fixed low and high temperature values, respectively, since the
heat diffusion equation would also be in balance in this case.

Another well-known example where the role of stress divergence becomes clear is the Ekman spiral (Ekman, 1905), which
is an analytic solution of the Ekman equations that describe a boundary layer profile including Coriolis forces using a constant
eddy viscosity. It can then be shown that the integral of the streamwise velocity profile minus the (constant) streamwise

geostrophic wind speed is zero (Wyngaard, 2010); similarly to the integral of stress divergence shown in Fig. 1.
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3 Wake recovery in a large-eddy simulation

The wake recovery in terms of the stress divergence of u/u/, is post processed from an LES of a single wind turbine wake in a
neutral pressure-driven atmospheric boundary layer. The LES is the same as used by Hornshgj-Mgller et al. (2021); numerical
details can be found in Abkar and Porté-Agel (2015). The wind turbine represents a Vestas V80 wind turbine that has a rotor
diameter and hub height of 80 and 70 m, respectively. The wind turbine forces are modeled as an AD and has an effective thrust
coefficient of 0.77. The inflow wind speed and total turbulence intensity at hub height are 8.0 ms™' and 5.7%, respectively.
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Figure 2. Wake recovery in terms of stress divergence from an LES single wake simulation. a)-c) Lateral wake recovery at hub height. d)-f)

Vertical wake recovery at y = 0.

Figure 2 shows the normal, lateral and vertical stress divergence that contribute to the streamwise momentum equation at
hub height and at a vertical plane through the rotor center. The normal stress divergence has the largest (negative) values in the
near wake (Figs. 2a) and d)) but is about five times smaller than the shear stress divergence based on volumetric integrals of

the three streamwise stress divergence terms:
ou'u!,
M, =
0z
v

where V' is a box around the wind turbine located at (z,y,z) = (0,0, zg) with dimensions —2 <x/D <20, -2 <y/D <2
and 0 < (z —zp)/D < 3.125. We obtain My/M; = 5.5, M3/M; = 5.1. Hence, the LES data shows that it is mainly the shear

dv (15)

stress divergence that leads to wake recovery by bringing momentum from the freestream into the wake center (best visible
in Figs. 2b) and f)). The shear stress divergence represents wake meandering and turbulent cross diffusion, which is slightly
larger in the lateral direction compared to the vertical direction due to the ground (M3/Ms = 0.93), although the atmospheric

conditions and presence of neighboring wind turbines may influence the dominant direction of wake recovery. The normal
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stress divergence represents the streamwise back and forth movement of the wake and streamwise turbulent diffusion, which

is much less compared to the lateral and vertical wake recovery.
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Figure 3. Normalized profiles of streamwise velocity, negative shear stress and shear stress divergence from a single wake LES.

The LES-based lateral and vertical wake recovery is depicted in Fig. 3, at three different downstream locations: 2:/D = 2.5,
5 and 7.5. Results of the streamwise velocity, negative shear stress and shear stress divergence are shown; they are normalized
in the same way as performed for the analytical far wake model as defined by Eqgs. (10)-(12) and depicted in Fig. 3. The
normalized standard deviation, &, used for normalization of the shear stress and its divergence is obtained by a Gaussian fit
with the velocity deficit at each downstream location (6 = 0.37, 0.39, 0.45 and 6 = 0.36, 0.37, 0.44 for the lateral and vertical
wake recovery at x/D = 2.5, 5 and 7.5, respectively). Furthermore, we have used u, = 0.333 ms! and Uy = 8.0 ms™. A
similar behavior of the LES-derived velocity deficit, shear stresses and the stress divergence is obtained at /D =5 and 7.5
compared to the analytic far wake model, as depicted in Fig. 1. As discussed previously, the lateral wake recovery is slightly
stronger than the vertical wake recovery; the latter is stronger at the top of the wake with respect to the bottom of the wake, as
expected and predicted by the simple far wake model. The results in the near wake (/D = 2.5) are different in LES, as also
expected, where the wake center momentum gain has a double bell shape due to the more complex shear stress profile.

The fact that the normal stress divergence is an order of magnitude smaller than the combination of lateral and vertical shear

stress divergence indicates that RANS turbulence model closures do not need to model the anistropy of the normal Reynolds



135

140

145

https://doi.org/10.5194/wes-2022-56 WIND
Preprint. Discussion started: 14 July 2022

~
© Author(s) 2022. CC BY 4.0 License. e we \ EZ:EEIT\I%YE

stresses if the velocity deficit is the only quantity of interest. This implies that one could rely on the isoptropic hypothesis
of Boussinesq (1897), as long as the turbulence model is able to predict correct shear stresses and give realizable Reynolds
stresses — for example by using a flow dependent eddy viscosity coefficient that limits the turbulence length scale (van der Laan

and Andersen, 2018). Whether this also applies in stratified atmospheric conditions is a subject for further studies.

4 Conclusions

The main mechanisms of wake recovery are explained by the stress divergence, considering both a Gaussian-based analytical
far-wake model and LES of a single wind turbine in neutral atmospheric conditions. The LES data shows that the divergence
of the lateral and vertical shear stresses combined are an order of magnitude larger than the divergence of the normal stresses;
i.e., Ou'v' /0y and Ou'w’ /Oz—and not simply ‘shear’—are the main contributors to wake recovery. The analytical model
qualitatively captures the behavior of the stress divergence observed in the far wake of the LES results, which shows that the
second derivatives 0°U/0y? and 0*U/9z* induce wake recovery. This also indicates that RANS turbulence model closures

only need to be able to model the shear stresses accurately, if the velocity deficit is the sole quantity of interest.

Author contributions. MPVDL has drafted the article and produced the figures. MB pointed out the stress divergence balance (visualized
with filled colors) and has post processed the LES data set. MK suggested the generic connection and Wyngaard (2010) reference. All authors

contributed to the methodology and finalization of the paper.
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