
Dear Editor(s),

Please find enclosed the revised version of our previous submission entitled “Direct
integration of non-axisymmetric Gaussian wind-turbine wake including yaw and wind-
veer effects” with manuscript number WES-2024-107. We would like to thank you and
the reviewers for the valuable comments which have helped to improve the quality of our
manuscript. A summary of main modifications and a detailed point-by-point response
to the reviewer’s comments are given below. Each of the comments are typeset in blue
boxes, and details of the changes that we have made to the manuscript are typeset in
grey boxes.

Sincerely,

Karim Ali, Tim Stallard and Pablo Ouro
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Authors’ Response to the Editor
Following the interesting comments raised by the reviewers, we have amended the content
and restructured the manuscript.

The main change in the manuscript is the introduction of a second analytical approach to
obtain the rotor-averaged deficit by modelling a turbine’s rotor using an equivalent rect-
angular disk. As now detailed in the manuscript, this approach offers several advantages
over the integration over a circular disk presented in the original manuscript. In particular,
this avoids dependence on complicated mathematical expressions which necessitated
simplifying assumptions. The rectangular disk approach thus offers a wider range of
applicability, maintains high accuracy over this range, and requires lower computational
cost than the circular disk approach and when compared to approximations with numeri-
cal approaches. We updated the repository that contained a Python implementation of
the circular-disk solution to also include the newly proposed rectangular-disk solution.
Further changes to the original manuscript include:

• Inspired by a comment from reviewer 1 and exploiting the Gaussian nature of the
assumed wake shape, we extended the rotor averaging process from linear averaging
(i.e., surface integration of W ; where W is the wind-speed deficit) to rotor averaging
of a generic order n > 0 (i.e., surface integration of W n), which is outlines in section
3.4 (updated manuscript).

• We added analysis (in sections 3.6 and 3.7; updated manuscript) addressing the
computational cost of the proposed analytical expressions and their uncertainty
compared to numerical averaging. Results indicated that the newly proposed
rectangular representation of a turbine’s rotor is faster than numerical approaches
with as few as 16 averaging points whilst as accurate as using 100 averaging points.

• The validation section has been retitled verification to reflect the intent and scope,
and in this section have limited the analysis to one value of thrust coefficient (0.8)
and one value of turbulence intensity (5%). In the original manuscript, we had
verifications of the proposed circular-disk solution at various thrust coefficients
and turbulence intensities. However, these different cases only contribute to the
ratio R/σ, where R is the turbine’s radius and σ is the wake’s standard deviation
as detailed in the manuscript. Reduction of these sections has also allowed space
to include verifications of different veer strengths and averaging orders as well as
analysis of compute costs and uncertainty.

Importantly, we wanted to emphasise on the purpose of this study, which is not to
replace numerical approaches. Such approaches are inevitable for arbitrary wind profiles.
However, the Gaussian wake representation is common for typical inter-turbine spacing,
and having an analytical expression for the rotor-averaged deficit can spot light on the
role of key features regarding engineering wake models.

We thank you again for taking the time to consider our study for publication in Wind
Energy Science. Our responses to the reviewers’ comments are listed below.
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Authors’ Response to Reviewer 1

General Comments. The use of engineering wake models, and hence their
development, is still of key interest to the wind industry. Over recent years, the
individual building blocks of such models have been rightfully challenged and
revised. This paper presents a rigorous exploration of one key aspect of such
models that has received comparatively little attention, and in so doing derives a
analytic solution to the Rotor Averaged Wind Speed problem that may significantly
improve the computational speed of such models. The mathematical derivation is
clear, well linked to the physics of the problem, and relies on deep mathematical
insights.

Response:
Thank you for your feedback. We appreciate the effort put into compiling these comments.
We have carefully addressed all the issues item by item as follows.

Comment 1

The wake model of Bastankhah and Porté-Agel [1] is used extensively to demon-
strate the solution, however the solution would be applicable to a wide range of
other wake models in which the Gaussian profile is used. The wider applicability
of this result should be more clearly stated in section 2.1.

Response: Thank you for the comment.
We added the following to the preamble of section 2.

The presented analysis is applicable to any engineering wake model that utilises
the Gaussian wake profile to describe the wake shape normal to the streamwise
direction.

Comment 2

Rather than “Rotor Average Windspeed”, many wake models use Root Mean
Squared (RMS) speed or “Root Mean Cubed” (RMS) in calculation of thrust or
power respectively. Assuming this method cannot be readily extended to RMS
and RMC, a note to this restriction should be made in the text.
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Response:
Thank you for bringing this to our attention. Actually, the presented solution can be
easily extended to any averaging order n > 0 by exploiting the Gaussian form of the
wake. Since W ∝ e−r2/(2σ2), we have W n ∝ e−nr2/(2σ2). As such, the rotor averaged
deficit across a disk of area A for an averaging order n calculated as

W (n) =
( 1

A

∫∫
W n dA

)1/n

, (1)

can be obtained using the substitution σ2 → σ2/n. We have updated the derivation of
the rotor-averaged deficit for a circular disk to be generic for any n > 0, and introduced
the rectangular-disk solution similarly (i.e., for any n > 0).

As outlined in the original manuscript, to obtain an expression for rotor-averaged deficit
in the case of a circular-disk representation of the turbine, simplifying assumptions
were made regarding the level of skewness of the wake contours being small. The
skewness parameter (κ; now denoted κ(n)) was used as a monitor for the level of wake
skewness. Using higher-order averaging (e.g., n = 2 or n = 3) will push the circular-disk
solution to the limits of its validity range by raising the skewness of the wake contours
(κ(n) ∝ n). Conversely, the newly proposed rectangular-disk solution is not limited
by these simplifying assumptions as evident from the verification in Fig. 5 (updated
manuscript).
The role of the averaging order is discussed in more detail in section 3.4 of the updated
manuscript and emphasised in the discussion section (e.g., lines 452–461; updated
manuscript).

Comment 3

Many wake models only use the “nacelle wind speed” (i.e. no rotor averaging) in
order to reduce computational cost. I would recommend:

1. In the abstract “These interactions are typically quantified for each turbine
by evaluating its rotor-averaged wind speed” be amended,

2. The nacelle point wind speed be included on the axes in figure 2 to highlight
the benefit or rotor average wind speed over single point wind speed.

Response:
Thank you for highlighting this. The relevant sentence in the abstract was amended to
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These interactions are typically quantified for each turbine either by measuring its
nacelle wind speed or by evaluating its rotor-averaged wind speed using numerical
methods that involve a set of discrete points across the rotor disk.

Additionally, we included the nacelle wind speed deficit in Fig. G1 of the updated
manuscript to highlight the difference between this value and a rotor-averaged deficit.

Comment 4

The following 2 comments relate to all “rotor average wind speed” methods, but
should also be considered in the text:

1. The impact of rotor induction perturbing the inflow profile (i.e. the rotor
average speed the rotor experiences could be different from that calculated
here)

2. The impact of the blade geometry (i.e. in a real turbine, the wind-speed at
the nacelle is much less important than the wind speed at 2/3 of the blade
length).

Response: Thank you for the comment.
We added the following to the introduction section:

Although rotor-induction effects can alter the onset wind profile of the considered
turbine, we do not consider these effects similar to various engineering wake models.
Additionally, we assume that the considered turbine is modelled as a uniform
actuator disk, corresponding to uniform averaging weights across the turbine’s
rotor, and that the effects of blade geometry are neglected.

Comment 5

Line 23: Jensen 1983 also proposed a “Cosine-bell” profile.

Response: Thank you for the comment.
The sentence containing this part as amended to

5



including top-hat profiles (Jensen, 1983), Gaussian profiles (Bastankhah and Porté-
Agel, 2014), double-Gaussian profiles (Keane et al., 2016), super-Gaussian profiles
(Blondel and Cathelain, 2020), Cosine-bell profiles (Jensen, 1983; Zhang et al.,
2020) ...

Comment 6

Figure 1: this figure is not that clear given the number of measurements that must
be shown. Perhaps a set of orthographic views would be clearer?

Response: Thank you for the comment.
The figure has been updated with simpler 2D versions.

Comment 7

Line 121: “solution” (end of line) should be “approximation” or “approximate
solution”.

Response: Thank you for the comment.
This sentence has been amended to

By employing Eq. 10, an approximate solution of the integral Mη in Eq. 8 is
(Appendix C)

Comment 8

Line 136: This is the first introduction of Kappa in the text and its importance
and meaning are lost. Please define kappa after Eqn. 8 or 9 (as a numbered display
equation), and include a short description of it’s physical meaning (i.e. “equation
8 is valid for low values of kappa. Kappa is high if. . . ”).

Response: Thank you for the comment.
We added a separate equation for κ (Eq. 14; updated manuscript) and an explanation
of the physical meaning of this parameter was also included (lines 185–188; updated
manuscript).
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Comment 9

Line 247 to end of page: “the number of turbines with non-negligible deficits”. . .
In large windfarms, the sum of a large number of upstream “negligible” wakes
becomes extremely significant. It is not safe to “neglect” the large number of
up-stream turbines just because each one has a small impact, as this results in
significant deltas in total windfarm power.

Response: Thank you for the comment.
The purpose of this sentence was not to neglect smaller deficits compared to bigger
ones. We were showing that the "deficit-weighted" averaged wake standard deviation σ is
mainly driven by 2–3 turbines with large deficits acting on the considered turbine making
the exponents e−1/(4σ2) (for analytical approach) and e−2/(9σ2) (for numerical approach)
close. This was in the context of analysing the impact of the order of applying wake
superposition and rotor averaging, and is not related to calculating the overall deficit of
a turbine for which all upstream wakes are considered.

To clarify this we amended this sentence to be

... where σ is a deficit-weighted averaged wake standard deviation for all the
upstream turbines ...

[1] M. Bastankhah and F. Porté-Agel, “A new analytical model for wind-turbine wakes,”
Renewable Energy, vol. 70, pp. 116–123, 2014, Special issue on aerodynamics of
offshore wind energy systems and wakes. doi: https://doi.org/10.1016/j.
renene.2014.01.002.
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Authors’ Response to Reviewer 2

General Comments. The authors derive an analytical expression for the rotor-
averaged wake velocity deficit downstream of a wind turbine, building on their
previous work to now include non-axisymmetric wakes due to yaw misalignment or
wind veer. The wake model predictions from this method are compared to those of
the standard approach, which numerically integrates the velocity deficit at a set of
discrete points across the rotor, and show excellent agreement.
The presented work is interesting and demonstrates mathematical rigor, but my
main concern is demonstrating whether this model improves on the numerical
averaging technique. I think the scope of this journal paper needs to be expanded
to provide evidence that the work is advantageous over current methods and a
convincing contribution to the literature.

Response:
Thank you for your feedback. We appreciate the effort put into compiling these comments.
As for the concern regarding improving over numerical techniques, we want to highlight
two points. First, the purpose is not to replace numerical averaging, which is inevitable for
an arbitrary wind field, but to present an alternative analytical approach for the specific
case of Gaussian wakes that follow Eq. 1. Analytical approaches have an advantage over
numerical ones in the sense that the role of key parameters can be elucidated.
We have now included further comparison to current methods (numerical integration) to
identify differences of compute cost and uncertainty. The newly proposed rectangular-disk
analytical solution is approximately 10% faster than 16-point numerical averaging, a
speed-up that can benefit optimisation studies (section 3.6 in updated manuscript).
Furthermore, the rectangular-disk solution has higher accuracy (less uncertainty) than
the well established 16-point quadrature in the case of high wind veer (see section 3.7 in
updated manuscript).

We have carefully addressed all the raised issues item by item as follows.
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Comment 1

There seem to be two ideas that motivate the derivation of this analytical model.
First, according to the introduction (line 36), “uncertainties can arise from the
number, distribution, and averaging weights of the control points” used in the
numerical integration process. Second, according to the discussion section (line
282), there is a use case for a differentiable wake velocity deficit model to obtain
gradients for rotor-averaged wind speed with respect to turbine positions and
operating parameters, which can be applied to optimization problems such as yaw
control or plant layout.
Regarding the first point, I do not think this paper adequately explains how the
proposed method addresses these uncertainties. Section 3 is titled “Validation,” but
this is really a comparison between two low-fidelity models, which I would argue is
more of a verification or benchmarking process than a validation process. Without
a comparison to, say, large eddy simulation results or wind tunnel experiments,
how can we conclude that this model is an accurate prediction of the rotor-averaged
velocity? The paper does establish good agreement between the proposed analytical
method and the standard numerical approach, but it cannot make the case that it
improves on the predictions of the numerical integration method.

Response: Thank you for the comment.
We changed the name of this section from Validation to Verification. We agree this
section’s purpose is just to verify the accuracy of analytical averaging compared to
numerical averaging. Comparing the analytical solutions to higher fidelity data (e.g.,
LES) would be a validation of the Gaussian-wake assumption (Eq. 1), which is not within
the scope of this study.

Following up on our discussion above, the proposed analytical solution is not intended to
replace numerical averaging techniques, but to provide an alternative approach in the
case of a Gaussian wake, since this wake form is widely used. Nevertheless, compute
costs and accuracy are now assessed relative to numerical integration. The proposed
rectangular-disk solution is approximately 10% faster than 16-point averaging (section
3.6 in updated manuscript), with less uncertainty for the case of high wind veer (section
3.7 in updated manuscript).

We included a similar discussion to the introduction section to make this clearer (lines
58–62; updated manuscript).
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Comment 2

I think the authors could argue that this proposed analytical method agrees very
well with current practices, and it is a more practical/easy to use model in design
applications. One reason could be reduced computational cost, as Referee #1
states, but unfortunately the authors do not discuss how this compares between
their method and the numerical approach. I suspect from the complexity of the
final expressions that this cost is not trivial.

Response: Thank you for the comment.
We included a dedicated section (3.6; updated manuscript) for computational cost, where
16-point averaging resolution was chosen as a reference case. The circular-disk solution
was approximately 15% slower than the 16-point averaging, whereas the rectangular-disk
solution was approximately 10% faster. In general, both analytical solutions have a
computational cost that is comparable to vectorised calculation of the rotor average.

Comment 3

Regarding the second point, the authors do argue that because the model is
an analytical expression of the rotor-averaged velocity, it is differentiable and
can be applied to these optimization problems more easily than the numerical
method. However, this paper does not derive those expressions, and I wonder
how manageable the analytical formulation of that gradient would be when you
consider the derivative of the proposed model, plus the wake deflection model used
to obtain the wake centerline deflection, and then the expression for turbine power
production. Other numerical approaches exist (i.e., algorithmic differentiation)
that can calculate these derivatives for the numerical approach, so the presence of
the analytical derivatives of the wake model does not automatically translate to
superior optimization performance.

Response: Thank you for the comment.
In terms of obtaining analytical gradients, there are two approaches for this. One can
differentiate the proposed solutions (Eqs. 18 and 29; updated manuscript) directly. Alter-
natively, one can differentiate the original surface integral (Eq. 6; updated manuscript)
to obtain a set of typically similar/simpler integrals, to which the presented derivations
will be a guide.
Given the range of novel topics already covered, we think it is sufficient for the cur-
rent study to introduce two analytical solutions, verify them under various conditions,
quantify their compute cost and uncertainty, and discuss their compatibility with wake
superposition models. We certainly consider these analytical gradients for a future work.
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Comment 4

So, I think the authors need to clearly establish the contribution of this analytical
formulation. If the objective is to reduce the error of the rotor-averaging process
by evaluating an analytical integral instead of a numerical integral, then I think
we need to see the velocity predictions compared against proper validation data.
Or, if the objective is to improve performance in an optimization application, then
I’d like to see the proposed method applied to a case study where the benefit of
the differentiable expression is clear, or at least a comparison of computation time
between the methods.

Response: Thank you for the comment.
This is covered in response to comments 1–3. In summary, the analytical solutions are
based on the assumption of a Gaussian wake. A comparison against higher-fidelity data
would be a validation to the Gaussian-wake assumption rather than a verification of
the analytical averaging. Computational-cost analysis and uncertainty quantification
compared to high-resolution numerical averaging were included in the updated manuscript.
The point on analytical gradients is addressed in response to an earlier comment.

Comment 5

Line 93: The important of accounting for wind veer is discussed in this
paper, but what about shear? Both have a significant impact on power
production (https://onlinelibrary.wiley.com/doi/full/10.1002/we.2917) and con-
tribute to more complex wakes (https://iopscience.iop.org/article/10.1088/1742-
6596/753/5/052004).

Response: Thank you for the comment.
Indeed wind shear can have an impact on the wake shape. However, the starting point
in this study is the Gaussian wake shape (Eq. 1), which is common in many engineering
wake models. Having an analytical solution for an arbitrary wind-speed field (in terms of
shear and veer, etc) is beyond this study, if at all doable, and numerical techniques are
inevitable in this case.

Comment 6

Line 205: Can all three of these superposition methods be defined for the reader?

Response: Thank you for the comment.
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The three superposition models are mathematically defined in Eq. 14 (original manuscript)
and in Eq. 34 (updated manuscript). Further details on each method are available in
the references identified on lines 375–376.

Comment 7

Figures 2 and 3: A legend here indicating that the lines are the analytical model
and the markers are the numerical model would help with readability.

Response: Thank you for the comment.
All figures in the updated manuscript have this detail.

Comment 8

Also Figure 3: I don’t think the “no yaw” curves here are necessary since no
comparisons between the models are done with this data and it adds clutter to the
image.

Response:
We have updated the figure by removing the no-yaw case and grouping the three wake
superposition models in one sub-figure.

Comment 9

Section 3.2: Can power production be defined here? It is not explicitly stated to
the reader how power depends on wind speed (or yaw angle).

Response:
Thanks for noticing that power is not defined. In the updated manuscript, power is
defined in Eq. 35.
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Comment 10

Line 272: It is discussed here that the simplification in the derivation that the
considered turbine is normal to the free-stream flow is negligible. I am wondering
how the calculations for the numerical method are performed in this case—is
the rotor plane taken at the yaw-misaligned angle, or is it making the same
simplification as the derived analytical expression?

Response:
Our numerical solution is consistent with the code FLORIS, where we assume that all
points on the rotor of the considered turbine have the same x coordinate (assuming that
x is the streamwise direction). This makes the parameters C, σ, ξ, and ω the same for
all of the points. So, the numerical solution has the same simplification as the analytical
solution (lines 143–147; updated manuscript).

Comment 11

Line 284: Not to be nitpicky, but I think this is an oversimplification of these
control/design optimization problems. The analytical formulation of the gradient of
the rotor-averaged wind speed with respect to some design variables of the upstream
turbine could be used in a gradient-based approach to solve the optimization
problem. However, I don’t think it’s fair to say that it would reduce the problem to
a simple root-finding problem, or that it would be able to find the global optimum.

Response: Thank you for the comment.
We agree this sentence was a source of confusion and over-simplification. As such, it was
removed from the updated manuscript.
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