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Abstract. A simple analytical vortex model is presented and used to study an idealized wind turbine rotor in uniform and
sheared inflow, respectively. The work reveals that locally 1D momentum theory is valid for a non-uniformly loaded rotor in a
sheared inflow. Hence the maximum local power coefficient (expressed with respect to the local, upstream velocity) of an ideal
rotor is not affected by the presence of shear. We study the interaction between the wake vorticity generated by the rotor and
the wind shear vorticity, and find that their mutual interaction results in no net generation of axial vorticity: the wake effects
and the shear effects exactly cancel each other out. This means that there is no resulting cross-shear induced velocities and

therefore also no cross-shear deflection of the wake in this model.

1 Introduction

The atmospheric shear layer significantly affects the power production and loads of wind turbines, and it is therefore essential to
accurately model wind turbines under sheared inflow. However, recent validation studiesBoorsma et al. (2022) have shown that
state-of-the-art models show some significant deficiencies in modeling wind turbine performances under wind shear conditions.
Madsen et al. (2012) simulated a wind turbine operating under strong shear condition using different Blade Element Momentum
(BEM) based models and compared the results to the ones obtained with more advanced tools. The authors concluded that for
the simulation of wind turbines under sheared inflow, BEM-based formulations need to be expressed using local relations, that
is, the local induction factor needs to be defined using the local free-stream velocity. Furthermore, they compared the power
obtained in sheared and non-sheared inflows for identical velocities at hub-height. The authors found that, in most cases, a
lower power production was obtained in sheared inflow compared to cases without shear, in spite of the total available power
in the incoming wind being higher for the shear case. They explained this with the fact that, over most of a revolution period,
the turbine blades operate away from their optimal conditions when the inflow is nonuniform.

Shen et al. (2011) and Sezer-Uzol and Uzol (2013) used free vortex wake vortex models to simulate horizontal axis wind
turbine in sheared inflow and also found that the power output in that case is lower than in uniform inflow.

However, the computational fluid dynamics simulations conducted by Zahle and Sgrensen (2010), which were also included in
the work by Madsen et al. (2012), indicated that the power production was increased when operating in shear with a proportion
that can be largely explained by the increase in available power in the upstream flow. By analysing the local power coefficient
(expressed with respect to the local, upstream velocity) they observed higher efficiencies on the lower half of the rotor which

was explained by differences in local angle of attack and tip speed ratio between the lower and upper half of the rotor. A similar
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effect was found in the analytical model by Magnusson (1999) although he did not investigate the effect of shear on the total
power of the turbine. The simulations by Zahle and Sgrensen (2010) furthermore showed that the flow field upstream of the
rotor had a a significant downward velocity component, causing high velocity air from higher altitudes to flow through the
lower half of the rotor. It was argued that this phenomenon also could play a role in the increased power production at the
lower part of the rotor disc. Another effect observed from their simulations is the asymmetric development of the wake due to
the interaction of wake rotation and shear, which in effect led to a different loading on the blade when pointing to the left than
when pointing to the right.

Chamorro and A Arndt (2013) derived a simple analytical correction for the maximum efficiency of an ideal wind turbine rotor
in non-uniform inflow which accounts for the non-uniform velocity through the so-called Boussinesq and Coriolis correction
factors. Their study revealed that the maximum power of a turbine in a typical neutrally stratified boundary layer may increase
by between 1-2%. However, a closer inspection of their work reveals that the predicted power increase in fact is exactly equal
to the increase in available power in the inflow. Therefore, they essentially show that the maximum power coefficient based on
the available power in the incoming wind is unchanged for rotors in shear.

Micallef et al. (2010) modeled a wind turbine wake in sheared inflow using oblique vortex rings and obtained an analytical
solution for the wake deflection. The ring inclination induces a vertical velocity component and the model therefore predicts an
upward deflection of the wake. This result agrees with predictions obtained using various free vortex vortex tools (Sezer-Uzol
and Uzol (2013); Grasso (2010).) Branlard et al. (2015) showed that the nonphysical upward deflection of the wake observed
in earlier studies using vortex methods is caused by neglecting the vorticity imposed by the inflow shear. They proposed both
a frozen and unfrozen inflow shear model to avoid the upward deflection. In both approaches the velocity and vorticity is split
into a prescribed part due to inflow shear and a varying part due to e.g inflow turbulence or wakes. This split of scales is
similar to that proposed by Troldborg et al. (2014) in their simplified CFD based model of the atmospheric boundary layer. In
the frozen approach it is then assumed that the additional vorticity imposed by the varying part does not affect the prescribed
field, whereas a full interaction is allowed in the unfrozen approach. They implemented the two methods in a vortex particle
solver and used them together with an actuator disk model to simulate the wake of turbine in sheared and turbulent inflow.
They showed that the frozen approach reduced the nonphysical upward wake motion and removed it completely when using
the unfrozen approach.

Ramos-Garcia et al. (2018) proposed a prescribed velocity-vorticity atmospheric boundary layer model and implemented it in
the vortex solver MIRAS. They used the model together with a lifting line method to simulate the wake of a wind turbine in
different sheared and turbulent inflows. Similar to the work of Branlard et al. (2015), they showed that by properly accounting
for the shear’s contribution to vortex stretching and convection, the upward deflection of the wake was removed. Besides
performing thorough investigations of the wake, they also studied the impact of shear and turbulence on the power and loads.
They found that the power output of the turbine was augmented slightly with increasing shear.

The above literature review shows that the influence of wind shear on wind turbine rotors is not fully understood and that there
is no clear consensus on e.g. its impact on power production. In this paper, we derive an analytical, vortex-based model of an

idealized wind turbine rotor to study its operation in sheared inflow and thereby explain some of the main mechanisms at play.
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2 A simple vortex rotor model including shear

The model presented in the following is an extension of work presented by @ye (Madsen et al., 2006; @ye, 1990) and Branlard
and Gaunaa (2015). They both modelled an idealized wind turbine with an infinite number of blades located in a uniform
steady inflow. However, whereas @ye assumed the blade circulation to be uniform, Branlard and Gaunaa (2015) allowed
it to vary radially in their model. In the present treatment, the blade circulation may vary both in the radial and azimuthal
direction. The loading at each specific position on the disc is, however, constant in time. For further simplification, we restrict
ourselves to the idealized case where the rotational speed tends to infinity. Therefore, wake rotational effects are absent and the
situation is similar to the classical 1D momentum results (Betz, 1920; Lanchester, 1915). Two other simplifying assumptions,
which open up for a simple analytical treatment of the problem, is to neglect wake expansion and to assume that the convection
velocity of the wake vorticity is constant, and determined using the conditions in the far wake. These assumptions were initially
proposed by @ye (Bye, 1990), who showed that the results for an uniformly loaded actuator disc in uniform inflow with these
assumptions are identical to 1D momentum theory. Finally, we only consider cases where the incoming wind is parallel to the

axis of rotation and where the rotor blades are straight and perpendicular to the rotor axis.
2.1 Basic relations
2.1.1 Rotor loads

Our simplified rotor model is derived under the potential-flow assumptions (incompressible, irrotational and inviscid flow),
which physically corresponds to low mach-numbers and high Reynolds numbers. We neglect the effects of drag on the rotor
performance!. The local forces per unit span, at a given radial location of the blade, are therefore obtained using the Kutta-

Joukowski relation:
f, = erel x Ty e))

where I’y is the bound circulation distributed and directed along the blade, V. is the relative velocity of a blade element and p
is the air density. The notations are illustrated in Figure 1. Polar coordinates (7,8, z) are used, where the unit vector Z is normal
to the disc and parallel to the main flow, T is along the blade, and the tangential vector , 0, is along the direction of rotation.
The relative velocity is formed by the local free stream velocity, V{, which may vary in space, the induced velocity, W, and
the relative rotational speed of the element, —$2r, where ) is the rotor rotational velocity and r is the radius of the element.
The relative velocity is Vi = (Vo + W,)2 + (—Qr + Wg)@ and the bound circulation associated with one blade is T'y, = I',f.

The total bound circulation of the rotor at a given radial location of the disc is I' = NIy, where N, is the number of blades.

I'The effect of profile drag can be added as a post-processing step, see for instance Branlard (2017)
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The local forces per unit area on the rotor disc becomes
F, 0
N, b fb dr pFQ
F = = = — 2
Fo 27rdr 2w (Vo + W)/ (€r) )
F, 1—Wy/(Qr)
z
A
A
w
Vo
V0+WZ As
z
-6 4
e - N >
We Qr fe

Figure 1. Cross-section of blade element showing velocity and force vectors.

where F)., Fy and F, are the polar components of the the local forces per unit area. Introducing the local thrust coefficient, C,

based on local free stream velocity and local disc load, we obtain the following expression from the axial force component of

Equation (2)
F, rQ Wy
Cy = =—|1—— 3
05V T ( m) ¥

Letting €2 go to infinity while retaining a finite value for the product I'Q2 show that I" tends to zero. This correspond to tangential

induced velocities, Wy, also tending to zero (Branlard and Gaunaa, 2016). Equation (3) therefore reduces to

ra
Ci=—5 4
t 71_‘/02 ( )
Since the local power production per area on the rotor is p = Fyp{r we get
dP  pI'Q
p—a—?(VO“‘Wz) ®)

The local power coefficient is obtained from Equation (5)

P ra W,
=——=—= |1+ 6
Cr 0.5pVg  wV¢ ( * V0> ©

In terms of the local axial induction factor a = —W, /Vj, we get by use of Equation (4)
Cp:C’t(l—a), (7)

which corresponds exactly to classical 1D momentum theory (Glauert, 1963).
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2.1.2 Wake vorticity

In order to determine the velocity at the rotor disc and in the wake of the disc, the strength of the trailed and shed vortex
sheets downstream of the disc is needed. To do this, we will be using the following result, which is proven in Appendix B and
illustrated in Figure 2:

For an infinitely long cylinder surface of constant-strength tangential vorticity, v = dI"/dz, the induction in the direction of the
cylinder axis (z) is -y on the inside and zero on the outside of the cylinder irrespective of its cross-sectional shape. Due to the

symmetric properties of vortices, the axial induction at the ending plane of a corresponding half-infinite vortex cylinder is /2.

Cylinder surface

W_=0
Y Y Y Y Y Y Y
< <+ ¢ I</ < Cd
NE—
1
le———
—>z Wy
[—
1
[—
1
haY haY hat ML hat hoat
4 =4 =4 =4 =4 =~

Y

Cylinder surface
Figure 2. Sketch of velocity field induced by an infinite cylinder of tangential vortex density ~y

According to Helmholtz first law, all vortex lines must form closed loops, extend to infinity or start/end at solid boundaries.
Therefore, any change in bound vorticity in the spanwise direction causes vorticity to be trailed into the wake from the rotor,
while variations of the bound vorticity in the tangential direction results in vorticity shed into the wake (see Figures 3 and 4,
where a discrete representation of the circulation is used to simplify the discussion). If the bound vorticity on the blade changes

from position ¢ to 7, the strength of the trailed and/or shed vorticity is given by:

90, 9T, 000t T, Q  ATQ

Vi T G, T a0 9tos 90 & 2m ®

Here AT denotes the variation in bound vorticity at a given position during one rotor revolution and 2 is the transport velocity
of the vorticity sheet in the axial direction. A more thorough derivation of Equation (8) is provided in Appendix A. From
Equation (8), it is clear that to determine the strength of the trailed and shed vortex sheets, the convection velocity 2 is needed.
This convection velocity is the mean of the velocities on each side of the vortex sheet. In order to simplify the present model,
we adopt a generalization of what was shown by @ye (1990) to give good results: a vortex sheet is convected with a constant
velocity which is the mean of the velocity on each side of the sheet far downstream of the rotor. Given two regions ¢ and j, the
convection velocity is therefore z = (V.,, +-vy,) /2, where V,,, and V,,; are the velocities on each side of the vorticity sheet far

downstream of the rotor.
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a)

Figure 3. a) Sketch of vorticity trailed from a blade section, when the bound vorticity changes by dI'y = 'y, — Uy, in the radial direction. b)

Close view of the blade section showing the definition of dL'.

Figure 4. a) Sketch of vorticity shed from a blade section, when the bound vorticity changes in the tangential direction. b-c) Close view of

the blade section at two successive time instances, showing the definition of dI'y.

Using this assumption together with Equations (4) and (8), the strength of the vorticity sheet released into the wake as a
consequence of a local change in loading between two regions ¢ and j on the disc can be expressed as follows:
21z N ‘/wj + ‘/wi

Vi-j =
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where Cy, and C’t], denote the local thrust coefficient of the two regions, respectively, Vy, and Vp, are their corresponding local
free-stream velocity.

3 Application of model

3.1 Uniformly loaded rotor in uniform inflow

In this section, we consider a uniformly loaded rotor in uniform inflow. In this case, all the bound vorticity of the disc is trailed
from the edge of the disc and thus the vorticity released into the wake is distributed on a cylinder as sketched in Figure 5.

The strength of the released vorticity sheet, yp_, is determined from Equation (9) and using the assumptions described in

B —_—
) YO1 :—,Voo
N Y Y iy Yy N
R CARE A AR SR gue—
—»V — 'V =V—’Y
: > - : > . 0-1
— « e e o« —H

Y, :
—» - ———
— 0-1 i—’V

oo

Figure 5. Schematic view of a uniformly loaded disc in a uniform inflow.

section 2.1.2:

Ct 1 V021 _ C’T VO2<>

= = 10
Vw1 + Vwo 2Voo —Y0-1 ( )

Yo—-1

where Cy, = Cr is the thrust coefficient of the disc, Vi, = V is the free-stream velocity and the subscript 0 — 1 indicates that

the vorticity is released between the wake (region 1) and the exterior (region 0). Solving for v yields

Yo-1= V(1 —+/1-Cr) (11)

The rotor disc is, at the ending plane of a half-infinite vortex cylinder and thus as described in section 2.1.2, the axial velocity
here is Voo —v0—1/2 = Voo (1 — a), where a is the axial induction factor. Therefore v9_1 = 2aV,, and from Equation (11), we

get

Cr=4a(l—a) (12)



150

155

160

https://doi.org/10.5194/wes-2022-94 WIND

~
Preprint. Discussion started: 17 October 2022 ENERGY
(© Author(s) 2022. CC BY 4.0 License. e We \

european academy of wind energy SCI ENCE
‘/w:Voo*'yO—l:Voo\/I*CT:VOO(172Q) (13)

where V,, is the velocity in the far wake.
Equation (12) and (7) show that the present model and classical 1D momentum theory gives identical results. This is consistent
with the conclusion drawn by @ye (1990) and shows that the crude approximations made herein are essentially not worse than

the assumptions made in 1D momentum theory.
3.2 Non-uniformly loaded rotor in uniform flow

In this section, we apply the model to a non-uniformly loaded rotor in uniform flow. For simplicity we consider a case where

two different load levels are present: Cy, in the lower half of the rotor disc and C', in the upper half, see Figure 6. We start by

—_— —_—
—¥ S S ~ S~ '\—’ &
N CA A A A —

— t Y21 _’VW
—_— 2 — 2

: Voo 2D :)DD.
— t — VY,
—> N o o« o — 1
—> y0‘1 —FV
B —

Figure 6. Schematic view of a non-uniformly loaded disc in a uniform inflow.

assuming that the axial velocity in the far wake (and therefore also at the rotor disc) is constant in each of the two regions and
then later check whether this assumption leads to inconsistencies.

If the axial velocity in each of the far wake regions is constant, its value should be as in the uniformly loaded case, since at the
outer edge, the local conditions are as in the uniformly loaded case. Thus, the far wake velocity in each region would be given

by Equation (13) and the strength of the sheet released between the two regions would be given by equation (9), i.e.

C,VE—-C,V2

Ty = O, 4V /1-Ch

In order to have a constant velocity in the wake of each zone this vortex sheet strength should according to the behaviour of

Vee (VI=Ci = V1-C0) (14)

vortex cylinders (section 2.1.2) be equal to the difference of the “outer” vortex sheet strengths of each zone. From Equation (11)
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the difference in sheet strengths between the regions from 1 and 2 to the exterior is
Y0-1 =702 = Voo (VI=Ci = V1=, ) (15)

This is exactly equal to Equation (14). If the assumption of a constant velocity in each of the two zones was incorrect, this
would not have been the case. The derivation above can readily be extended to a slightly more general case of two regions
that both have borders with each other and with the outer flow (and therefore none of the load regions are fully enclosed in
the other). In fact, the arguments used in the derivation above also hold in the general case with more than two different load
regions including cases where one load region is fully enclosed in other loads regions. Therefore, the present model predicts
that any stream element behaves locally as predicted by 1D momentum theory. This is in agreement with the result presented
by Johnson (2013) and Branlard and Gaunaa (2015) and consistent with the derivation of the classical axisymmetric blade
element theory, where the annular stream tubes are assumed to be independent of each other. However, the present model goes
further as it indicates both radial and tangential independence of the individual stream elements. Thus, while one might expect
that more air would flow through a lightly loaded part of a non-uniformly loaded rotor in uniform inflow, the present model
predicts that this is not the case. Otherwise, the axial velocity (and hence power production, see Equation (6)) on the lighter

loaded part of the disc would be higher than what is expected from 1D momentum results.
3.3 Non-uniformly loaded rotor in a step-shear

We now consider a non-uniformly loaded rotor in a planar step-shear inflow, as illustrated in Figure 7. For simplicity, we

assume that the rotor has a constant loading of C, below the step and another constant loading of C, above the step. A step

—_— YS —» YS
— IV +— Y, — > +—
=2 0-2 ) = 2
: > c === >

— 7 t Yo Y, —V
P 2 2-1 S,W : N W2
SRS R D202 Dy T
— c v

—> 1l « « « <« — 1

— s To_1 — s
— V.3 —V

Figure 7. Schematic view of a non-uniformly loaded disc in a step shear generated by introducing an infinite vorticity sheet of strength s in

the horizontal plane through the rotor center.

shear can be obtained by adding an infinite planar vortex sheet and an uniform flow. If 5 denotes the shear sheet strength and
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V. denotes the uniform free-stream speed, we get the following far-field, upstream inflow velocities

Vo, =Voo—7s/2 for y<0

Vo(y,z = —00) = ' (16)
Vo, =Voo +7s/2 for y>0

where y denotes the height above the shear vorticity sheet. The main effect of the rotor is to change the axial velocity of the

flow and hence also the convection velocity of the shear sheet in the wake.

Due to steady state conditions, the transport of circulation through any point in the shear-plane is equal to that far upstream:
Vs Voo = Vsw? 17

where z = (Vy, + Vi, ) /2 is the mean of the far wake velocities on each side of the shear vorticity layer,and s ,, is the intensity
of the shear voticity sheet in the wake. Thus, for a wind turbine the intensity of the shear vorticity sheet is effectively increased
in the wake because the axial velocity is lower than in the free stream.

For convenience, the intensity of the shear vorticity sheet in the wake is split as follows:

Vs,w = Vs T A’Ys (18)

where ;s is responsible for the effective backbone velocity (Equation (16)) and A~y is the additional induced part due to the
changed velocity in the wake.

In order to check whether our model is also consistent with 1D momentum theory in the sheared inflow case we proceed as
in the previous section and assume that the induced velocities in each region are constant and see whether this leads to any
inconsistencies.

If the axial velocity in each of the far wake regions is constant it should be determined from Equation (13), where now the local

backbone freestream velocity has to be used:

Vwi :Vbi\/].—cti :V()l. (1—20,7,) (19)

where index ¢ = 1,2 refer to the two regions, respectively and where have introduced the local induction factor for region ¢

1
aizi(l—\/l—Cti) (20)
Inserting equation (19) into equation (9) yields the following expressions for the strength of the vortex sheets released from

the rotor:

Cu, Ve
Yooq = 0 —

5 24, VO (1-vi-an) @1
_ Ct2v02 _
Y02 = 5 = Vo, (1-V1-C) 22)
Ctl V021 7Ct2‘/022
Vol(l—2a1)+V02(1—2a2)

Y2—-1= (23)

10
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Similarly, by inserting equation (19) into equation (17) and using equation (18), we get the following expression for the

shear sheet condensation:

2V
=" (voza %) + Vo, (1—2a1) 1) &9

In the far wake, the intensity of the vortex sheet separating the upper and lower part of the wake is

Ay,

Vo1 total = Y2—1 + A5 (25)

Inserting Equations (23) and (24) into Equation (25) and rewriting using Equation (19) yields:

Yo—1,t0tal = Vo, /1= Ct, = Vo, /1 =Cpy — s (26)

From the basic behaviour of vortex cylinders (section 2.1.2), we know that in order to have a constant induced velocity in
the wakes of each of the zones, the total vortex sheet strength between the lower and upper zones is equal to the difference of

the “outer” vortex sheet strengths of each zone. From Equations (21) and (22) we get:

Yo—1— Yo—2 = Vo, (1 - M) -V, (1 —/1- Ctz)

=Vo,/1—Ct, — Vo, /1—Ct, —7s 27
As seen, Equation (27) and Equation (26) are identical. Therefore, the initial assumption of a uniform far wake velocity in each
region was correct.

The reason why there is no local effect of the shear is that the effect of the changed convection velocity of the wake vorticity

(2), at the shear intersection, is exactly counter weighed by the induced shear vorticity (Equation (24)).

From equations (20) and (7) we get the local thrust and power coefficient:
Cti =4ai (l—ai) (28)
Cp, =4 a;(1—a;)° (29)
which is identical to the classical result from 1D momentum theory. In analogy with the arguments given in the previous section,
we conclude that local 1D momentum theory is valid for any load distribution and any 1D shear, under the assumptions made
in this work. This is an important result to keep in mind when developing additions to BEM models to make them able to

perform sensibly in shear since it shows that such models should be based on local quantities and avoid adopting concepts such

as average disc load/induction or average annulus load/induction.
3.4 Formation of cross-shear induced velocities

A basic property of vortex filaments in inviscid flow is that they cannot end in the fluid and therefore both the wake and shear

vorticity sheets are deformed under the influence of velocity gradients. This is illustrated in Figure 8, which is a 3D sketch

11
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Figure 8. 3D sketch of non-uniformly loaded disc in a step shear with illustration of the deformation of wake and shear vorticity sheets; a)

Deformation of wake vortex rings; b) Deformation of the vortex filaments which are responsible for the step shear.

of the same non-uniformly loaded disc in a step shear as was considered in section 3.3. Figure 8a sketches the shape of the
individual wake vortex rings at the position of the rotor and in the wake, respectively. As a consequence of the shear and/or the
difference in loading between the two regions of the rotor, the outer part of the vortex rings moves with another velocity than
the part at their intersection and therefore the vortex rings will be increasingly stretched with downstream position.

The stretching of the shear vorticity sheet is illustrated in 8b. Upstream of the rotor the entire span of the infinitely long shear
layer vortex filaments are convected with the same velocity and therefore they remain straight here. Downstream of the rotor
the vortex filaments will be deformed at the wake edges because of the difference in velocity inside and outside of the wake.

Due to the stretching of the wake and shear layer vorticity sheets, axial vorticity is formed at the intersection between the
shear vorticity layer and the edges of the wake. However, from Figure 8 it is evident that axial vorticity is generated in opposing
directions: the upper wake vortex rings are responsible for producing axial vorticity in the flow direction whereas the opposite
is true for the lower wake vortex rings and the shear layer vorticity sheets. Nevertheless, if there is a net production of axial
vorticity in one direction this will induce a velocity component perpendicular to the flow direction. This in turn would cause
the shear layer and wake vorticity sheets to be deflected in the direction perpendicular to the flow direction and thus resulting
in different velocities on the rotor than would have been the case if the axial vorticity production had been neglected. In the
following we will therefore use our model to calculate the total axial vorticity produced by the interaction of the wake and the

shear.
3.4.1 Axial vorticity from wake-shear interaction

The axial vorticity at a given streamwise position z can be determined by integrating the vorticity entering and exiting an

infinitesimal cylinder enclosing the junction between the wake border and the shear sheet layer from O to z.

12
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The contribution from the wake stretching is then:
. wake = / (Yo—2 —Yo—1+72-1)dz (30)

0
where vg_1, Yo—2 and y2_1 are the strength of the vorticity sheets released from the rotor and are determined from equa-
tions (21)-(23).

The corresponding contribution from the deformation of the shear layer vorticity sheet is

z z

Fz,shear(z) :/(’Ys,w*’}/s)d'z:\/A'stZ (31)

0 0
where A~ is defined in equation (24).
From equations (26) and (27) we know that

Yo—1+ Avs =Y0—1 — Y02 (32)

From Equation (32) it is clear that Equations (30) and (31) exactly balances each other out and therefore there is no net
production of axial vorticity which means that the present model predicts that there is no vertical movement of the wake and
hence also no change in the power coefficient for a non-uniformly loaded rotor in sheared inflow. Note that the result of no net

production of axial vorticity is general, which means that it also holds in the case without shear.

4 Discussion

In the following we will relate the results of our model to the findings of the aforementioned literature.

The conclusion that the power coefficient (defined in terms of the actual available power) of an idealized rotor is unaltered by
the presence of a 1D shear is in agreement with the CFD simulation by Zahle and Sgrensen (Zahle and Sgrensen, 2010) as well
as the work by Chammoro and Arndt (Chamorro and A Arndt, 2013). However, in contrast to the latter study we do not assume
self-similarity between the velocity profiles far upstream and downstream in order to arrive at this result. Furthermore, our
conclusion is based on a generic study, whereas the simulations by Zahle and Sgrensen Zahle and Sgrensen (2010) was carried
out on a specific rotor and hence it is unknown to which extent their findings depends on the rotor and operational conditions
used.

Since our model does not predict any formation of axial vorticity, it also does not predict a vertical deflection of the wake,
which is in agreement with the studies by Branlard et al. (2015) and Ramos-Garcia et al. (2018). In the CFD simulation by
Zahle and Sgrensen (Zahle and Sgrensen, 2010), this effect is implicitly included and the downward velocity component that
they observe upstream of the rotor is an indication that axial vorticity is in fact generated in the wake. This suggest that an
ideal rotor might actually get a higher power coefficient in sheared inflow. The production of axial vorticity could be included
in our model by assuming the transport velocity of the wake vorticity to change gradually from its value at the disc to that in

the far wake. The absence of vertical motion of the wake as predicted by our method is in agreement with what would be found
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from a momentum analysis of the same situation: There are no vertical forces acting from the rotor on the flow? and therefore

a control volume analysis of momentum conservation would show no vertical displacement of the wake.

5 Conclusions

We presented a simple analytical model based on inviscid vortex theory and applied it to model a rotor in uniform and non-
uniform inflow.

Even though the model is based on a number of crude assumptions such as neglecting wake expansion and using a wake
convection that is constant along each emission location, we showed that the model gives results that are identical to classical
1D momentum theory when applied to a uniformly loaded rotor operating in uniform inflow.

The application of the model to a non-uniformly loaded rotor operating in uniform inflow showed that any stream element
through the rotor disc behaves locally as predicted by 1D momentum theory. As a consequence the model predicts that each
stream element through the disc is both radially and tangentially independent from each other.

For a non-uniformly loaded rotor operating in non-uniform inflow our model predicts that the results from 1D momentum
theory can be applied locally. Therefore, when the power coefficient is defined using the local free-stream velocity, we found
that the power coefficient of an ideal rotor is unaltered by the presence of shear.

These findings indicate that the effects of shear and uneven loading in BEM-based codes should be treated in a local sense, and
that concepts such as average disc/annulus loading and induction should be avoided.

Finally, by studying the inherent deformation of the wake vorticity sheet and the wind shear vorticity sheet, we concluded
that there is no net generation of axial vorticity. The effects of the deformation of the rotor wake vorticity due to the shear
and effects of the deformation of the shear vorticity due to the rotor exactly cancel each other out. This mean that there is no
resulting cross-shear induced velocities and therefore also no cross-shear deflection of the wake.

The result that the production of axial vorticity due to the deformation of the wake and shear vorticity cancel each other out
indicate that this effect has to be included in free wake vortex models. Omission of the effect of the deformation of the vorticity

that create the shear will result in a non-physical upward motion of the wind turbine wake in free vortex models.

Author contributions. MG derived the model. NT wrote most of the manuscript and supported the analysis. EM contributed to the idea and

derived the proofs in appendix. All three reviewed and edited the manuscript
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2Equation 2 show that for a finite thrust force, the tangential forces from the rotor on the flow tends to zero as the rotational speed tends to infinity.
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Appendix A: Detailed derivation of Equation (8)

In order to derive Equation (8) we assume a constant convection velocity of the vorticity surface in the longitudinal direction,
noted 2. During a time interval &t, the angle covered by a blade is df = Qdt, and the downstream distance traveled by the

vorticity is dz = zdt. This leads to the following "helical" relationship between the coordinates:

o Q dz 2

dz 2 g Q (Ab
We note that the quantity h = 272/ is referred to as the "helical pitch" of the wake. From Figure 3, the trailed vorticity flux
through a surface dS = dzdr is (z)dz, which is equal to the elementary circulation passing though it, d[';(6):

dr'y(0) = (2)dz (A2)

Integrating across a full rotor revolution, using Equation A1, and assuming that v does not vary with z ( a consequence of the

assumption of constant convection velocity):

2 27 27 2
Al = /dI‘b(H) = /'y(z)dz = v/dz = 7/%d9 = 27r*y% (A3)
0 0 0 0
or
ATQ
v=5 (A4)
T

The same expression can be derived for the shed vorticity by following similar steps as used here for the trailed vorticity.

Appendix B: Induction of an infinitely long cylinder of tangential vorticity

Consider an infinitely long cylinder surface of tangential vorticity ~, which is aligned with the z-axis and has an arbitrary
cross-section, see Figure B1. In the following we will show that this vortex cylinder induces a velocity in the z-direction of
W, = on the inside and zero on the outside of the cylinder.

The proof is carried out in steps by proving the following 5 statements:
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Figure B1. Sketch of infinitely long cylinder of tangential vortex density y with an arbitrary cross-section.

1. The vortex cylinder only induces velocity in the z-direction, i.e. W = W, (r,0, z)

2. The velocity is constant along z, i.e. W, = W, (r,0)

3. The velocity inside and outside of the cylinder is constant and equal to W, = W, ;,, and W, = W, ., respectively.
4. The outside velocity is W, 4,1 =0

5. The velocity inside of the cylinder is W, ;, = —v

To prove the first statement consider Figure B2 which shows a lateral cut of the cylinder. By virtue of the Biot-Savarts law the

Cylinder surface
Az Az

D
)

LNEEEE NUEE NI NI NI N NI NEEE N
7 7 7 > 7
Cylinder surface

Figure B2. A 2D cut of the vortex cylinder with definition of vectors p1 and p2

velocity induced in a point P by a segment of the cylinder surface is:

vdz dsg X p;

dW,;, = —
' dr - |pif?

(BI)

where i = {1,2}, p; is the vector from the segment to P and sy is an infinitesimal vector in the azimuth direction.
Now consider two segments on the cylinder surface, which as shown in Figure B2 are located at the same azimuth position,

0 but are located Az and —Az, respectively from P. Due to symmetry the radial velocities induced by these two segments
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cancel out. Since there for all segments on the cylinder surface is a corresponding segment which exactly cancels out the
radially induced velocity in point P it follows that the total induction of the cylinder is in the z-direction, only. This can also be
obtained by noting that each z-plan is a plan of symmetry for the vorticity distribution so that the velocity has to be orthogonal
to these plans.

The second statement follows from the invariance of the problem in the z-direction which implies that there are no dependence
with respect to the variable z and the derivatives in the z-direction are zero. This could have also been used to directly prove
the first statement in the plane z = 0.

The third statement is proven by introducing a rectangular control surface as shown in Figure B3. The length of the rectangle
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g
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Figure B3. A 2D cut of the vortex cylinder with definition of rectangular control surface

is denoted Az and its radial extent is from r; to ro. Since the induction is only in the z-direction the circulation around the

rectangle is:
I'= (WZ(T279) 7WZ(T170))AZ (BZ)

If the rectangle is not crossing the cylinder surface then the circulation around the rectangle is zero. Thus it follows that
W,(re,0) = W,(r1,0) = W, out(0) for ro > r1 > 1, whereas W, (r2,0) = W, (r1,0) =W, ;,,(0) if rg > 1o > 11,

The fourth statement follows by letting 7> go towards infinity where the induction from the cylinder surface is 0, i.e. W oyt = 0.
The fifth statement is proven by determining the circulation around the rectangular control surface when it is crossing the vortex

cylinder and utilizing that W, ,,; = 0, i.e
I'= Wz,inAZ g Wz,in =" (B3)

The induced velocity is thus independent of 6.
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