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The authors propose an analytical expression for the streamwise evolution of the eddy viscosity
in a wind turbine wake using large eddy simulation (LES) cases and wind tunnel measurements.
The proposed model is implemented in an engineering wake model developed for deflected wakes
and its performance is tested against LES.

The article is relatively well written and include novel ideas. I enjoyed reading about the analytic
form of the eddy viscosity of a single wake; I think this is useful to the wind energy community
because it could be employed in other engineering wake models as well.

There are a number of major issues with the equations and assumptions, which are listed below;
they need to be addressed before the article can be considered for publication in Wind Energy
Science.

Response: The authors appreciate this review and the constructive comments. The text has
been edited to reflect the reviewers comments and for clarity. The reviewers comments are ad-
dressed below and further revisions are highlighted in bold in the text.

Comment 1: There are a number of methods to determine an eddy viscosity from (LES) data.
For example, one could also use the direct definition of the eddy viscosity from a two equation
model (e.g. k—e: vp = CM%Z), or a more complex relation following higher order turbulence
models, see € for example []. Here, the difficulty is to determine e, which some authors obtain from
solving an e transport equation on the reference data (so as a post processing step), see for example
[]. T think it makes sense to add such a discussion to the introduction.

Response: Thank you, we have added the suggested discussion to the introduction and revised
the surrounding text. The updated paragraph now reads:
“Eddy viscosity is responsible for relating the mean flow gradients and turbulent kinetic energy to
turbulent stress formation. In a wind turbine wake, eddy viscosity relates strain from momentum
recovery to Reynolds stress formation. Ultimately, eddy viscosity in wake models determines the
wake diffusion rate and is directly responsible for predicting wake longevity. Eddy viscosities are
typically determined through a mixing length model and assumed to either maintain a constant
value [9, 10, 7] or linearly increase with wake expansion [16, 2]. Alternatively, eddy viscosity can
be modeled with a scalar function tuned to the turbulent production and dissipation of calibra-
tion flow [6, 8]. If high resolution data are available, such as from large eddy simulations (LES)
or Reynold-averaged Navier-Stokes (RANS) models, eddy viscosities may be obtained by directly
solving the Boussinesq approximation or higher order closure models [14, 4]. Eddy viscosities may
also be obtained from measured or simulated flows via a linear regression between the strain rate
tensor and Reynolds shear stress tensor [13, 1]. Across techniques, prior descriptions of eddy vis-
cosity have relied on a bulk value to represent turbulence in both the background and wake flows.
This approach conflates boundary layer phenomena occurring at large scales with localized wake
behavior. Additionally, Rockel et al. [13] found the eddy viscosity of a floating offshore turbine
was affected by wave-induced pitch motion although current wake models do not include this infor-
mation. Finally, the streamwise behavior of eddy viscosity has yet to be quantified in a parametric
study spanning multiple inflow conditions, turbine sizes, and misalignment angles.”

Comment 2: Your chosen method for obtaining an eddy viscosity from a data set is not well
motivated and tested. If you use the Boussinesq approximation, then there are 5 equations but
you only have one unknown: the scalar eddy viscosity. Hence, the system is over determined. You
have chosen to only look at w/w’ and then neglect the other equations and you motivate this in
Lines 129-132: Eddy viscosity values are obtained at each downstream location from the slope of a
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least squares linear regression between S13|, and w'w'|,. The streamwise-vertical components of the
Reynolds stress and rate of strain tensors are selected as they are of the greatest magnitude in the
wake and are responsible for the majority of energy fluz into a wind plant (Porté-Agel et al., 2020;
Scott et al., 2020). 1 agree that the shear-stresses are the main contributors to the wake recovery,
however, Si3]y does not have to the largest component, it can also be the lateral Reynolds-stress
V'], depending on the inter wind turbine spacing in the wind farm, see for example []. In a
recent work of my own [], I showed/visualized that the peaks of the shear stresses indicate how
much wake recovery takes places in the lateral and vertical directions. You could look at your own
LES and wind tunnel data to see which is dominant one. Alternatively, you could also write the
Boussinesq hypothesis in polar coordinates and then you could choose to only use the equation for
the shear stress in the radial direction for calculating the eddy viscosity from the data. This also
makes sense for your application where the employed engineering wake models uses axisymmetry.
If you choose to stick with the current method, you should at least show how large the errors are
from the unused equations of the Boussinesq hypothesis, especially the one for the lateral shear
stress.

Response: Thank you for these suggestions, we have responded to each individually here and
in Comment 6:

The regression method for determining eddy viscosity is a direct application of the Boussinesq
equation for ¢ # j. This technique has been successfully demonstrated by Bai et al. [1] and more
recently by Rockel et al. [13]. In the present work, this method facilitated identical treatment of
both LES and experimental data ensuring conclusions drawn across data sets reflect the underlying
phenomenon rather than processing technique.

The initial formulation employed a curvilinear polar coordinate system where we solved for the
radial shear stress as you have suggested. However, this approach possesses technical difficulties
which lead to unsatisfactory errors when computing eddy viscosity. Because wake center tacking
is necessary for mapping a polar coordinate system to the wake of a misaligned turbine, case-
specific coordinate fit errors are permuted through subsequent computations. This problem is
compounded for tilt cases where the wake is deflected into the ground due to the rapid deformation
and dissipation experienced by such wakes.

Prior to selecting the streamwise-vertical components, we computed eddy viscosity for both
the streamwise-vertical and streamwise-lateral Boussinesq equations. The streamwise-vertical eddy
viscosity was dominant in every case except for +20° yaw where the two equations yielded eddy
viscosities of comparable order. The streamwise-lateral eddy viscosity was far lower in magnitude
across tilt cases. We acknowledge the cases where the streamwise-lateral components are signifi-
cant and have have expanded on our reasons for selecting the streamwise-vertical comoponents in
response to Comment 6.

Comment 3: If you want make general conclusions about the proposed analytical model of
the eddy viscosity then I would recommend to investigate aligned single wake wind turbines first
using a range of thrust coeflicients and turbulence intensities, since these two parameters are the
main ones. I am aware that misaligned turbines will typically have lower thrust coefficients, but
you will also have a lateral thrust component that changes the wake shape. (Atmospheric stability
is also important and could be added in future work.)

Response: Thank you for this interesting idea. While such a study is outside the scope of the
current manuscript, we agree this suggestion would make for excellent future work. Accounting
for the model response to atmospheric conditions and variations in turbine performance is key to
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ensuring it performs as expected. We have recommended this suggestion for future studies in the
manuscript:

“Further parameterizion to include multiple turbulence intensities, turbine thrust coefficients, and
atmospheric stabilities would ensure the proposed model performs across settings.”

Comment 4: What is a Hybrid wake model? In the introduction you write that a Hybrid
wake model has the computational efficiency of an analytic/engineering wake model. To me that
sounds like a Hybrid wake model falls into the class of engineering wake models. In my personal
opinion, any model that does not solve a momentum equation iteratively (i.e. including pressure
gradients) is a low fidelity / engineering wake model.

Response: This is an important point for clarification, thank you for highlighting it. In this

case hybrid denotes models which solve a parabolic or linearized form of the RANS equations [9,
10, 3]. While these models are inherently a simplified representation of the complete flow, they
include physics which are not present in superposition based models. The introductory text now
includes:
“Accurate wake modeling is essential for optimizing wind plant layouts and creating effective con-
trol strategies [17, 11]. Hybrid wake models balance the accuracy of high fidelity simulations with
the computational efficiency of analytic models to facilitate wind plant design studies. Unlike su-
perposition based approaches, hybrid wake models adopt a combined RANS-analytic framework to
solve a linearized or parabolic representation of the mass and momentum equations [9, 10, 3]. This
allows hybrid wake models to include additional physics beyond the scope of typical engineering
wake models without incurring substantial computational costs.”

Comment 5: Lines 34-36: You write Alternatively, constant eddy viscosities can be modeled
with a scalar function tuned to the turbulent production and dissipation of calibration flow (van der
Laan et al., 2015). Note that we are not modeling a constant eddy-viscosity in the work that you
refer to. We actually use a three-dimensional scalar eddy viscosity similar to the standard k — ¢
model. The model is then improved by multiplying the eddy viscosity with a scalar function that
is dependent on the local flow. Effectively, this scalar function limits the eddy viscosity in regions
where the flow is far from its equilibrium, i.e. the near wake. The model can also be interpreted a
turbulence length scale limiter, see for example [|. In theory, you could use the k — e — fp defini-
tion to determine the eddy viscosity, which should lead to better prediction of v in the near wake,
but it could be future work to test other forms of vp. (A small note: my is spelled as van der Laan.)

Response: Our apologies for both the misunderstanding and misspelling. The revised text for
this section may be found in our response to Comment 1.

Comment 6: Equations (2), (5)-(9) are not complete and should include a term with the

turbulent kinetic energy, k:
2

r_
73
If you aim to neglect k& you should mention this and motivate reader that this makes sense. Later
on you calculate the eddy-viscosity from only w/w’, so I understand where omitting k& comes from.
You could move the motivation from that part (Section 4.1) to theoretical part (Section 2). In
addition, I can think equations (7) and (8) can be removed, because the previous equations already
define everything.
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Response: Thank you for these suggestions, we have updated the theory related to Equation
(2) and relocated Section 4.1. We however wish to retain Equations (7) and (8) as they demonstrate
the far downstream behavior and eventual fate of v7y, once the wake flow is fully recovered. The
updated text now reads:
“The eddy viscosity hypothesis relates turbulent stresses to turbulent kinetic energy and the rate
of strain tensor. This relationship is introduced as:

_ 2
u;u; = gk@j — 2upSij,

where W is the turbulent stress tensor, k is the turbulent kinetic energy, and S;; is the rate of
strain tensor. Eddy viscosity is written as vp and acts as a constant of proportionality. In a wind
plant, the streamwise-vertical components of the Reynolds stress are responsible for the majority of
energy flux into the plant [12, 15] allowing Eq. () to be described in terms of mean flow components:

Y
u1u3 = —2VT513,

Note, in presence of high veer, Coriolis forces, or nacelle yaw the streamwise-lateral stresses are
of similar order. In these instances, we expect comparable eddy viscosity magnitudes could be
obtained from the streamwise-lateral components.”

We have also recommended a future study focused on the streamwise lateral components:
“Detailing the streamwise-lateral rate of strain and shear stress response to yaw, veer, and Coriolis
forces is another potential avenue for improving upon the proposed model.”

Comment 7: You mention that S;j|p is assumed to be constant in the fully developed ABL.
However, even for a simple neutral surface layer following a logarithmic law we get that S;;|p is far
from constant and scales with 1/z: S;j|g = 1/2u,/(kz). If you aim to only look at one height, e.g.
hub height, then I can follow your assumption but this does seem to be case in the remaining part
of the article (i.e. Figure 4).

Response: Thank you, we assume the boundary layer is fully developed, does not vary in
the streamwise direction, and is a function of the wall-normal direction only. The text has been
updated to avoid confusion and now reads:

“In a fully developed boundary layer, S;;| is assumed not to vary in the streamwise direction and
behave as a function of the wall-normal direction only. Therefore, vr g is independent of x.”

Comment 8: You mention Thus our efforts focus on modeling vr, in the range where
Sijlw > 0. However, S;jj|w can also be negative in the wake. (That is why w'v’ has both posi-
tive and negative values in the wake.)

Response: Good point, because our model is developed from the isolated wake flow it requires
|Sijlwl > 0 and |v/w'|y| > 0 rather than S;|s > 0. The text has been updated to match and for
clarity:

“Thus our efforts focus on modeling v7, in the range where the wake flow exists.”

Comment 9: Section 3.2, LES setup. It is not clear to me what kind of neutral ABL is
simulated. Is this a pressure-driven ABL or is this an ABL including an inversion and Coriolis
forces? The first type of ABL should be Reynolds number independent for a fixed ratio of the
domain height L, and roughness length, zp, i.e. z9/L, is constant. In that case, the two LES cases



Responses to Reviewer 1 5)

mainly differ in wind turbine model if you have scaled the ABL inflow such zg /L, is constant. I
expect the thrust coefficient to be main difference between the two LES cases, it would be helpful
to report the mean thrust coefficient value for both of them. The thrust force distribution could
also play a role in the near wake but is not expected to have a large impact on the far wake; a
similar argument can be applied for the ground clearance, zi /D and other design parameters.

Response: Thank you for this suggestion, the description of the LES setup has been expanded
include:
“Inflow to the domain was driven by a pressure gradient which was adjusted at each timestep to
maintain the desired hub-height velocity [5]. The measured thrust coefficients for each turbine
configuration at the specified condition are presented in Tab. 1.”

Cr Yaw — Tilt
0 —20° —10° 10° 20° | 0° | —20° -—10° 10° 20°
1I5MW | 0.79 0.84 0.84 0.78 086 | 0.71 081 0.89 0.82
1.5 MW | 0.71 074 074 0.71]0.75| 0.65 0.72 0.75 0.72

Table 1: Time-averaged thrust coefficients for the 15 MW and 1.5 MW LES cases.

Comment 10: Line 160: you mention At extreme downstream distances, x/D > 20, the eddy
viscosity hypothesis no longer holds as both S13|w and wWw'|, are near zero. 1 do not agree, the
eddy viscosity hypothesis holds better for a flow that is in near equilibrium (the far-far wake or the
background flow) with respect to the (near) wake). I guess your main point refers to the regression
method not being able to calculate an eddy-viscosity with the proposed method. Hence this part
needs some rewriting.

Response: Thanks for highlighting this issue, you are correct the regression approach is ill-

suited for fitting two very small quantities. However, the eddy viscosity of the isolated wake flow
far downstream will approach zero since Si3ly, and W\W are themselves near zero. The text has
been amended to clarify our observations are a consequence of working with near-zero quantities
in the very far wake:
“At large downstream distances, /D > 20, the wake flow has dissipated and both S13|y, and u/w/|y,
are near-zero. As the wake has returned to the background flow, performing a linear regression
on wake flow components produces erroneous values. This is not the case for the background flow
which is treated separately.”

Comment 11: Equation (11) and (12): I do not understand where Equation (11) comes from,
it is not the Boussinesq hypothesis (without k) because you lack the gradients and the minus sign.
In addition, you could arrive at Equation (12) in a more simply way by dimensional analysis since
we have that the unit of vp is m2/s thus one can write vp = [;U,. In addition, your chosen Uy is
based on the far wake of 1D momentum theory, which I think you should mention.

Response: Thank you for this suggestion. We chose to perform a scale analysis on Equations
(11) and (12) because this technique retains constants such as the 2 associated with v which are
lost with a dimensional analysis. We have modified the text in this section to better describe the
scale analysis approach. We have included additional information on our choice of Uy as well. The
updated text now reads:
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“A is determined by performing a scale analysis on the eddy viscosity hypothesis in which each
component of Eq. (2) is written in terms of their respective units. By selecting a velocity scale Us,
a length scale l5, and noting OW/0x << 1, we can write:

)
US2 ~ 2UT,w [8} ,
Ls
Rearranging to isoalte eddy viscosity yields:

lUs
2

~ VT w,

The wake velocity scale is selected as Us ~ Up+/1 — Cp following Bastankhah et al. (2016) where
Cr is the turbine thrust coefficient and Up is the mean inflow velocity at hub height. The length
scale is selected as [; ~ R where R is the rotor radius. Note, radius is selected rather than
diameter as both the rate of strain tensor and shear stresses are symmetric about the wake center.
Additionally, the chosen velocity scale is derived from 1D momentum theory to estimate the mean
velocity in the far wake. Substituting the velocity and length scales into into Eq. (12) yields an
expression for the eddy viscosity magnitude:”

RUpV1 - Cr

VT w 2

Comment 12: Lines 258-259: You conclude to have investigated multiple inflow conditions,
but you mainly used one LES ABL inflow as the wind tunnel wake data was not sufficient to capture
the entire wake.

Response: Thank you, we concur the inflow between experimental and LES cases are similar.
We have replaced “multiple inflow conditions” with “in a neutral boundary layer”.

Comment 13: Conflict of interest: I guess this can be removed as Jens Sgrensen is the editor.
It should not be a problem if a coauthor is also an editor in the journal, as long as he or she is not
the handling editor.

Response: Thanks, we now declare no competing interests.

Comment 14: I think you author contribution statement is too vague. Please clarify who did
what.

Response: Thank you, the author contribution statement is more specific and now reads:
“R.S. drafted the manuscript; L.M.T., N.H., and R.B.C. edited; J.B. performed the experimental
data collection; R.S., L.M.T., and N.H. performed the LES simulations; R.S., L.M.T., N.H., and
R.B.C contributed to the model development; R.S. and L.M.T. implemented the model in FLORIS;
L.M.T., N.H., and R.B.C. advised.”

Comment 15: You sometimes write LES simulation. This means that you write the word
simulation twice so I would suggest to remove the second word.
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Response: Fixed, thank you!
Comment 16: Equation (1): You forgot to mention that you assume an incompressible flow.

Response: Thanks for pointing this out, the first line now reads:
“The Reynolds averaged Navier-Stokes equations for incompressible flow are presented in tensor

notation as:”
8’&1' 1 8p B au;u;

Yow, ~ pow 0w, S
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