10

15

20

25

Direct integration of non-axisymmetric Gaussian wind-turbine wake
including yaw and wind-veer effects

Karim Ali!, Pablo Ouro!, and Tim Stallard'
'School of Engineering, University of Manchester, Manchester, M13 9PL, UK

Correspondence: Pablo Ouro (pablo.ouro@manchester.ac.uk)

Abstract. The performance of a wind farm is significantly influenced by turbine-wake interactions. These interactions are

typically quantified for each turbine by-either by measuring its nacelle wind speed or by evaluating its rotor-averaged wind
speed -which-is-impacted-by-upstream-wakes;-using numerical methods that involve a set of discrete pomts across the rotor

disk. Although various point distributions exist in the literature, we introduce

wake-over-a-cirenlar-disk;-which-aceounts-two analytical expressions for integrating non-axisymmetric Gaussian wakes, which
account for wake stretching and shearing resulting from upstream turbine yaw and wind veer. FThis-expression-is-The analytical

solutions correspond to modelling the target turbine as a circular actuator disk and as an equivalent rectangular actuator disk.
The derived expressions are versatile, accommodating any lateral-offset and hub-height difference between the wake source

(upstream tarbinesturbine) and the target turbine. ValidationVerification against numerical evaluations of the rotor-averaged

deficit using 2000 averaging points at various downstream locations from the wake source demonstrates excellent agreement -

for both analytical solutions at small/moderate veer effects, whereas only the rectangular-disk solution was accurate at extreme
veer conditions. In terms of computational cost compared to vectorised numerical averaging using 16 averaging points, both
analytical solutions are computationally efficient with the circular-disk solution being approximately 15% slower and the

rectangular-disk solution being approximately 10% faster. Furthermore, the analytical expression-is-expressions are shown to be
compatible with multlple wake superposition models 4he19¥esenfed~se}uﬂeﬁﬂ#and are differentiable, prov1dmg a foundation

for deriving ma

analytical gradients which can be advantageous for optimisation-based applications.

1 Introduction

The widespread deployment of wind farms necessitates the use of accurate and efficient computational tools for preliminary
design and optimisation (Veers et al., 2023). While Computational Fluid Dynamics (CFD) methods such as Large-Eddy Sim-
ulation (LES) and Reynolds-Averaged Navier-Stokes (RANS) offer detailed insights into turbine loading and wake dynamics,
they are often too computationally intensive for preliminary wind-farm design and layout optimisation (Maas and Raasch,
2022). Mesoscale models require less computational power and have been employed to examine the large-scale interactions

between wind turbine wakes and the turbulent atmospheric boundary layer, though they lack the detailed wake resolution
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provided by RANS and LES models (Fitch et al., 2012; Ali et al., 2023). Conversely, engineering wake models are com-
paratively faster and are extensively used in various wind-energy applications, including wind-farm layout optimisation and
control (Hou et al., 2016; Bay et al., 2018; Shapiro et al., 2022). Engineering wake models, which assume that a turbine’s
wake is self similar, represent the wake using a streamwise scaling deficit function and a shape function to describe the
deficit distribution perpendicular to the streamwise direction. Various shape functions have been proposed, including top-hat
profiles (Jensen, 1983), Gaussian profiles (Bastankhah and Porté-Agel, 2014), double-Gaussian profiles (Keane et al., 2016),
super-Gaussian profiles (Blondel-and Cathelain; 2026)- (Blondel and Cathelain, 2020; Ouro and Lazennec, 2021), Cosine-bell
profiles (Jensen, 1983; Zhang et al., 2020), and profiles based on the diffusion of a passive scalar (Cheng and Porté-Agel, 2018;
Ali et al., 2024d). Among these, the Gaussian wake profile is widely adopted particularly for distances comparable to a typical
turbine-inter-turbine spacing within a wind farm.

To assess the impact of an upstream turbine’s wake on the onset flow of a downstream rotor, such as required to estimate
energy-yield-reduetion-the reduction of available kinetic energy flux due to wake effects, numerical methods often average
upstream-defieits-the upstream deficit calculated at multiple control points across the rotor disk of the considered turbine.
The number and distribution of these averaging points vary in the literature. Allaerts and Meyers (2019) employed a 16-point
quadrature based on Holoborodko (2011) in their analysis of wind-farm blockage and induced gravity waves, whereas Stipa
et al. (2024) utilised a cross-like distribution of 16 averaging points to enhance radial resolution across the rotor. Stanley and
Ning (2019) used 100 equally-spread averaging points for the evaluation of the rotor-averaged deficit. Other studies proposed
uniform radial and azimuthal distribution of averaging points across the rotor within the context of farm layout optimisation
and control (Li et al., 2022; Ling et al., 2024).

Uncertainties can arise from the number, distribution, and averaging weights of the control points, especially when the shape
of the upstream wake deviates from the axisymmetric form due to, for instance, wind-veer effects. Rather than numerical
averaging, Ali et al. (2024a) developed an analytical expression for the circular-disk integration of an axisymmetric Gaussian
function depicting the wake of an upstream turbine. Their formulation is applicable to any lateral-offset between the upstream
turbine (wake source) and the considered turbine, but assumes that the upstream wake is axisymmetric and that both the
upstream and downstream turbines have the same hub-height. Typically, turbines can be yawed relative to their onset wind
yielding wakes that are not axisymmetric but rather of elliptic shape (Bastankhah and Porté-Agel, 2016). Additionally, wind-
veer effects can cause planar shearing of the wake shape through stretching the wake elliptic contours and rotating its-their
major axes (see Fig. 1 later in the article), resulting in further deviation from the axisymmetric wake shape (Abkar et al.,
2018). Furthermore, onshore wind farms often have turbines with different hub heights due to nen-flat-non-uniform terrain,
and offshore wind farms may have turbines of varying hub heights and diameters operating in close proximity.

In this study, we extend the analytical solution proposed by Ali et al. (2024a) by generalising the assumed upstream wake
shape to include non-symmetry due to the-yawing of the wake source, wind-veer effects, and different hub-heights between the
wake source and target turbine. Adtheugh-the-The primary focus is on wind-turbine wakes, the-proposed-expression-is-but the
proposed expressions are also applicable to tidal-stream turbines and can be extended to vertical-axis turbines (both wind and
tidal) due to the relevance of similar Gaussian wake profiles (e.g., Stallard et al., 2015; Ouro and Lazennec, 2021). Although
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rotor-induction effects can alter the onset wind profile of the considered turbine, we do not consider these effects similar to
various engineering wake models. Additionally, we assume that the considered turbine is modelled as a uniform actuator disk,
corresponding to uniform averaging weights across the turbine’s rotor, and that the effects of blade geometry are neglected.
The objective of the proposed analytical solutions is not to replace numerical approaches, which are the only available option
for arbitrary wind-speed fields, but to provide an alternative approach in the specific case of Gaussian wakes. Furthermore,
analytical solutions can be computationally cheaper than numerical approaches, and for some scenarios (such as high wind
veer) can be more accurate than numerical averaging at common resolutions from the literature.

The surface integration of a Gaussian field across a circular disk is often complicated because of the modified Bessel function
that arises from the azimuthal integration of a shifted Gaussian function. As will be discussed later, the analytical solution of the
rotor-averaged deficit over a circular disk will be derived based on some simplifying assumptions that limit the validity range of
rectangular disk often has a closed-form analytical solution without the need to limit the solution’s validity. By appropriate
sizing of the rectangular disk of integration, highly accurate approximate analytical solutions of the surface integration across a

circular disk can be obtained. DiDonato and Jarnagin (1961) used the circle-rectangle analogy to approximate the circular-disk

integration of an elliptic Gaussian field using look-up tables of the error function. Furthermore, Ali et al. (2024d) obtained

an approximate analytical solution of a complicated two-dimensional integration involving the modified Bessel function by
making use of the circle-rectangle analogy based on the analytical solution of Ali et al. (2024b). Cheung et al. (2024) used the
same analogy to obtain analytical solutions of a turbine’s induction effects under various conditions using a Green-function
approach. As such, we also derive an analytical solution of the rotor-averaged deficit for an equivalent rectangular disk, which

The rest of this paper is structured as follows. Section 2 presents the-generalised-analytical-expression-generalised analytical
expressions for the rotor-averaged deficit -—which-is—validated-in the case of a circular disk (section 2.2) and an equivalent
rectangular disk (section 2.1), which are verified against numerical solutions for a single upstream wake in-seetion(sections 3.1
and 3.2) and for multiple upstream wakes in-(section 3.5-The-). The effect of some relevant parameters on the rotor-averaged
deficit is discussed in sections 3.3 and 3.4. The computational cost of the proposed solutions compared to numerical approaches
are examined in section 3.6, and their accuracy against various numerical resolutions is quantified in section 3.7 The key

findings of this paper are discussed in more detail in section 4 with a focus on compatibility with different wake superposition
models and applicability to yawed turbines, with a summary in section 5. Appendices A-D contain mathematical details on
the derivation of the generalised rotor-averaged deficit, whereas

presented-in-seetion—3-are-detailed-various resolutions and distributions of averaging points are summarised in Appendix E.

Further mathematical manipulations regarding wake superposition is-are included in Appendix F following the discussion in

section 4. Some additional material are included in Appendix G.
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2 Analytieal-evaluation-of the-Generalised rotor-averaged wind-speed-deficit of an elliptic veered Gaussian wake

In this study, we seek to analytically evaluate the-a rotor-averaged deficit of a turbine operating within an upstream Gaussian
wake whose shape and eenter-centre are defined. For simplicity, the expression for the rotor-averaged deficit is derived for

a single upstream wake, but extension to multiple upstream wakes is straightforward (section 3.5). Some key definitions are

resented first in section 2.1, followed by deriving analytical solutions in the case of a circular disk (section 2.2) and an
equivalent rectangular disk (section 2.1). The presented analysis is applicable to any engineering wake model that utilises the
Gaussian wake profile to describe the wake shape normal to the streamwise direction.

2.1 Problem definition

The normalised wind-speed deficit (1) due to the wake of an upstream turbine impacted by a constant transverse wind (causing

wind veer) can be expressed as (Bastankhah and Porté-Agel, 2016; Abkar et al., 2018)

/ !
Wy, o) =1 — L UEYLD) oy o= (abwsa)? /(203 = (3 +ws'2/(203) =2/ (202) =2 (202) )
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where u is the streamwise wind speed, %7, is the rotor-averaged wind speed of the upstream turbine (wake source), C is a
streamwise scaling function, and x is the streamwise distance between the two turbines. The variables ﬁr&ﬂé#ijavnvdvgi are

the lateral and vertical coordinates respectively, in a plane normal to the streamwise direction with an origin at the wake eenter;
and-w="~Ae{x/Dq)centre, and

w=Aa, (;) )

is a wind-veer coefficient with Aea-Aq, being the difference in wind direction across the top and bottom tips of the upstream

turbine (wake source) whose diameter is Py—Fhe-variables-D,. The quantities o, and o, are the wake standard deviations
in the-yy ' and z’ directions, respectively. Figure 1 illustrates a schematic of an upstream turbine (of radius Rz R,)

whose wake eentercentre is deflected horizontally by a distance €d,,. The Cartesian eoordinates+raxes y'—=m2' are placed
at the eentercentre of the wake in the plane containing the considered turbine which is at a streamwise distance = from the
wake source. The eonsidered-turbine—centre of the considered turbine (of radius R) is located at (A, A,) with respect to the
wake eenter—centre with polar coordinates p and 6. The Cartesian axes y—z are placed at the eenter-centre of the considered
turbinewhich-is-of radius—2—Thefateral-. The offset p is measured from the eenter-centre of the wake, which is assumed to
be known from wake deflection models (e.g., Bastankhah and Porté-Agel, 2016; Qian and Ishihara, 2018; Snaiki and Makki,
2024).

For a yawed upstream turbine, the wake standard deviations o, and o, are not equal, resulting in elliptic wake contours
rather than circular contours in the specific case of axisymmetric wake. We define the eccentricity &£ > 0 of the wake elliptic

contours due to having non-equal o, and o, as £2= Haciey a

o 2
e (=) o
o
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Figure 1. (a) Schematic eontours-of the normalised-wind-speed-defieit- W/ -due-to-an-upstream-wake —The-center-of-the-wake-axes (erigin
ofy'—2z") and the axes yrof the considered turbine (y—=72) is-defleeted-horizontallyseparated by a-distanee-d-from-itssouree-center-the
distances (A, A ;) with polar coordinates p and J. The upstream turbine denoted-(wake source) is represented by the dashed red circle ywith
radius R,, and-whereas the considered turbine is offsetfrom-the-wake-eenterrepresented by a-radial-distanee-p-and-an-angle-dthe solid red
(red dot). An equivalent rectangle of the considered turbine and-aretoeated-at-(Ay:Azsection 2.1) is shown in dashed blue with respeetto

normalised wind-speed deficit W/C' (Eqg. 1) calculated at an eccentricity £ = 0.4 and a veer-coefficient w=—6-3w = —0.6, with-where the
definitions of £ (Eq. 3) and w (Eq. 2) are provided in the main text. The upstream-turbine-twake souree)-has-aradius+red circles, the blue

rectangle, and the eenstdered-turbine-has-a-radius—-R—Fhe-yeHow-dots-on-axes y'—z’ and y—z have the retordisk-of-the-considered-turbine
same definitions as in (dewnstream-turbinea)are-exemplary-of-the-averagingpoints-that-are-used-to-numerically-evaluate-therotor-averaged
wind-speed.
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Here, it is assumed that o, < o, which is the typical case for yawed horizontal-axis wind turbines. However, it is noted that
where relevant, scenarios with o, > o, can be obtained by a rotation of axes. In the following calculations, o, will be denoted

as o and hence 0, = 01/1 — £2. A typical range for the eccentricity £ can be identified using the empirical expressions for o,

and o, for a yawed upstream turbine at 7-a yaw misalignment 7y,

o, =0= k:x + UzoDQoa and oy=0y1— &2 = k;x + 02, D1, CO87Y5,6COS Yo, “4)
where £} and k; are the rates of wake expansion in the—=y-and-7-2’ and ¢ directions respectively, and o, ~ 1/ /8 is an initial
wake standard deviation (Bastankhah and Porté-Agel, 2016). For simplicity we assume that %=+ —=+"k’ ~ k, = k*, and
hence

2
k*x/o. +cosvy, k*x/o,, + cos .
52 ~1— / 20 n / Z0 Yo S 1— COSZF\)’H?’Y(% (5)

k*z/o., +1 k*x/o., +1

The typical range of a turbine yaw angle is less than 30° (Zong and Porté-Agel, 2021), and hence the eccentricity of the wake
elliptic contours £ < 0.5 for a typical inter-turbine spacing.

A Gaussian wake description, as given in Eq. 1, assumes a neutral atmospheric boundary layer for which the typical magni-
tude of wind veer is approximately of the order 0.03°/m (Walter et al., 2009; Gao et al., 2021). Hence, for a large wind turbine
(diameter ~ 220 m) operating in a neutral boundary layer, the difference in wind direction across its top and bottom tips is
less than approximately 7°. While stable stratification and/or complex terrain can intensify wind veer (Ghobrial et al., 2024)

, we limit our calculations for the case of a circular disk (section 2.2) to neutral boundary layers with moderate wind veer

(i.e., Ae—<7Aa, S 7°). The expression derived for the equivalent rectangular disk (section 2.1) will not be limited by the
moderate-veer assumption.

The angle ¢ corresponds to the difference in hub-height between the upstream turbine (wake source) and the considered
downstream turbine. In a typical wind farm, all turbines have the same hub-height, making § = 0 (or 7). However, our calcu-

lations consider § as a variable to accommodate cases with differing hub heights, such as adjacent wind farms or non-uniform

terrain. Rather than using linear averaging of the wind-speed deficit across the disk of integration, we generalise the averagin
rocess to an order n > 0 such that

1/n
— 1
W = Z//W”dA , (6)
A

where W (") is the n-th order rotor-averaged deficit , n is the averagin order, and A is the area of the disk depicting the turbine

circular in section 2.2 and rectangular in section 2.1). As such, if n = 2 then a root-mean-squared averaging of the deficit

across the rotor is obtained.
To summarise, the objective is to determine the rotor-averaged deficit of a turbine of radius R operating within an upstream

Gaussian wake defined by the standard deviation o, the wake eccentricity £, the veer coefficient w, and the streamwise scaling
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function C, by performing a-surface—integration—of-the surface integration in Eq. +-ever-therotor-disk-of the-considered

turbine-(shaded-eirele-inFie—;-whieh-6 following the definition of the normalised deficit W in Eq. 1. The considered turbine
is offset from wake-eenter—the wake centre by the radial distance p and the angle §. We assume that the rotor disk of the

considered turbine is normal to the free-stream direction implying that o, £, w, and C, are eenstants-across-theretordiskofthe

constdered-turbine—variables in the streamwise direction only. This simplifying assumption has no significant impact on the
rotor-averaged deficit for small yaw angles (i.e., v < 30°) as well established in the literature. Specifically, the relative error

2.2 Generalised-Analytical rotor-averaged deficit ef-across a Gaussian-wakecircular disk

from this simplifying assumption is on the order of k*2sin

2

~ 01073

which is negligible.

The presented-derivation in this section is a generalisation to the solution by Ali et al. (2024a) who solved a similar-problem
linear version of the problem (i.e., n = 1) but for an axisymmetric wake (i.e., ¢ =w = 0) and for two turbines of the same

hub-height (i.e., § = 0). From-For a circular disk of radius R and by using the definition of W (Eq. 15-), Eq. 6 becomes

27

mR2

R
o — o | L / / re W F0 ) =00 gear |
0 0

1/n

Wf;ﬂl& the rotor-averaged deficit 1-of the-considered-turbine-is-

R
W= —C, //W*(ymwzn,)?/(?df,)(;Zi/(%f) dodr,
0 0

)

where—;-of order n across a circular disk, and r and 6 are the polar coordinates of the axes—y—z axes placed at the eenter

centre of the considered turbine (Fig. 1). The coordinates 47y —=7—2’ (of the wake eentercentre) and y—z can be related us-

ing #7=

+ Ay and 2’ = z+ A, (Fig. 1). These relations, along with (y,z) = r(cosf,sin@)

and (Ay,A.) = p(cosd,sind), where (t1,t2) means ¢; or ta, can be used to re-write Eq. 7 in the r—f coordinates as (see

Appendix A for derivation)

T = Cemo™/(202) gmp® cos (206)/(207)

/

2T

™

et R?/(22) / 1 = R2 cos (20—0n) /(202) = nnpcos (0= /72 4

0

My

1/n

®)



where 7 = r/R. In Eq. 8, three new length scales are introduced: o, oy, and o along with two new angles: ¢y and ¢, which

are defined in terms of the wake standard deviation o, the eccentricity &, the veer coefficient w, and the angle ¢ as

202(1 — €2 202(1 — &2 2(1—¢2 X 2 1—¢£2)tand

03: M7 O'r%s: id ( : ) ) 052 = d ( s )(?OSQS , tangns = ~ ) tanq[)szw_l’_i( : ) o .
24 w? —£2 (w2 — €2)2 4 402 cosd +wsind £2 — 2 14+ wtand

)

175 The subscript “ns” refers to wake non-symmetry. In case of an axisymmetric wake (i.e., w = & = 0), we have o,;! =0 and
hence its corresponding exponential terms in Eq. 8 vanish. Also, when the wake is axisymmetric we have o, = 0, = o, and

¢s = d. The solution to the integral My in Eq. 8 is (see derivation in Appendix B)

nRpnnRp n’R? nn?R?

0
2 2 2 2
SO 205 25

y nRpnnRp n?R? nn®R?
—1—42(—1) cos (ve) Ia, = I, 292 292 |
1/21 S ns ns

My =21, (10)

o ol

where I, is the modified Bessel function of the first kind and integer order v, and ¢ = 2¢5 — ¢ys. By employing Eq. 10, the-an
180 approximate solution of the integral M, in Eq. 8 is (Appendix C)

_ A0t 402 R ot nrtjeotpey | Ap [ BonBe) (N Ronkip
o~ ~~ NS

~ 2™ (n)

My~ 2 (1 + 2pmn5> R? nR? 02 o2 + ?12 o2 o2 ’ (D

where

P = cos (ny 2, sin ng)e*”Xi cose 1, (12)

: _ 2 2 _ pa2/_2 e, () s
with xng = po% /(200507 )-andA=-"Re/os. In Eq. 11, proispug s
1
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In the case of an axisymmetric wake (0,;* = 0), we have Xm—:Pm—:(%m\A:AB&L:Aand Eq. 11 simplifies to AJT%Q#UM

Therefore, Eq. 11 indicates that the solution of the non-axisymmetric wake (Eq. 1) is a perturbation (second term in Eq. 11)

to a scaled axisymmetric solution (scaled by +-+2PFEquatien-1 - 2P, Additionall , Eq. 11 contains terms in the form

IARpte /oL, (nRp/c?) /p, which has a finite value when there is no lateral-offset between the wake source and the consid-
190 ered turbine (p = 0) as ﬁ%&%p%af—)%p%l%%—)lim I,(nRp/a?)/p=1/(2"v!). Nonetheless, when-at no offset (p = 0;

p— =
Pm—:&),vwlmeMMimilar to the axisymmetric solution. This results from the simplifying assumption made in Ap-

pendix C to solve for M,, where the terms F-{#*R2 /26211, (nn”R*/(202%)) were approximated by {#2R% /42 )"/
(n?R?/(402,))" /v! under the assumption that the argument of the modified Bessel function is small (following the limits on

the-wind veer discussed in section 2.1), and hence {U—(ﬁZ—H%ﬁQeﬁ—s)%w&fI nn?R?/(202,)) ~ 1 was employed. This means

195 that the stretching and shearing acting on the wake are assumed to have minimal effect on the wake shape close to the wake



eenter-centre and are more profound far from the wake eentercentre. We will show in section 3.1 ;-both-numerieally—and
analytieally;—that this assumption is acceptable for moderate values of wind veer by monitoring the average value (within the

range 0 < 7 < 1) of the argument of the modified Bessel function #—=-+R2/{662}-k), defined as_

1
nR2 nR2
() W/ﬁ dn . (14)

= 642
ns 60—[18

200 The parameter (™ is a measure of the skewness of the wind-speed deficit within the rotor of the considered turbine. When
the wake is axisymmetric (i.e., no skewness), we have (™) = (). As the shearing and stretching of the upstream wake contours

increase, the value of (™ increases, which can also be raised by the averaging order n. In sections 3.3 and 3.4, it will be shown

that a practical limit on (") is around 0.4-0.5, and higher values could result in larger deviation from the numerical solution,
The solution of the integral mrgfﬁl can be obtained by generalising the solution introduced by Ali et al. (2024a) based on

205 Rosenheinrich (2017)

02 02 () 20 gl
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and 7 = po, /o2. The coefficients f; and g; follow the recursions
o o _ _ A 205 — 20—
210 fk(zy)sz 1(7) + 795-1(7) fr=1(v) + vgr—1(v) Si(7) +2g5-1(7) fr(v) +2g-1(v) (17)

L vawv\lflwvvm7 gk(ﬁi) = 2%k ,VVV\NVZJ\CNW7

with fo =1, go = 0. The recursions in Eq. 17 converge rapidly within 6-10 iterations of simple algebraic calculations (scalar

addition and multiplication). From Eq. 8, the final form of the rotor-averaged deficit is

2 442 2

W~ 20 e 126%) [ 9,0 ) 20040 w2 jeot)—ar? oty ploy | Ap [ TenBe) AT Rpnktp

Wl m200e™” Zlo (1 * 273“‘“) R? nR? e P le of of i p? b of of
(18)

where 672 = 0,2 + 0,2 o8 (20 — ¢bns). Equation 18 was implemented in Python and is available from Ali et al. (2024c).
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2.1 Analytical rotor-averaged deficit across a rectangular disk

As discussed in section 2.2, the derived expression for the rotor-averaged deficit, assuming a circular-disk representation of the
considered turbine (Eq. 18)is-vali ‘ i ton-of is valid when the skewness parameter 1) is small
(Eq._14: approximately less than 0.4-0.5). However, when #(") is large because of strong veer and/or large averaging order
n. Bq. 18 might no longer be valid or becomes of poor accuracy. As such, we derive herein an alternative expression for the

rotor-averaged deficit for-the-ease-of-asingle-upstream-wake(seetion3-b;-assuming a rectangular-disk representation of the
2024d; Cheung et al., 2024). The dimensions of the

considered turbine following similar analogies in the literature (Ali et al.

2

rectangular disk are 2L, and fer2L . in y and z directions, respectively, with the same centre as the considered turbine (Fig. 1).

We start by re-writing Eq. 6 for a rectangular disk with the aid of the definition of W in Eq. 1 as

A,+L, Ay+Ly 1/n
7 (n) 1 1 —nz'?/(202) 1 —n(y' +wz')?/(202)
W =C 1 dz'e : dy'e”™VY v , (19)
NS AL,

where W&”) is the n-th order rotor-averaged deficit for a rectangular disk. The solution of the inner integral (over v') is

—n(y/+w2/)2/(203)d/: 71—(1_62) of Ay+Ly+wz/ —erf Ay—Ly-l-OJZ/ 20
€ 4 om  C\ T\, 21— &) /n o 21-¢2)/n) )’ e

Ay+Ly

AU_LZU

where 0, = 01/1 — €2 (Eq. 4) and erf is the error function defined as (Ng and Geller, 1969, 3.1; 1
h
f(h) 2 / =5’ g 1)
er = — ‘ .
N e s
0

As such, Eq. 19 becomes

1/n
r(n) g 7T(1 _62) _
w = ( 1,1 5 (Q1—Q2) , (22)

where and ()- are defined as

A.+L. N /
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V20 -8)/n
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235 and the =+ sign in Eq. 23 corresponds to and (), respectively. We can solve for the integrals and Q> by making use of
the generalised Owen’s T function 2(h,a,b) defined as (Przemo, 2019)

1 oo
Q(hab /e s*2erf (as—i—b) ds
2 J V2

2
arctan (a) —arctan (a + b/h) — arctan (h—i—ab—i—ah)) + 1erf <2(b> +T(h,a+b/h)

§

Il
|~
N

. , b 4 1—a?)
b h+ab+a2h>
+T , , 24
<\/1+a2 b @

where T(h,a) is Owen’s T function defined as (Owen, 1956

1 Fo—h?(1+s2)/2

0

240 From the definition of the function €2 (Eq. 24) along with 0. = ¢ (Eq. 4), we can express the integrals and as

Qriny =2 /2% Q(AZLZ w Ay L, ) Q<A2+LZ7 w Ay L, ﬂ 06)

a/Vn 1= 0\/(1-€3)/n o/vn '\ 1-€ o\/01—-E)/n
Combining Eqgs. 26 and 22 gives the final form of the disk-averaged deficit for a rectangular disk as

1/n
o mo?y/1-¢ Acts:L.  w  Ayts,L,
W’l‘ = C ﬁ Z (_SySZ)Q , 5 5 . (27)
Myl e o/vn 1= o0 /(1-E)/n

The expression in Eq. 27 is simply calculating the function €2 (Eq. 24) at the four vertices of the rectangular disk (A, + L,,, A, + L

245 by changing the signs s, and s, between —1 and 1. Because of symmetry, the underlined terms in Eq. 24 vanish when summed

over the four vertices of the rectangular disk with the signs —s, s.. As such, we can define a simplified version of € as

2 2
h+ab+a*h b h+ab+a h)’ 28)

and hence, by replacing Eq. 24 with Eq. 28, the rotor-averaged deficit of the rectangular disk is

1/n

W(n) \/1—§2 Z (_S s )Q AZ+SZLZ w Ay"‘SyLy (29)
" L,L- v o/vn 1= o /(1-¢ '
2n sy.5.€{—1,1} V1=€2 0\/(1-€)/n

250 It should be noted that the two arctan functions in Eq. 28 can be combined into a single arctan function whose argument is
1/a. However, determining the proper quadrant would require evaluating the original areuments (i.e., a + b/h and h/b + a + a2h/b),
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and hence Eq. 28 can be simply used in its current format. The functions T and €2 appear in the solution of the rectangular
disk solely due to having w > 0 (i.e., due to wind veer). In case of no wind veer (w = 0), the ease-of-multiple-upstream-wakes
{seetion-3-5)—The-numerical reference-against-whichrotor-averaged deficit for the rectangular disk simplifies to

2 2 1/n
7| _o|TV1-€ _ By tLy ) g Bely Betle) _(B—Ls
W o C l SnLy L. (erf (a ) n 52)/71) erf <U = e)n erf o2 erf o J2n

255 (30)

Furthermore, for the specific case of axisymmetric wake (w = £ = 0) the rotor-averaged deficit for the rectangular disk becomes
2 A+ L, A, - L A 4L A -\
wo| _=c o + Cerf | Bty R Y B
€20 8nLyL. o2/ o\/2/n o\/2/n o\/2/n
The remaining here is to find the size of the rectangular disk (L,, and L.). It is not straightforward to obtain a mathematicall
260 exact expression for the size of the rectangular disk (L, and L) that makes Eq. 29 matches the case of a circular disk exactly.

= () with no

€2y

However, we can compare the simplified linear solutions (n = 1) of both cases for an axisymmetric wake (w =

= () and no hub-height difference (6 = 0), just to have a rough estimate of L, and L .. We also simplify the rectangular

disk to a square and assume that L., = L, = L. By doing so, Egs. 7 and 31 simplify to

20’2 2 2 7T02 L

— (11— 73/(2")):— 2 ). 2
R ( ‘ 202" \ ;2 (32)

265 We can further simplify Eq. 32 by retaining only terms up to o2 in the power-series expansions of the exponential function
V3

it suggests that the ratio L /R is a

offset

and the error function, which leads to L/R ~ 2. Although this is a simplified analysis conducted under many restrictions

roximately 0.87. Through trial and error, we found that the ratio

L/R = 0.9, which is close to the simplified ratio v/3/2, gave best agreement against numerical solutions for a wide range of

wake parameter as will be shown in section 3. As such, we assume that our equivalent rectangular disk is a square such that

270 L,=L,=0.9R, (33)

where R is the turbine’s radius. A Python implementation of Eq. 1&-is-validated-is-29 is available from Ali et al. (2024c).

3 Verification, compute costs, and uncertaint

In this section, we verify the derived analytical solutions (Egs. 18 and 29) by comparing them to numerical evaluations of
the rotor-averaged deficit. First, we examine the case of a single upstream wake, considering both a circular disk (section 3.1)
275 and a rectangular disk (section 3.2). The analysis in section 2 shows that deficit contours are influenced by wind veer, and
also by the averaging order n. We investigate the impact of these parameters on the rotor-averaged deficit in sections 3.3 and
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305

310

3.4, respectively. Of less impact on the rotor-averaged deficit is the yaw misalignment of the wake source, which is presented
as additional material in Appendix G. Furthermore, we apply the derived analytical solutions (Eqs. 18 and 29) to scenarios
with multiple upstream wakes, using various wake superposition models. For numerical reference, the analytical solutions are
evaluated against a set of 2000 averaging points uniformly distributed across the rotor disk folewing-asunflower-distribution
tdetails in-Appendix E)as shown-in a sunflower pattern as illustrated in Fig. E1 ~(see Appendix E). The computational cost of
the derived analytical solutions compared to numerical averaging at various resolutions is presented in section 3.6. Finally, the
uncertainty in predicting the rotor-averaged deficit for the proposed analytical solutions and for various numerical resolutions
are quantified compared to 2000-point averaging in section 3.7.

3.1 Single upstream wake for a circular disk

We consider the non-axisymmetric Gaussian wake of a wind turbine (Eq. 1) and evaluate-the-compute the linear rotor-
averaged deficit ef-(n = 1) experienced by a downstream turbine due-to-this—wake-modelled as a circular disk at various

downstream loeations-distances relative to the wake source. The-tupstream-turbine;acting-as-the-wakesouree;-operates-For
this analysis, the upstream turbine (wake source) is configured to operate at a yaw angle—=5;=20"-with-combinations-ofJow

0 — 0y

= ymisalignment v, = 20° and a thrust
coefficient C = 0.8 in a free-stream turbulence intensities—As-diseussed-in-intensity 1; = 5%. The influence of varying the

aw misalignment of the wake source is small compared to veer effects as outlined in Appendix G. In line with the problem
formulation in section 2.1, the-differencein-wind direction-across-the-we assume a differential wind direction of 77 across

the upstream turbine’s top and bottom tipsef-the-upstream—turbine—is-assumed-to-be—7°—corresponding—to—a—, representing
moderate wind veer acting-on-affecting a large turbine (diameter ~ 220 m), and-henee-the-veercoefficientwr-0122%/ Dy

—Tesulting.
in a veer coefficient w ~ 0.122x/D,. Stronger wind veer is considered in section 3.3, At each downstream lecation—frem

the-wake-soureeposition, the wake eccentricity £ ean-be-obtained-fromEg—5-is calculated based on Egs. 3 and 4 under the

assumption of isotropic wake expansion rate normal to the free-stream direction (i.e., k) = kI = k™) using the empirical ex-

pression

doesnot-impaet-the-validationproeessk” = 0.003678 + 0.3837T; (Bastankhah and Porté-Agel, 2014). Alternative empirical
expressions for & are available; however, their use does not affect the verification process, as both analytical and numerical
approaches-tse-solutions depend on o regardless-of-how-itis-defined—irrespective of how its defined. In the circular disk case,
= 20°
veer (Aay = 17°) in this setup. Increasing the averaging order n here would extend the derived expression for a circular disk
(Eq. 18) beyond the moderate wake shearing and stretching assumptions under which Eq. 18 was developed. Higher averaging
orders can, however, be explored with lower wind veer or with a rectangular disk as discussed in more detail in section 3.4.
Figure 2 shows-thelateral-vartation-of-the-illustrates the normalised linear rotor-averaged wind speed deficit D -normatised

byfh&sffeafnwiseﬁe&}iﬁg—fuﬂeﬁﬁfrgw(l) C as a function of the offset variation (p/o) at different downstream locationsfer

we focus on the linear rotor-averaged deficit (n = 1), given the relatively high values of yaw misalignment ( and wind

13
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Figure 2. Normalised linear rotor-averaged deficit QWG}W@MM calculated numerically (markers) using the set of
discrete points shown in Fig. E1 and analytically (solid curves) using Eq. 18 for different values of the lateral-offset-p{normalised by—the—wake
at a wﬁ%wmmﬁmmmmzzmmd each-row-corresponds-to-at a different-combination
of-the-thrust coefficient {Gf%e#fheﬂpsﬁeaiﬁufbiﬁe—&nd»ﬁwg\fm/ﬁee—stream turbulence intensity (—Tl}ﬂﬁﬁdic—afedT =5%

wind-veer coefficient e=-0-

tarbinew =~ 0.1222 /D, (for Aa, = 7°; Eq. 2) , the eccentricity of the wake elliptic contour £ due-to-a-20"-yawing-of-the-upstream-turbine
(Egfor v, = 20°; Eqgs. 53 and 4), and-the ratio of the radius of the considered turbine to the wake standard deviation R/o (o is obtained

from Eq. 4), and the skewness parameter x> (Eq. _14). For each easedownstream location x/D,, three values of the angle d, which is the

angle between the wake eentercentre and the eenter-centre of the considered turbine (Fig. 1), are considered: 0, 7 / 4, and 37 / 4 The-quantity
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340

the-cases-summarised-above-as-ecaleulated-numerieally-, comparing numerical results (markers) and-analytically-with analytical
predictions (solid curves)-using—; Eq. 18fer—different-) across several values of the angle §. The-corresponding—value-For
each case, the values of the eccentricity & —the(Eq. 3), veer coefficient w —the—(Eq. 2), ratio R/o —and-the—parameter
=R/ {602 are-indieated foreach-ease(Eq. 4), and skewness parameter #(!) (Eq. 14) are specified. During the derivation of
Eq. 18, the quantity+skewness parameter £ was assumed to be—sma}keﬂeﬂg}f@nlmﬂ(g 1) to employ-the
i nable the approximation I, (nn°R
(Appendix C). The h%ed#a}ue%#ﬁmmn Fig. 2 verify this simplifying-assumptionas-the-maximum—value
of+«-was-approximately-0:35-which-oceurred-a W&%&W t 10 diameters
downstream of the wake source for-thedow-CrandtowLi—ease~(Fig. 2d). For-the-other-cases;+-has-evensmallervalues:A

ractical limit on x(™ so that Eq. 18 maintains high accuracy is approximately 0.4-0.5 as will be outlined in sections 3.3 and
3.4.

The-comparison—against-the-namerieal-evalaation—-Comparison with numerical evaluations of the rotor-averaged deficit
indicates-exeellent-confirms the high accuracy of Eq. 18, even far-downstream-of-the-wakeat far-wake downstream distances

x/D, = 10) where wind veer has significantly sheared the wake. Minor deviations between analytical and numerical results

occuratx/D, = ig. 2d) with zero offset (p = 0). However, at this distance from the wake source (#/P-=+0)where-the

wake-is-highly sheared-by-wind-veer10 diameters downstream), the scaling function €' diminishes enough that these differences
are negligible for rotor-averaged deficit evaluation. At zero lateral-offset between the considered turbine and the wake seurce

{p=-"Hcentre (p = 0), the agreementcongruence between Eq. 18 and the-numerical-solution-in-numerical solutions (Fig. 2fer
M—%ewmcases indicates that the assump&eﬁﬂmlmmal impact of wake shearing and stretchlng on the wake

wake stretching and shearing ©

with—/Pintensify due to wind veer with increasing downstream distance (w o x; Eq. 2), the rele-influence of the angle o
(hub-height difference) becomes m

increasingly important compared to positions closer to the wake source.

3.2 Single upstream wake for a rectangular disk

We replicate the verification described in section 3.1, this time for a rectangular-disk representation of the turbine. In this case
the rotor-averaged deficit is defined by Eq. 29, with the disk size specified by Eqg. 33. Under the same conditions outlined
in section 3.1, Fig. 2)3 presents the offset variation of the normalised linear rotor-averaged wind speed deficit ng) C at

various downstream positions from the wake source and across different values of the angle §. The comparison in Fig. 3 shows
that the rectangular-disk solution (Egs. 29 and 33) provides an excellent accuracy, performing better than the circular-disk

= 0 in Figs. 2d and 3d). Beside the
marginally higher accuracy, we will show in sections 3.3 and 3.4 that the rectangular-disk solution offers further advantages
over the circular-disk solution by consistently predicting the rotor-averaged deficit with higher accuracy in cases of significant
wind veer and/or higher averaging orders, scenarios in which the circular-disk solution is less accurate due to an elevated

solution without the limitations observed for the circular-disk solution at no offset (e.g.
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3.3 Effect of wind veer

In all comparisons shown thus far (Figs. 2 and 3), a wind-direction difference of Acq, = 7° was set across the top and bottom
tips of the wake source, reflecting a moderate veer acting on a large upstream turbine (section 2.1). The circular-disk solution
350 (Eq. 18) was derived based on the assumption of small/moderate veer, which implies a small skewness parameter (x(™);

. 14). Here, we examine a range of wind-veer magnitudes by varying the wind-direction difference A« for both circular

and rectangular disks to evaluate the accuracy of each under conditions of low to high wind veer.
Figure 4 presents the linear rotor-averaged deficit for both circular (dashed curves; Eg. 18) and rectangular (solid curves;
Eq. 29) disk models, compared against numerical averaging (markers). In this setup, the upstream turbine (wake source) has

355 (.= 0.8 and T; = 5%, as before, but with zero yaw = 0°) to isolate the impact of wind veer. Both the upstream and the
considered turbines have the same hub-height (i.e., § = 0). For small wind veer (Ao, = 5°, black curves in Fig. 4), both the
The advantage of the rectangular-disk solution becomes evident for the case of moderate wind veer (Aa, = 157, red curves

360 . . . )

d-¢ -5t athy-small-(the-sealingfu on-G-15-sma aking-any-¢ s-betw

the-numerical-and-analytical selutions—insignifieant4), where the rectangular-disk solution matches the numerical one at all
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Figure 4. Comparing analytical and numerical linear rotor-averaged deficit for different values of wind veer by changing the wind-direction
difference A« across the top and bottom tips of the upstream turbine (wake source). The analytical solutions shown are that of a circular
disk (dashed; E

Fig. E1. Similar to Fig. 3.1, the upstream turbine has a thrust coefficient C; = 0.8 and operates in a free-stream turbulence intensity 7; = 5%,
but has no yaw (i.e.

. 18) and a rectangular disk (solid; Eq. 29), whereas numerical averaging (markers) is obtained using the averaging points of

= 0). The skewness parameter x(") for each veer case is indicated, and § = 0 (same hub-height) for all the cases.

downstream locations, whereas the circular-disk solution deviates from the numerical solution with the streamwise distance
= 45°

valid, as the circular-disk solution (Eq. 18) fails due to the high skewness parameter x(1) > 9) which violates the underlyin

.., red dashed curve in Fig, 4d). In cases of strong veer (Acqy,, ), only the rectangular-disk solution (Eq. 29) remains

assumptions of Eg. 18 (see section 2.2 and Appendix C for details). Nevertheless, the rectangular-disk solution continues
to yield predictions of rotor averaged deficit that are consistent with numerical solutions even under extreme veer conditions
within a neutral boundary layer. The results in Fig. 4 indicate that for the circular-disk solution, a practical limit for the skewness
parameter ") would be around 0.4, beyond which the circular-disk solution deviates from the numerical solution.
Generally, as wind veer increases (i.e., as shearing of deficit contours intensifies), the deficit contours take on the appearance
of a horizontally oriented strip of non-zero deficit. This trend is evident in Fig. 4d for Aa, = 45°, where the rotor-averaged
deficit remains approximately constant with respect to the offset p. Although this extreme case was analysed to test the limits
of the analytical solutions, it is unlikely to be encountered in a neutral boundary layer where the Gaussian wake model (Eq. 1)
applies.

3.4 Effect of the averaging order
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Figure 5. Comparison of the analytical (circular and rectangular) rotor-averaged deficit to numerical averaging for different averaging orders

18), whereas the bottom row is the rectangular-disk solution (Eq. 29). The

n. The top row corresponds to the circular-disk solution (Eq.

upstream turbine (wake source) is operating at a yaw misalignment v, = 20° at C; = 0.8 in a free-stream turbulence intensity T; = 5%. The
wind-direction difference across the top and bottom tips of the wake source Aa, = 7°, and both turbines have the same hub-height (i.e.,

5 = 0). The skewness parameter (™) (Eq. 14) is indicated for each case.

Beside wind veer, the averaging order n has a direct influence on the skewness parameter (™ (Eq. 14), and hence on the

shearing of the deficit contours. Here, we examine the circular and rectangular solutions for different averaging orders n b
comparing them to numerical rotor averaging as presented in Fig. 5. The wake source operates at yaw misalignment ~, = 20°

= (.8 in a free-stream turbulence intensit

effect of yawing the wake source is minimal as shown in Appendix G) and at C

of 5%. The wind-direction difference across the tips of the wake source Acq,, = 7° (Eq. 2), and both turbines have the same

The case of linear averaging (n = 1; black in Fig. 5) was already examined in previous sections, where both the circular
(dashed curves) and rectangular (solid curves) solutions agree well with the numerical solution (markers). However, increasing
the averaging order results in accuracy deterioration of the circular-disk solution, especially at larger distances downstream

., Fi disk solution deviated significantly from the numerical solution for the cubic

averaging (n = 3) at almost all downstream distances. Conversely, the rectangular-disk solution (Eq. 29) has excellent agreement

5c, d). For instance, the circular-
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Figure 6. (a) The row-averaged yaw misalignment of the Horns Rev wind farm with respect to a free-stream wind from West to East
Zhang et al., 2024). Inset shows a schematic of the farm’s layout where the yaw of each turbine is indicated and the first row is highlighted
in green to indicate row definition. (b) The row-averaged normalised power generation (in reference to first row) of the Horns Rev wind

farm using linear wake superposition (Niayifar and Porté-Agel, 2015, black), root-mean-squared superposition (Voutsinas et al., 1990, red

and the product-based wake superposition model (Lanzilao and Meyers, 2022, blue). Power generation (Eq. 35) is obtained using linear

averaging of a circular disk (Eq. 18) and is compared to a numerical solution using the averaging points shown in Fig. E1 (markers

free-stream wind speed is 8 ms ™~

(Eg. 29).

! and the free-stream turbulence intensity is 7.7%. (c) same as in (b) but for the rectangular-disk solution

with the numerical solution at all distances and all averaging orders, highlighting its robustness and accuracy over the circular-disk
solution.

The impact of the averaging order n on the rotor-

averaged deficit (analytical or numerical) is not trivial as indicated by Fig. 5.

However, assessing the accuracy of each averaging order is out of the scope of the current study, and should be conducted b
comparing different averaging orders to a higher-fidelity model.

3.5 Multiple upstream wakes

So far, we examined-the-developed-analytical-solution-have examined the analytical solutions derived for a single upstream
wake -but-(Egs. 18 and 29). However, in real applications, a wind turbine is typically-impacted-often influenced by multiple up-
stream turbines, for-which-demanding the use of wake superposition modelsare-apphied—When-, When numerically calculating
the rotor-averaged deficit due-te-from multiple upstream wakesis-caleulated-numerically-using-a-set-of diserete-points-on-its
rotor-disk—, a discrete set of points over the rotor disk is used. At each point, wake superposition of-at-upstream-wakes-is
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applied for eaeh

the rotor-averaged deficit is determined from these superposed deficits. Alternatively, in the analytical approach, the presented
400 analyticalselution(Eeg—18)-corresponds-to-evatuating-therotor-averaged deficit is calculated for each upstream wake indepen-
dently -foHewed-by-superpesition-of-(using Eqgs. 18 or 29) before superposing the rotor-averaged deficits. The impaet-of-the
order-of-applying-effect of the sequence in which wake superposition and rotor averaging are applied depends on the struc-

ture of the superposition expression—Adi-et-al-(2024a)shewed-that-model. As shown by Ali et al. (2024a) for axisymmetric
wakes, the order of wake-superposition and rotor averaging has no-significantimpaet-minimal influence on the overall rotor-

405 averaged deficitfor-both-, regardless of whether linear superposition (Niayifar and Porté-Agel, 2015) and-or root-mean-squared

(RMS) superposition (Voutsinas et al., 1990) is used, and they demonstrated this by
application to the Horns Rev wind farm. In this section, we extend this-anabysis-te-the-ease-ef-the analysis to non-axisymmetric

wakes to guantify-assess the impact of the order of wake superposition and rotor averaging.

410

415

Expanding on the application-presented-work by Ali et al. (2024a), we consider-analyse the Horns Rev wind farm but with
yawed turbines to demenstrate-evaluate the accuracy of EgEqs. 18 and 29 when combined with varieus-different wake super-
position models against-compared to numerical approaches. The yaw angle-misalignment of each turbine was-obtained-from

420 the-yaw-is based on the optimisation study by Zhang et al. (2024)for-a-free-stream-flowing-, where a free-stream wind blows
from West to East with-a-wind-speed-at a speed of 8 ms~! and a turbulence intensity of 7.7%. Fhe employed row-averaged-yaw

angles-are-shewn-inFig-Figure 6a --shows the row-averaged optimised yaw misalignment of the Horns Rev wind farm along
with a schematic of the farm’s layout and the-direction-of-the-windrelative-to-the-farmwind direction. We use the wake deflec-

tion model

425 from Bastankhah and Porté-Agel (2016) and

the turbine-added turbulence model by Crespo and Hernandez (1996), assuming each turbine’s wake has a Gaussian shape
consistent with Eq. 1. Ne-wind-veereffects-are-inehuded-Wind veer effects are excluded in this comparison ;-and-henee(i.e.,

w = 0), and all rotor-averaged deficits are linear (i.e., n = 1). so the superscript (") is omitted for brevity.

We consider three wake superposition models: linear superposition (Niayifar and Porté-Agel, 2015), root-mean-squared su-

430 perposition (Voutsinas et al., 1990, hereafter RMS), and the product-based superposition medel-of anzilao-and-Meyers(2022-hereafter 1N
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—which-are-defined-as-by Lanzilao and Meyers (2022). These models are expressed as

Wi = 77— ZuJWWJ, WRMS—— S azw? [y aw?, and LMWprodzl—H<1W1;Wj>, (34)
> jes jES jES h jES

where U, is-denotes the free-stream wind speed, and-S' is the set of al-upstream-turbines-whose-wakes-influenee-upstream
turbines influencing the considered turbine—, and 7; and TV ; represent the rotor-averaged wind speed and the rotor-averaged
deficit of a turbine of index j. Equations 34 follow the analytical approach in which each upstream wake’s rotor-averaged
deficit is computed first, followed by superposition. In contrast, the numerical approach applies wake superposition across all
upstream wakes before rotor averaging, as will be further discussed in section 4. Following Zhang et al. (2024), the power
generation of a turbine of index & with yaw misalignment 7y is given by

P = P(m)cos (), G

where P(u) is based on the power-generation table of the Vestas V80-2.0 turbine (used in Horns Rev). Alternative methods
to calculate power under yaw include modifying the power coefficient instead of absolute power (similar to Eq. 35), but this

section focuses on a unified comparison framework for analytical and numerical solutions, regardless of the power calculation
method.

Figures 6b—d-shew-b and 6c illustrate the row-averaged power generation ef-in the Horns Rev wind-farmas—farm, calcu-
lated analytically (selid-eurvescircular and rectangular solutions) and numerically (markers) for linear-superpesition-(Fig—6b);
WWWWW%WMW) and product -based superpesition
tFig—6d(blue). The change-inrow-averaged power gene
Zhang etak(2024)with-areduetion-in-power from-due to yaw follows a similar trend to that observed by Zhang et al. (2024)
. with reduced power in the first row, a—power-upliftfrom-i WWM second and third rows, and only smatt
vartations-tof-orderminor variations (1-2%)
in subsequent rows. This pattern is consistent across all three superposition models, and-power-generation—of-though later
rows (third rew-and-onwards)-are-more-sensitive-to-the-used-and beyond) show greater sensitivity to the chosen superposition
model than to the-imposed-yaw. The comparisons in Figs. 6b—d-shew-b and 6¢ demonstrate that the analytical and numerical
ealentations-of-the-row-averaged power generation-are-indistinguishableindieating-calculations are nearly identical for both

circular and rectangular solutions. This result indicates that the order of applying-wake superposition and rotor averaging does
not impaet-affect the accuracy of EqEqgs. 18 ;—which-ean-be-used-and 29, making these equations suitable for use with the

considered wake-superposition models as well as any superpesition-model-that-uses-model with similar operators (i-e--linear;
root-mean-squared;-or-produet)—linear, RMS, or product-based). This is further discussed in section 4.

3.6 Computational cost

To evaluate the computational efficiency of the derived analytical solutions (Egs. 18 and 29) in comparison to the numerical
calculation of the rotor-averaged deficit, we consider the power generation of a 25 x 25 wind farm. The specific conditions of

21



the free-stream flow and turbine setup are irrelevant here, as the primary objective is to quantify computational costs. Numerical
averaging was conducted using vectorised calculations at various resolutions, ranging from 16 to 2000 points.
Table 1 presents the percentage change in computational cost for the analytical solutions and for numerical averaging at
465 different resolutions relative to using 16 averaging points, a common resolution from literature. Notably, the rectangular-disk
analytical solution (Eq. 29) demonstrates a computational speed-up of approximately 10% compared to the 16-point numerical
reference, making it the only approach that outperforms the baseline. Conversely, the circular-disk solution (Eg. 18) incurs
a computational cost approximately 15% higher than the 16-point case, rendering its cost comparable to using 80 averaging
points.

Table 1. Comparing the relative change in computational cost for the derived analytical solutions and for various numerical resolutions in
reference to the cost of a numerical evaluation of the rotor-averaged deficit using 16 averaging points. If the computational cost of a specific

experiment is ¢, the relative change is calculated as (t — t16)/t16 X 100%, where t1¢ is the computational cost of numerically averaging 16

oints using vectorised calculations.

470 3.7 Uncertainty quantification

Here, we consider various resolutions and distributions of averaging points to quantify the uncertainty that arises when

evaluating the rotor-averaged deficit compared to the 2000-point resolution shown in Fig. E1. The considered cases are the
. E2, which include the

16), the 16-point cross-like distribution of Stipa et al. (2024, hereafter, C1¢

475 , and various resolutions of the sunflower distribution (Eqg. E1) ranging from 16 (S16) to 1000 (S1000) averaging points.

To quantify uncertainty, we calculate the root-mean-squared-error (RMSE) of each approach (analytical or numerical

against the 2000-point reference case (Fig. E1). RMSE is defined as

derived analytical solutions (Egs. 18 and 29) and the distribution of averaging points shown in Fi

1 &

e — 2
RMSE =, | & ; (We— W), (36)

where NV, is the number of tested scenarios (i.e., different combinations of driving parameters such as veer and yaw), Wy
480 s the rotor-averaged deficit for a scenario of index k. and Wi is the reference rotor-averaged deficit (from 2000 averaging.
points). Different scenarios are generated through different combinations of the yaw misalignment of the wake source (7,), the
wind-direction differential across the wake source (Aay), the averaging order n, the normalised streamwise distance x/ Do,

the angle J, and the normalised offset p/o. Based on the analysis in sections 3.3, 3.4, and Appendix G (on the effect of v,)

wind veer was shown to have the largest impact on the rotor-averaged deficit. As such, we create two sets of scenarios different
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Table 2. Ranges of the driving parameters considered in uncertainty quantification scenarios. The angle -, is the yaw misalignment of the
wake source, Aay,, is the wind-direction differential across the top and bottom tips of the wake source, n is the averaging order, ©/D,, is

the normalised streamwise distance measured from the wake source, 9 is the azimuthal coordinate of the considered turbine centre measured
from the wake centre (Fig.1), and p/o is the normalised offset between the wake centre and the centre of the considered turbine (Fig. 1),
vy means this variable ranges from v,

where o is the wake standard deviation (Eq. 4). Ranges written in the form v, : to v¢ (inclusive

with a step of v;.

Vs &

m&\ Qo Do n z/D, s Llg.

Small-moderate | 0°:10°:30°  0°:1°:7° {123} 4:2:10 0:m/4:3%/4  0:05:4
Moderate-high | 0°:10°:30°  10°:5°:45°  {1.2,3}  4:2:10 0:7/4:37/4 0:05:4

from each other only in the range of Aq, as indicated in Table 2, and where the circular-disk solution (Eqg. 18) is tested onl

in the “small-moderate” veer scenario (first row in Table 2) within the range of applicability as established in sections 3.3 and

34,

Table 3 lists scaled values of RMSE (Eq. 30; scaled by 1000) for the aforementioned cases (analytical and numerical)
and wake scenarios. As the number of averaging points increases, it is expected that RMSE drops as the predicted solution
converges to that of the reference 2000-point case (e.g., $1000 vs S100 in table 3), but at the expense of computational cost
as outlined in section 3.6, For the small-moderate veer scenario, the Q16 case has the lowest RMSE (0.8x 10" %) among the
analytical cases and the 16-point averaging cases, with an accuracy that is approximately similar to that of 500 averaging points
(5300). For the same scenario, the rectangular-disk solution has approximately similar RMSE as 100 averaging points (S100),
whereas the circular-disk solution has slightly less accuracy.

The moderate-high veer scenario indicates that the rectangular-disk solution (Eg. 29) has higher accuracy than all the
16 is significantly reduced with RMSE of 8.3 x 10~2. The averaging distributions C16 and S16 have significantly less accurac
than the other cases, holding the highest RMSE for both veer scenarios. For the moderate-high veer scenario, 100 averaging.
points provides comparable accuracy to the rectangular-disk solution, whilst 500 averaging points, which are computationally.
expensive (Table 1), are required to haye the same accuracy of Q16 in the small-moderate veer scenario.

4 Discussion

In the current study, we derived and validated-an—expresston-verified two expressions for the surface integration of a non-
axisymmetric Gaussian wake over a circular disk and an equivalent rectangular disk, depicting the rotor of a turbine whose

rotor-averaged deficit is sought. The general integrated wake profile took into consideration wake stretching arising from the
yawing of upstream turbines, and wake planar shearing due to wind-veer effects through a set of controlling variables: o, p, 9,

&, and w, whose definitions were discussed in detail in section 2.1. The presented sotution-is-solutions are compatible with any
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525

Table 3. Scaled root-mean-squared-error (1000 x RMSE; Eq. 36) of different rotor averaging cases including the rectangular-disk solution
. 18)

resolutions of the sunflower distribution (starting with S; Eq. El

Rect.; Eq. 29), the circular-disk solution (Circle; E , the 16-point quadrature ig. E2a, the 16-point cross-like

distribution shown in Fig. E2b, and various ranging from 16 averagin

oints (S16) to 1000 averagin

following a sunflower distribution as indicated in Fig. E1. The ranges of the driving parameters for both veer scenarios are listed in Table 2.
The abbreviation NA stands for Not Applicable.

oints (S1000). The reference to which each case is compared is numerical averaging using 2000 points

Veerscenario | Reet.  Circle Q16 CI6_ SI6_ S100  S500  S1000

AR AR R AR

Small-moderate | 34 54 08 294 125 32 09 04

Moderate-high | 3.9 NA 83 429 182 38 10 04

wake deflection model from the literature as all distances were referenced to the wake eentercentre. Alternatively, if the eenter
centre of the upstream turbine is sought to be the reference location, then the definitions of the offset p and the angle 6 need
modifications to account for the wake horizontal deflection dd,. In this case, the modified tateral-offset p*, and the modified

angle 6* measured from the eentercentre of the upstream turbine are

d d\? d d,\ 2 sind sind
* = 1+2( - ) - 1+2( =2 ) -2 d tand* = . 37
g p¢ B (ﬂ)cos +(P> \/ i (p)cos +<p) M TR T )0 cosd do/p + cosd &7

The expressions for the rotor-averaged deficit proposed-in—section—2-2-(Eq(Eqgs. 18 and 29) were derived for a generic
averaging order n > 0, where the case of n = 1 is equivalent to obtaining the averaged momentum deficit through the turbine
rotor (for incompressible steady flow), n = 2 corresponds to the averaged kinetic-energy deficit through the rotor, and n = 3
is equivalent to the averaged power deficit through the rotor. However, to obtain a solution for a circular disk (Eq. 18) it was
assumed that the stretching and shearing of the wake contours are not large as quantified by the skewness parameter £

Eq. 14). Increasing the averaging order n naturally increases the level of skewness of the wake contours, and hence usin

higher-order averaging for a circular disk should be limited to cases of small/moderate wind veer (if any) to keep Eq. 18

within its validity region. The results in sections 3.3 and 3.4 indicated that for the circular-disk solution, a practical limit on the

skewness parameter <) was approximately 0.4—0.5. Conversely, the solution of the rectangular disk (Eq. 29) is not limited

by this simplifying assumption and was shown to perform well even in the case of extreme wind veer (Fig. 4), giving it a large
advantage against the circular-disk solution.

In terms of computational cost, both analytical solutions were comparable to vectorised calculations of the rotor-averaged
deficit using 16 averaging points, where the rectangular-disk solution was approximately 10% faster and the circular-disk
solution was _approximately 15% slower. Though higher number of averaging points corresponds to higher accuracy, the
computational cost becomes notably larger. As such, we examined the accuracy of the derived analytical solutions and of

various numerical resolutions and distributions against high-resolution averaging (2000 points).

For the same resolution (16

oints), we found that the quadrature distribution (Fig. E2a) has significantly higher accuracy than the cross-like distribution
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ig. E2b) and than a random distribution (depicted by the sunflower distribution in Fig. E2¢) of the same number of points

regardless of the intensity of deficit-contours shearing and stretching. The rectangular-disk solution showed high accuracy
for both of the considered veer scenarios, with an RMSE ~ O(107?) that is approximately two-orders of magnitude less
than an average deficit (W ~ O(10~! 100 points.
The circular-disk solution had a marginally lower accuracy than the rectangular-disk solution, but was only applicable to
the small-moderate veer scenario. Although both are of high accuracy, the 16-point quadrature has higher accuracy than the
rectangular-disk solution for the small-moderate veer scenario, with an accuracy of approximately 500 averaging points, but
was of lower accuracy when the deficit contours became highly sheared (moderate-high veer scenario). Nonetheless, the
rectangular-disk solution was 10% faster in both scenarios. It should be noted that the expression for the size of the equivalent
rectangular disk (Eq. 33) is empirical, which could slightly impair the accuracy of the rectangular-disk solution. However, if
the size expression is optimised, higher accuracy could be achieved, though we find that the expression in Eg. 33 is accurate
enough for a wide range of operating conditions including extreme-veer conditions.

The analytical solutions proposed in sections 2.2 and 2.1 (Egs. 18 )-eerresponds-and 29) correspond to a single upstream

wake, whereas an operational wind turbine is typically impacted by multiple upstream wakes whose deficits are superposed

, which is also equivalent to numerical averaging using approximatel

using a variety of wake superposition models (e.g., Lissaman, 1979; Voutsinas et al., 1990). In a numerical frameworkthatrelies

it, wake

superposition due to all upstream wakes is applied to each peint-averaging point on the rotor’s disk independently followed by
arotor-averagingforrotor averaging of the superposed wakes. Conversely, application of EgEgs. 18 or 29 to a turbine subject
to multiple upstream wakes requires the evaluation of the rotor-averaged deficit for each wake followed by a superposition
of these deficits. For a superposition model that relies on a linear operator to combine upstream deficits (e.g., Lissaman,
1979; Niayifar and Porté-Agel, 2015; Zong and Porté-Agel, 2021; Dar and Porté-Agel, 2024), the numerical and analytical
approaches discussed above are the same, meaning that the order of applying wake superposition and rotor averaging has no
effect. However, other wake superposition models rely on root-mean-squared operators (e.g., Katic et al., 1987; Voutsinas et al.,
1990) for which the order of wake superposition and rotor averaging is not trivial. Ali et al. (2024a) showed mathematically
that for a column of turbines of the same hub-height (§ = 0) with no tateral-offset (p = 0) where the wake of each turbine
is axisymmetric (£ =w = 0), the order in which wake superposition and rotor averaging ealeulations-are applied results in
insignificant differences as long as the number of upstream turbines with non-negligible deficits acting on the considered
turbine is not large. They showed that for an analytical approach (rotor-averaging followed by superposition), the rotor-averaged
deficit of the considered turbine is proportional to MWM'WWIMWVH%M
wake standard deviation for all the upstream turbines impacting the considered turbine, whereas for a numerical approach
(superposition followed by rotor-averaging), the rotor-averaged deficit is proportional to ﬁiﬂmw. In a typical wind
farm, the number of upstream turbines with non-negligible deficits acting on a turbine is 2-3, where one of these turbines has the
dominant wake effect, making these two exponents very close. This-eonetusion-Their conclusion can be easily extended to any
averaging order n using the substitution 5% — 5% /n, and it also naturally extends to the considered case of a non-axisymmetric

wake, as the non-axisymmetric solution was shown to be a perturbation to a scaled axisymmetric solution (Eq. 18). Application
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to the Horns Rev wind farm showed that the numerical and analytical approaches using root-mean-squared superposition

gave indistinguishable results (FigFigs. 6e)b and 6¢), where all upstream wakes for a specific turbine were considered in the
evaluation of the turbine’s operating point.

The superposition model of Lanzilao and Meyers (2022) does not use linear nor root-mean-squared operators, but rather
the product of the normalised rotor-averaged wind speeds of all upstream wake sources. We show in Appendix F that for this
superposition model, and for any other superposition model of a similar operator, the numerical and analytical approaches are
asymptotically identical if the upstream wakes of the considered turbine are assumed to operate independently. This assumption
is justified as each turbine can be yawed independently of the other turbines depending on its onset wind, though such a strategy
is not optimal for the whole wind farm performance. We also demonstrate that for small-enough upstream deficits (W < 0.3),
the-superposition-model-of Lanzilao-and-Meyers(2022)-this product-based superposition model converges to a non-weighted
linear superposition model, which explains the closeness in the estimated power generation by the two wake superposition

models when applied to the Horns Rev wind farm (Figs. 6b ;-dand 6¢). Similar to root-mean-squared superposition, when this

product-based superposition model was applied to the Horns Rev wind farm, there were no distinguishable differences between
the analytical and numerical solutions (Fig. 6€).

Some limitations should, however, be considered. The rotor-averaging process inherently assumes that a zero-deficit point
on the rotor disk has a wind speed that is equal to that of the upstream turbine (wake source), rather than the free-stream wind
speed or another background wind speed. This is referred to as partial waking of a turbine. Such an effect can be profound in
the case of highly heterogeneous flow within a wind farm (e.g., in the case of extreme weather conditions such as hurricanes
or in the case of extremely large wind farms). In such a scenario, beth-the-all numerical and analytical approaches based
on engineering wake models have shortcomings as the underlying assumptions of the wake-deficit model cannot predict the
interactions between the wakes and the heterogeneous background flow, which can lead to inaccurate wind speeds of the
unwaked regions of a rotor.

The obtained expression-expressions for the rotor-averaged deficit was-were derived assuming that the considered turbine
is normal to the free-stream flow, making the parameters o, £, w, and C' constants across the rotor disk. If the considered
turbine is yawed, these parameters are no longer constants but vary along the streamwise extents of the considered yawed
turbine. These variations are small for a small yaw angle v and are typically ignored, as the integration over a circle normal

to the free-stream flow is approximately similar to that across an inclined ellipse extending from =

wherew54 — Rsin-y to & + Rsin~y, where 7 is the streamwise coordinate of the eenter-centre of the yawed turbine. Moreover,
a yawed turbine experiences transverse wind whose magnitude is typically much smaller than the streamwise wind speed
(Martinez-Tossas et al., 2019). This transverse wind is not included in EgEgs. 18 and 29 and needs to be modelled numerically,
if required. Nonetheless, since the streamwise wind speed is dominant for small yaw angles and typical inter-turbine spacing,
Eq—18-presents-a-the derived analytical solutions present fast point-free expressien-expressions that can be used even if the
considered turbine has a small yaw angle.

Importantly, Eq—18-is differentiableIn some wind-energy applications, the nacelle wind-speed deficit (hub-height deficit)
is used as a proxy for the wind speed across the entire rotor. In appendix G, we compared rotor averaging of the deficit with the
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nacelle-point deficit (see Fig. indicating that the nacelle deficit can be significantly different from a rotor-averaged value

which could impair the accuracy of estimating a turbine’s operating point. Hence, it is recommended to use a rotor-averaged
value for the deficit rather than the nacelle-point deficit. We also explored the impact of yawing the wake source on the

rotor-averaged deficit of the considered turbine, which was shown to be much less than other parameters such as wind veer
and the averaging order, Although not addressed in this study, EgEqgs. 18 and 29 are differentiable, which allows for obtaining

mathematical expressions for the gradients of the rotor-averaged wind speed of a turbine with respect to its location in a farm

and/or to the operating point of upstream turbines.

5 Summary

An-analytical-expression—Analytical expressions for the rotor-averaged wind-speed deficit of a turbine operating within a
i i non-axisymmetric Gaussian wake were derived and verified for a general lateral
offset and hub-height difference between the wake source and the considered turbine. The derived expressions correspond to

circular- and rectangular-disk representations of a turbine’s rotor. The considered Gaussian wake included wake-stretehing
wake-stretching effects due to the yawing of the wake source as well as the planar shearing of the wake shape due to wind-

xpressions were verified against numerical

veer effects. The presented

evaluations of the rotor-averaged deficit indicating

good agreement for the circular-disk case and excellent agreement for the rectangular case, which also outperformed numerical
approaches in terms of computational cost. In terms of accuracy, the rectangular-disk solution was equivalent to using 100
averaging points on the rotor of the considered turbine, whereas the circular-disk solution had marginally less accuracy and
is only applicable for small/moderate veer effects. In the case of highly veered flows, the presented rectangular-disk solution

had higher accuracy than the well-established numerical averaging using a 16-point quadrature. The expressions of the rotor-
averaged deficit for a single turbine wake can be applied to multiple wakes using any available superposition model that rely

on linear operators, root-mean-squared operators or product operators as demonstrated by application to the Horns Rev wind

farm - ieal-with

tarbines—which-are differentiable and can be beneficial for optimisation-based applications.

Code availability. A Python implementation of the presented analytical expressions for the rotor-averaged deficit (Eqs. 18 and 29) is publicly
available from Ali et al. (2024c¢).
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Appendix A: Transfer of axes for the Gaussian wake equation

In this appendix, we show how Eq. 7 can be transferred from the wake axes ¢7y'—27-2 to the axes of the considered turbine y—

z. From Eq. 7 along with the relation between the v7y'—=7-2 and y—z axes (Fig. 1): 47 =y+Ayandzr=2+Azy =y + A,
and 2/ = =+ A, we have

2w

R
T = € o[ L [ [ e A tes1820)/(202) nut Ay te(:+8.0)/(202) o (24 82)/(207) —n(=4 802/ (20%) ga g | Um
~ " 7R2~ | 7R2 S -
0 0

(AD)

2, e —p%c . , —np?c
By expanding the brackets in Eq. A1, the exponent can be written as e="-¢-2/2e=r0¢en =L C,2/2 —nr®e,2 /2o —nrpery o —np"¢y2/2
where ¢,2, ¢,,, and ¢, are coefficients of 72, 7p, and p?, respectively. Using (y,z) = r (cosf,sinf) and (A,,A.) = p(cosd,sind),
where (t1,t2) means ¢1 or ty, we have

cos? 6 N sin?f  wsin20 w?sin?6

Cr2 ; (A2)
o2 o2 o2 o2
ind ) 1 ind )
ey — (wsm ;rcos > cosf+ <2 o (wsm ;rcos >) sind.. (A3)
oy o? oy
[
al az

and

cos?d  sin?§  wsin20  w?sin?§
Cp2 =735 2 2 2 (Ad)

oy o? oy oy
To simplify Eq. A2, we use the substitutions cos? @ = (1 4 cos26)/2 and sin?§ = (1 — cos26) /2
1 1 w? 1 1 w? w\ .
Cr2 = (2(71%4-%‘24-201%) + <205_%§_205> cos20 + ((T§> sin 26, (AS)
1/02 1/o2,
which can be further simplified by defining 1 /02 = /1/0%, +w?/o} and tan ¢n, = wo?, /o
1 €08 (20 — ¢y

o L e —0) o

(T* Uns
Using the same procedure and by replacing 6 with d, we have

1 cos(20 — ¢ns)

Cp2 = ;3 + T (A7)
Finally, Eq. A3 can be simplified to
Crp = cos (0 — ¢y) /02, (A8)

by defining 02 = 1/+/a? + a2 and tan ¢ = az/a;, where a1 and as are defined in Eq. A3.

28



655

660

665

Appendix B: Azimuthal integration of non-symmetric Gaussian wake

In this appendix, we present the solution to the integral My in Eq. 8, which was based on a solution proposed by Gaidash

(2023).

2m
My = - [t e e ek oo 0o s o 000/ g, ®1)
™
0

Using the Jacobi—Anger expansion (Abramowitz and Stegun, 1972, 9.1.41-45; p. 361), we can write

_I]Hp(()s (60— )/(7 m _ Z(_l)yly 7]R2P nn}j/) eiV(9—¢ns/2)ei’/(¢ns/2_¢s)7 (Bz)
[ g,
vEZ S s

where [, is the modified Bessel function of order v, and Z is the set of integers. Using Eq. B2, the integral My becomes

27
My = 2 Sy onameg, | ISPIIE | [ oot ) ok o o) G002, (B3)
vEZ S S 0

The integral in Eq. B3 vanishes for odd values of v. Also, since Mjy is real we can write

[ ok I s 0 )20 cos (8~ 6)) 8, (B4)
0

nRpnnRp
My = 22005 2¢s ¢nS)) Iy, o2 2

VEZL S s

where 6/ = 20. The integral in Eq. B4 can be solved using (Gradshteyn and Ryzhik, 2007, 3.915(2) p. 491)

s

\/eftCOSCCOS (VC) dC — (—1)V7I‘Iy(t), (BS)

0

which is insensitive to a phase shift ¢,s. Hence, My becomes

- nRp nnRp n? R? nn? R?
0 =2 (~1)cos(v(2b:—dm) Taw | “ 5 =50 | I | G550 | (B6)
VEZL LEFVVL O — L R
which can be further simplified using the fact that I, (z) = I,,(x) for an integer v
_ nRp nnRp n° R? nn?R? nRpnnRp n?R? nn®R?
My =210 | 5= 5~ | o | 2 507 4; Yeos (V26— u)) v | "o~ | I | 5oz g2
(B7)
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Appendix C: Radial integration of non-symmetric Gaussian wake

In this appendix, we provide a solution to the integral M, defined in Eq. 8 along with solution of the integral My (Eq. 10)
which was detailed in Appendix B

1
L 2R2 /(02 _ : : nRpnnRp n°R? nn? R?
M. =9 n°R*/(20%) T"IQRZ/(QUf)[ n I d
" / M0 | T T [0 | g e | AT

o s

! R R 2R2 2R2
v C2R2/(202) —nn2R2 /(202 nLp nnivp nTLoenn
670 4> (1) COS(VQS)/nei' e *)wb” o2 o2 L 202 9252 dn (ChH
Vo1 5 s s Z0ns ZTns

The argument of the terms in the form #-{#*R2H262 -1, (nn>R?/(202)) is sufficiently small (< 1) for the ranges out-

lined in section 2.1 and for small values of n with an average value of #=-"R2/{652}nR?/(602) for 0 <n < 1. Hence, we

employ the approximation +{#*R% /2% ZRZ A2 T, (nn? R%/(202)) ~ (np?R?/(402,))" /v! (Abramowitz

and Stegun, 1972, 9.6.7; p. 375)—TFhe-, and the integral M, becomes

RN
2 R2 ! : R
1 (-R>-n R (20° nnRp
(0 1 14+2v —nn“R*/(203)
675 Mn~2ﬂwo+4;y! PR Cos(y(b)AQU/T] e 121/( = )dnﬁg& (€2)
vz S 0
where
h R
Cn2R2/(202) —nn2R2 /(202 nRpn
W= [ et It e oty gy L g, ©
o2 o2
0

Solving the integral mrwgﬁ)mis discussed in more detail in section 2.2. The solution to the integrals Agy—géiis derived in detail

in Appendix D.
680 Ay, = (% O o F?/(207) —nR?/ (202>Z _kI Fip nltp (C4)
S = Ro? — R2nR? e R02 k o2 o2

Therefore, M, becomes

M, ~ 27, H_QZ Xm Y cos (vg) (—nxg)” cos (vp) | 4o? 4o? e_RZ/QUE)WZ(—Xﬁs)"COS(V@ (—nxa,)” cos (vg

! T R2 2 ! ]
= W] RZ nR% = V! y!
(C5)
where Y = po2/(20,502). For the sum over v, we have
N2\ e £ _ 2 \v . ) .
P(JL)HS _ Z (—Xas) TOS (v9) (—nXzs) |COS (v9) — e XmCosd g (X2, Sinqb)an'?’ €039 cos (nx 2 sing) — 1. (C6)
v! ! o AN L

v>1
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Also, the modified Bessel function I, (x) decays rapidly with v, and hence we only keep the terms with v < 2 in the right-hand
side of Eq. C5. Therefore, Eq. C5 simplifies to

40’2 40’2 2 2 2 2 )\ R TLR )\2 R TLR
~ 9, (M) p) | _ 29 20 —R?/(207)-nR?/(203)p(n) |2 1tp nitp A 1tp niip
My 2020 (1 2 “ns) R? pR2° AR pll o? of 3l 0? o? . ©

where A = Ro2 /o2

Appendix D: A solution of an integral of the modified Bessel function

In this appendix, we present a solution to a generic integral in the form

1
A, (8,9) = / v o= /2 =n 8 2] (19 diy, D)
0

where v is-andintegerand n are integers, and § and ¥ are constants. To evaluate Aj-we-employ- 0/ I =dnLo=r(nt )y’ m

we employ 0 (0”1, (nn9)) /On = ndn”1,_;(nnd). Integrating Eq. D1 by parts leads to the recursion

e—B%/2 e—n62/2 9
L (n9) + @Ag@,,_l(ﬁ,ﬂ), (D2)

Awu(ﬁaﬂ):_TW v

which can be solved using the generating function F{=—>—A#*F,(n) = u(yn)n”. Multiplying Eq. D2 by n* and sum-
v>1 v>1

ming over v gives

152/2 —nB /2
S A== ZI 9)n +5—ZAM( L, (D3)
v>1 v>1
which simplifies into
,7d /2 7nB /2
fg(n)=— ZI (no)n"” + — 2 (Au(”)o+fn( ))~ (D4)
Solving Eq. D4 for F{#}-F,, (1) and using Taylor’s expansion (1 —9n/82)"L = 3 (dn/p?)"
m>0
73 /2 7nﬁ /2 9 m+1
Fuln)=— — > (62) ()T Ao Y (;) : (D5)
— v 21 m >0 m>0
Finally, the integral ATQ(JVUS the coefficient of n* in Eq. D5
- 9\ ) —32/2 —rLﬁ /2 Y 9 —k
Apt™,(8,9) = | = (n ) —_— — I (n9) |, D6
MO0 = (55) | M)~ S 3 () (06
where Aq{B-9 sl (8,9) is
1
A a(30) = [ 2 ) i ©7)

0
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Figure E1. A uniform sunflower distribution of 2000 points over the surface a circle to be used to numerically evaluate the rotor-averaged

deficit due to an upstream wake in the form of Eq. 1 and to provide a reference to validate-verify the derived analytical expressions. The polar
coordinates of the shown averaging points follow Eq.+8 E1. i is-distribution i i i

Appendix E: Distribution of points across a circle for numerical averagin

In this appendix, the-we summarise various distributions and resolutions of averaging points that are used for numerical

As a reference case for verification of the derived analytical expressions (Egs. 18 and 29) and for quantifying the uncertainty
of lower resolution numerical averaging, we use a sunflower distribution of peints-across-a-eirele-is-summarised—The-2000
points. For a sunflower distribution, the polar coordinates 7y and 0}, of a point of index k (out of IV total points) on a circle of

radius R are defined as

1 ifk>N—b ok
re/R = ,and  O=—, (E1)
o % otherwise B

where ¢ = (v/5 +1)/2 is the golden ratio, and the constant b = round(2v/N) with the function “round" returning the near-
est integer. The resulting distribution of points is shown in Fig. El. An-implementation-of-this-distribution—ecan-befound-in
Adi-et-al—+2024e)-We also explore the distribution of 16 averaging points following the quadrature of Holoborodko (2011). For
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Figure E2. Different distributions and resolutions of averaging points following: (a) the quadrature of Holoborodko (2011, Eq. E2), (b) the

cross-like distribution of Stipa et al. (2024), and (c—f) various resolutions of the sunflower distribution (Eq. E1).

this quadrature, the polar coordinates of a point of index k are

3+ (_1)k-+1\/§

; and 0, =2m(k—1)/16, Vke{1,2,3,...,16}, (B2)

Figure E2 shows different resolutions and distributions of averaging points including (a) the quadrature in Eq. E2, (b) the

oints following Stipa et al. (2024), and (c—f) various resolutions of the sunflower

cross-like distribution of 16 averagin

distribution (Eq. E1).

Appendix F: Emphasis on the order of rotor averaging and wake superposition for a product-based superposition

model

In this appendix, we examine the effect of the order of applying wake superposition and the rotor averaging for the product-
based wake superposition model of Lanzilao and Meyers (2022). The following analysis is generic for any averaging order
n_> 0, and for shortness the superscript (™) is dropped. Consider a wind turbine impacted by a set S of upstream wakes.

Assuming a set of IV discrete points on the rotor disk of the considered turbine, the numerical approach (wake superposition
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followed by rotor averaging) of obtaining the rotor-averaged deficit is

N
— 1
ﬁwﬂ‘wl@:ﬁz 1-JJa-w;k) |, (F1)

k=1 j€S
where W; (k) is the normalised wind-speed deficit of a point of index & on the rotor disk of the considered turbine due to the

wake of an upstream turbine of index j. The product over the set S in Eq. F1 can be expanded as

[[a-wik) =1=> Wik)+ Y Wi(k)W;(k) + O(W?). (F2)
jeSs jeS ,st
i#]

We can neglect the higher order terms of W (order 3 and higher) compared to the lower order terms (since W < 1), and hence
Eq. F1 simplifies to
1 o 1<
LM T L . . 1 ' _
RETITEDD < N ZWH) > ( ~ D WiR)W; (k)) : (F3)
jeSs k=1 i,j€S k=1
i#]

If the rotor averaging over a set of N points asymptotically approaches the analytical-average——then-exact average (i.e.,

w
k=1
%Mﬂnw%j ~ ZW] - Z WlW] (F4)
JES i,j€S
7]

Alternatively, the corresponding analytical approach (rotor averaging followed by wake superposition) of obtaining the rotor-

averaged deficit is

%@ailwprod =1- H (1 - Wj) ~ ZWJ — Z WZW] (F5)
- jes jes iEs
i#£j

The difference between the numerical and analytical approaches originates from W11, W in Eq. F4 versus W, .-, W ;.
in Eq. F5, where the difference between these two quantities acts as a covariance for the set of upstream deficits. If the

mutual impacts between the upstream turbines are neglected by assuming the turbines operate almost independently (i.e.,

W~ W W W, W, ~ W, ), then an asymptotic resemblance between "M T W o and AV g is
achieved. In the case of small-enough deficits, %h&supeﬁaes%ﬁm+eﬂjaﬁ—zﬂaeﬁmd4\4eyef&e292%}thls roduct-based superposition

model approaches a non-weighted linear superposition when W?2 < W.

Appendix G: Additional material

Here, additional material to the main text are included. We compare the rotor-averaged deficit for a circular disk (Eq. 18) with
the nacelle deficit W, which can be derived from Eq.

W/C _ 67p2(cosc5+wsin5)2/(202(1752))67;)2 sin? 5/(202). (G1)
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Figure G1. Comparing the linear rotor-averaged deficit (solid), assuming a circular disk (E

. 18), to the nacelle wind-speed deficit (dashed;

Eq. G1) for different values of the angle . The free-stream conditions and the setting of the upstream turbine (wake source) are the same as
in section 3.1 and Fi

. 2. The bra-ket notation in the label of the vertical axis takes the form (¢1,t2) which means ¢; or ta.

Under the same conditions as in section 3.1, Fig. G1 presents the offset variation of the normalised linear deficit for a circular
disk (W

1 ; solid) compared with the nacelle deficit W; dashed) across different values of J at multiple downstream locations.

This comparison reveals that the nacelle deficit does not adequately represent the rotor-averaged deficit, particularly at zero
offset (p =0

, Where W/C =1b definition, whereas the normalised rotor-averaged deficit lies approximately between 0.6 and

0.7 for the considered case. As such, we recommend using rotor-averaging (either analytically or numerically) for applications

that require a representative wind speed to estimate a turbine’s operating point.

Figure G2 shows the variation of the linear rotor-averaged deficit (n = 1) for the circular- and rectangular-disk solutions

with the offset p at various yaw misalienments of the wake source. Both turbines have the same hub-height (6 = 0), and no
veer effects are considered (Ac«, = 0). Both the circular- and rectangular-disk solutions agree well with the numerical solution

markers) for all yaw misalignments and at all downstream distances. The impact of the yaw angle on the rotor-averaged deficit

is small, even for v, = 30°, compared to wind-veer effects presented in section 3.3.
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