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Abstract. The performance of a wind farm is significantly influenced by turbine-wake interactions. These interactions are
typically quantified for each turbine by evaluating its rotor-averaged wind speed, which is impacted by upstream wakes, using
numerical methods that involve discrete points across the rotor disk. Although various point distributions exist in the liter-
ature, we introduce an analytical expression for integrating a Gaussian wake over a circular disk, which accounts for wake
stretching and shearing resulting from upstream turbine yaw and wind veer. This expression is versatile, accommodating any
lateral offset and hub-height difference between the wake source (upstream turbines) and the target turbine. Validation against
numerical evaluations of the rotor-averaged deficit at various downstream locations from the wake source demonstrates excel-
lent agreement. Furthermore, the analytical expression is shown to be compatible with multiple wake superposition models.
The presented solution is differentiable, providing a foundation for deriving mathematical expressions for the gradients of a
turbine’s power generation concerning its location within a farm and/or the operational conditions of upstream turbines. This

capability is particularly advantageous for optimization-based applications.

1 Introduction

The widespread deployment of wind farms necessitates the use of accurate and efficient computational tools for preliminary
design and optimisation (Veers et al., 2023). While Computational Fluid Dynamics (CFD) methods such as Large-Eddy Sim-
ulation (LES) and Reynolds-Averaged Navier-Stokes (RANS) offer detailed insights into turbine loading and wake dynamics,
they are often too computationally intensive for preliminary wind-farm design and layout optimisation (Maas and Raasch,
2022). Mesoscale models require less computational power and have been employed to examine the large-scale interactions
between wind turbine wakes and the turbulent atmospheric boundary layer, though they lack the detailed wake resolution pro-
vided by RANS and LES models (Fitch et al., 2012; Ali et al., 2023). Conversely, engineering wake models are comparatively
faster and are extensively used in various wind-energy applications, including wind-farm layout optimisation and control (Hou
et al., 2016; Bay et al., 2018; Shapiro et al., 2022). Engineering wake models, which assume that a turbine’s wake is self
similar, represent the wake using a streamwise scaling deficit function and a shape function to describe the deficit distribution
perpendicular to the streamwise direction. Various shape functions have been proposed, including top-hat profiles (Jensen,
1983), Gaussian profiles (Bastankhah and Porté-Agel, 2014), double-Gaussian profiles (Keane et al., 2016), super-Gaussian
profiles (Blondel and Cathelain, 2020), and profiles based on the diffusion of a passive scalar (Cheng and Porté-Agel, 2018;
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Ali et al., 2024c). Among these, the Gaussian wake profile is widely adopted particularly for distances comparable to a typical
turbine spacing within a wind farm.

To assess the impact of an upstream turbine’s wake on the onset flow of a downstream rotor, such as required to estimate
energy-yield reduction due to wake effects, numerical methods often average upstream deficits calculated at multiple control
points across the rotor disk of the considered turbine. The number and distribution of these averaging points vary in the
literature. Allaerts and Meyers (2019) employed a 16-point quadrature based on Holoborodko (2011) in their analysis of wind-
farm blockage and induced gravity waves, whereas Stipa et al. (2024) utilised a cross-like distribution of 16 averaging points to
enhance radial resolution across the rotor. Stanley and Ning (2019) used 100 equally-spread averaging points for the evaluation
of the rotor-averaged deficit. Other studies proposed uniform radial and azimuthal distribution of averaging points across the
rotor within the context of farm layout optimisation and control (Li et al., 2022; Ling et al., 2024).

Uncertainties can arise from the number, distribution, and averaging weights of the control points, especially when the shape
of the upstream wake deviates from the axisymmetric form due to, for instance, wind-veer effects. Rather than numerical
averaging, Ali et al. (2024a) developed an analytical expression for the circular-disk integration of an axisymmetric Gaussian
function depicting the wake of an upstream turbine. Their formulation is applicable to any lateral offset between the upstream
turbine (wake source) and the considered turbine, but assumes that the upstream wake is axisymmetric and that both the
upstream and downstream turbines have the same hub-height. Typically, turbines can be yawed relative to their onset wind
yielding wakes that are not axisymmetric but of elliptic shape (Bastankhah and Porté-Agel, 2016). Additionally, wind-veer
effects can cause planar shearing of the wake shape through stretching the wake elliptic contours and rotating its major axes (see
Fig. 1 later in the article), resulting in further deviation from the axisymmetric wake shape (Abkar et al., 2018). Furthermore,
onshore wind farms often have turbines with different hub heights due to non-flat terrain, and offshore wind farms may have
turbines of varying hub heights and diameters operating in close proximity.

In this study, we extend the analytical solution proposed by Ali et al. (2024a) by generalising the assumed upstream wake
shape to include non-symmetry due to the yawing of the wake source, wind-veer effects, and different hub-heights between the
wake source and target turbine. Although the primary focus is on wind-turbine wakes, the proposed expression is also applicable
to tidal-stream turbines and can be extended to vertical-axis turbines (both wind and tidal) due to the relevance of similar
Gaussian wake profiles (e.g., Stallard et al., 2015; Ouro and Lazennec, 2021). The rest of this paper is structured as follows.
Section 2 presents the generalised analytical expression for the rotor-averaged deficit, which is validated against numerical
solutions for a single upstream wake in section 3.1 and for multiple upstream wakes in section 3.2. The key findings of this
paper are discussed in more detail in section 4 with a focus on compatibility with different wake superposition models and
applicability to yawed turbines, with a summary in section 5. Appendices A-D contain mathematical details on the derivation
of the generalised rotor-averaged deficit, whereas the distribution of the averaging points used in the validation presented
in section 3 are detailed in Appendix E. Further mathematical manipulations regarding wake superposition is included in

Appendix F following the discussion in section 4.



60

65

70

75

80

85

https://doi.org/10.5194/wes-2024-107 WIND

Preprint. Discussion started: 10 September 2024 —~ ENERGY
(© Author(s) 2024. CC BY 4.0 License. e we \ SCIENCE

® european academy of wind energy
m

2 Analytical evaluation of the rotor-averaged wind-speed deficit

In this study, we seek to analytically evaluate the rotor-averaged deficit of a turbine operating within an upstream Gaussian
wake whose shape and center are defined. For simplicity, the expression for the rotor-averaged deficit is derived for a single

upstream wake, but extension to multiple upstream wakes is straightforward (section 3.2).
2.1 Problem definition

The normalised wind-speed deficit (1) due to the wake of an upstream turbine impacted by a constant transverse wind (causing
wind veer) can be expressed as (Bastankhah and Porté-Agel, 2016; Abkar et al., 2018)

W=1- % =C(x) e Wntwm)*/(20}) o=/ (202) (1)

U,

where u is the streamwise wind speed, @, is the rotor-averaged wind speed of the upstream turbine (wake source), C' is a
streamwise scaling function, and x is the streamwise distance between the two turbines. The variables y,, and z,, are the lateral
and vertical coordinates respectively, with an origin at the wake center, and w = Aa(x/D,,) is a wind-veer coefficient with A«
being the difference in wind direction across the top and bottom tips of the upstream turbine (wake source) whose diameter is
D,,. The variables o, and o, are the wake standard deviations in the y,, and z, directions, respectively. Figure 1 illustrates a
schematic of an upstream turbine (of radius R,,) whose wake center is deflected horizontally by a distance d. The Cartesian
coordinates y,—z, are placed at the center of the wake in the plane containing the considered turbine which is at a streamwise
distance x from the wake source. The considered turbine is located at (A,, A,) with respect to the wake center with polar
coordinates p and J. The Cartesian axes y—z are placed at the center of the considered turbine which is of radius R. The lateral
offset p is measured from the center of the wake, which is assumed to be known from wake deflection models (e.g., Bastankhah
and Porté-Agel, 2016; Qian and Ishihara, 2018; Snaiki and Makki, 2024).

For a yawed upstream turbine, the wake standard deviations o, and o, are not equal, resulting in elliptic wake contours rather
than circular contours in the specific case of axisymmetric wake. We define the eccentricity £ of the wake elliptic contours due
to having non-equal o, and o as 52 =1- (ay / 02)2. Here, it is assumed that o, < o, which is the typical case for yawed
horizontal-axis wind turbines. However, it is noted that where relevant, scenarios with o, > ¢, can be obtained by a rotation
of axes. In the following calculations, o, will be denoted as o and hence o, = Uﬂ . A typical range for the eccentricity

& can be identified using the empirical expressions for o, and o, for a yawed upstream turbine at an angle v,
o,=0=klz+0,,Dy, and ayZU\/1—§2:kZ:E+UZODncos%L, 2)

where £} and k:;j are the rates of wake expansion in the z, and y,, directions respectively, and o,, ~ 1/ /8 is an initial wake
standard deviation (Bastankhah and Porté-Agel, 2016). For simplicity we assume that k7 = k;; = k*, and hence
k*x /0., +cosyn \
2 20 n 2
rl- | ————) <1- n- 3
¢ ( e 11 ) <1-cos’y 3
The typical range of a turbine yaw angle is less than 30° (Zong and Porté-Agel, 2021), and hence the eccentricity of the wake

elliptic contours £ < 0.5 for a typical inter-turbine spacing.
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Figure 1. Schematic contours of the normalised wind-speed deficit W due to an upstream wake. The center of the wake (origin of the axes
Yn—2n) is deflected horizontally by a distance d from its source center (upstream turbine denoted by the dashed circle), and the considered
turbine is offset from the wake center by a radial distance p and an angle . The axes y—z are placed at the center of the considered turbine and
are located at (A, A,) with respect to the wake axes y,—z,. The shown elliptic contours have an eccentricity £ = 0.4 and a veer-coefficient
w = —0.3, with definitions of ¢ and w provided in the main text. The upstream turbine (wake source) has a radius R,, and the considered
turbine has a radius R. The yellow dots on the rotor disk of the considered turbine (downstream turbine) are exemplary of the averaging

points that are used to numerically evaluate the rotor-averaged wind speed.
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A Gaussian wake description, as given in Eq. 1, assumes a neutral atmospheric boundary layer for which the typical magni-
tude of wind veer is approximately of the order 0.03°/m (Walter et al., 2009; Gao et al., 2021). Hence, for large wind turbine
(diameter ~ 220 m) operating in a neutral boundary layer, the difference in wind direction across its top and bottom tips is less
than approximately 7°. While stable stratification and/or complex terrain can intensify wind veer, we limit our calculations to
neutral boundary layers with moderate wind veer (i.e., Aa < 7°). The angle 0 corresponds to the difference in hub-height be-
tween the upstream turbine (wake source) and the considered downstream turbine. In a typical wind farm, all turbines have the
same hub-height, making § = 0 (or 7). However, our calculations consider ¢ as a variable to accommodate cases with differing
hub heights, such as adjacent wind farms or non-uniform terrain.

To summarise, the objective is to determine the rotor-averaged deficit of a turbine of radius R operating within an upstream
Gaussian wake defined by the standard deviation o, the wake eccentricity &, the veer coefficient w, and the streamwise scaling
function C, by performing a surface integration of Eq. 1 over the rotor disk of the considered turbine (shaded circle in Fig. 1),
which is offset from wake center by the radial distance p and the angle §. We assume that the rotor disk of the considered
turbine is normal to the free-stream direction implying that o, £, w, and C, are constants across the rotor disk of the considered

turbine.
2.2 Generalised rotor-averaged deficit of a Gaussian wake

The presented derivation in this section is a generalisation to the solution by Ali et al. (2024a) who solved a similar problem
but for an axisymmetric wake (i.e., £ =w = 0) and for two turbines of the same hub-height (i.e., § = 0). From Eq. 1, the
rotor-averaged deficit TV of the considered turbine is

R 27
e / / re~(mtwza)/ Qo) =21/ (272) g dy 0

mR2 ’

00
where 7, 6 are the polar coordinates of the axes y—z placed at the center of the considered turbine (Fig. 1). The coordinates
yn—2n (of the wake center) and y—z can be related using y,, = y + A, and 2z, = 2+ A, (Fig. 1). These relations, along with
(y,2) =r(cosh,sinf) and (A,,A,) = p(cosd,sind), where (t1,t2) means t; or 5, can be used to re-write Eq. 4 in the r—6

coordinates as (see Appendix A for derivation)

1 2
~ 2 2 2 2 2 p2 2 1 2 p2 2 2
W — Cemp*/(20) g0 cos (26-60)/(202) / pe—R?/(202) / e )
0 0

My

Mﬂ
where 7 = r/R. In Eq. 5, three new length scales are introduced: o, oy, and o along with two new angles: ¢y and ¢, which
are defined in terms of the wake standard deviation o, the eccentricity &, the veer coefficient w, and the angle 9 as

2:202(1—52) o2 = 202(1—£2) 02202(1—52)605(;55 tan g = 2w tang :w+(1—§2)tan5
24 w2—g27 T (w2—§2)2—|—4w2’ s cosd +wsing e —w?’ s 14+wtand

52
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The subscript “ns” refers to wake non-symmetry. In case of an axisymmetric wake (i.e., w = £ = 0), we have o,;! =0 and
hence its corresponding exponential terms in Eq. 5 vanish. Also, when the wake is axisymmetric we have o, = 0, = o, and
¢s = 0. The solution to the integral My in Eq. 5 is (see derivation in Appendix B)

nRp n°R? nRp n*R?
M9_210( pe )10< +4Z Y cos (vg) I, ) v 207 ) (7

v>1 S

where [, is the modified Bessel function of the first kind and order v, and ¢ = 2¢5 — ¢ys. By employing Eq. 7, the solution of
the integral M, in Eq. 5 is (Appendix C)

4o 3 —R%/(207 R A2 R
a2 = e [ (G) S ()

S N

where P, = cos (2 sing)e Xm0 — 1, yp = po2/(20002), and A = Ro?/o2. In Eq. 8, juq is

1
—2R? /(202 R
uo:/ne PR 2 *)Io(no_f) in. ©)
0

S

In the case of an axisymmetric wake (01;1 =0), we have xps = Py = 0, and Eq. 8 simplifies to M,, ~ 2u. Therefore, Eq. 8
indicates that the solution of the non-axisymmetric wake (Eq. 1) is a perturbation (second term in Eq. 8) to scaled axisymmetric
solution (scaled by 1+ 2P,). Equation 8 contains terms in the form I, (Rp/a?)/p, which has a finite value when there is
no lateral offset between the wake source and the considered turbine (p = 0) as gil)% I,(Rp/a?)/p=1/(2"v!). Nonetheless,
when p =0, Pps = 0 similar to the axisymmetric solution. This results from the simplifying assumption made in Appendix
C to solve for M, where the terms I, (n>R?/(202)) were approximated by (n*>R?/(402))" /v! under the assumption that
the argument of the modified Bessel function is small (following the limits on the wind veer discussed in section 2.1), and
hence I (772R2 / (2055)) ~ 1 was employed. This means that the stretching and shearing acting on the wake are assumed to
have minimal effect on the wake shape close to the wake center and are more profound far from the wake center. We will
show in section 3.1, both numerically and analytically, that this assumption is acceptable for moderate values of wind veer by
monitoring the average value (within the range 0 < 7 < 1) of the argument of the modified Bessel function k = R?/(652). The
solution of the integral 1y can be obtained by generalising the solution introduced by Ali et al. (2024a) based on Rosenheinrich

(2017)

fo = ﬁ e /IR, p0y,0.), (10)
where
k k
Rp R? Rp Rp R?
U(R,p,0,04) = fo(gz)z (202> fi(r?) -2 h (02 > 292 gk ()], (11)
s/ k>1 * s S k21 ¥

and 7 = po, /o2. The coefficients f;, and gi follow

Ji—1(7) w;Tgkq (1) () = fi(7) +22kgk71 (1) ’

fr() = 12)
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with fo =1, go = 0. The recursions in Eq. 12 converge rapidly within 6-10 iterations of simple algebraic calculations. From
Eq. 5, the final form of the rotor-averaged deficit is

~ ~ 2 2
W~ 20e—r"/(26%) <u0 (142Py) — —202* e~ R/ p Ph (Rf) + —AQ I (Rﬁ)D , (13)
R o o p o

S S

where 672 = 0,2 + 0,2 cos (26 — ¢ns). Equation 13 was implemented in Python and available from Ali et al. (2024b).

3 Validation

In this section, the developed analytical solution (Eq. 13) is validated against numerical evaluation of the rotor-averaged deficit
for the case of a single upstream wake (section 3.1), and for the case of multiple upstream wakes (section 3.2). The numerical
reference against which Eq. 13 is validated is 2000 averaging points uniformly distributed across the rotor disk following a

sunflower distribution (details in Appendix E) as shown in Fig. E1.
3.1 Single upstream wake

We consider the non-axisymmetric Gaussian wake of a wind turbine (Eq. 1) and evaluate the rotor-averaged deficit of a down-
stream turbine due to this wake at various downstream locations relative to the wake source. The upstream turbine, acting as
the wake source, operates at a yaw angle ~,, = 20° with combinations of low (C; = 0.4) and high (C; = 0.8) thrust coefficients
and low (T; = 5%) and high (T; = 12%) free-stream turbulence intensities. As discussed in section 2.1, the difference in wind
direction across the top and bottom tips of the upstream turbine is assumed to be 7°, corresponding to a moderate wind veer
acting on a large turbine (diameter ~ 220 m), and hence the veer coefficient w ~ 0.122x/ D,,. For simplicity, hereafter the sub-
script n for the radius and diameter of the upstream turbine is dropped by assuming that the upstream and downstream turbines
are of the same size, which does not impact the generality of Eq. 13. At each downstream location from the wake source, the
wake eccentricity & can be obtained from Eq. 3 using the empirical expression £* = 0.003678 4 0.3837T; (Bastankhah and
Porté-Agel, 2014). Other empirical expressions can be used, but this does not impact the validation process as both analytical
and numerical approaches use o regardless of how it is defined.

Figure 2 shows the lateral variation of the rotor-averaged wind speed deficit (W) normalised by the streamwise scaling func-
tion C' at different downstream locations for the cases summarised above as calculated numerically (markers) and analytically
(solid curves) using Eq. 13 for different values of the angle §. The corresponding value of the eccentricity &, the veer coefficient
w, the ratio R /o, and the parameter x = R? /(602 are indicated for each case. During the derivation of Eq. 13, the quantity »
was assumed to be small enough (< 1) to employ the approximation I, (n?R?/(202)) ~ (n*R?/(40%))" /v! (Appendix C).
The listed values of « in Fig. 2 verify this simplifying assumption as the maximum value of x was approximately 0.35 which
occurred 10 diameters downstream of the wake source for the low C; and low T case (Fig. 2d). For the other cases,  has even
smaller values.

The comparison against the numerical evaluation of the rotor-averaged deficit indicates excellent accuracy of Eq. 13, even far

downstream of the wake source (/D = 10), where the wake is highly sheared by wind veer. At zero lateral offset between the
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Figure 2. Normalised rotor-averaged deficit (W/ C) calculated numerically (markers) using the set of discrete points shown in Fig. E1 and
analytically (solid curves) using Eq. 13 for different values of the lateral offset p (normalised by the wake standard deviation o) between the
wake source and considered turbine. Each column represents a specific distance downstream of the wake source, and each row corresponds
to a different combination of the thrust coefficient (C) of the upstream turbine and the free-stream turbulence intensity (7;) as indicated.
Indicated for each case are the wind-veer coefficient w ~ 0.122x /D corresponding to a 7° difference in wind direction between the top and
bottom tips of the upstream turbine, the eccentricity of the wake elliptic contour £ due to a 20° yawing of the upstream turbine (Eq. 3), and
the ratio of the radius of the considered turbine to the wake standard deviation R/o (o is obtained from Eq. 2). For each case, three values
of the angle §, which is the angle between the wake center and the center of the considered turbine (Fig. 1), are considered: 0, 7/4, and
37 /4. The quantity s = R?/(60%), which was assumed small in the derivation of Eq. 13 is recorded for each case as a validation to this

simplifying assumption.
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considered turbine and the wake source (p = 0), the agreement between Eq. 13 and the numerical solution in Fig. 2 for all the
shown cases indicates that the assumption of minimal impact of wake shearing and stretching on the wake center was justifiable,
even at high values of the veer coefficient w at 2:/D = 10. As the stretching and shearing of the wake shape due to wind-veer
effects increase downstream of the wake source (w increases with 2z/ D), the role of the angle § (hub-height difference) becomes
more profound compared to locations close to wake source (first column vs last column in Fig. 2). Specifically, the low C}
and low T; case is characterised by a slow rate of wake expansion (o is smaller than the other cases), resulting in the largest
deviation between the numerical and analytical solutions far downstream of the wake source (Fig. 2d), because the parameter
k is relatively larger. However, at large distances downstream of the wake source (z/D ~ 10) the magnitude of the wind-speed
deficit is sufficiently small (the scaling function C' is small) making any differences between the numerical and analytical

solutions insignificant.
3.2 Multiple upstream wakes

So far, we examined the developed analytical solution for a single upstream wake, but a wind turbine is typically impacted
by multiple upstream turbines, for which wake superposition models are applied. When the rotor-averaged deficit due to
multiple upstream wakes is calculated numerically using a set of discrete points on its rotor disk, wake superposition of all
upstream wakes is applied for each point on the rotor disk independently, followed by rotor averaging of the superposed
deficits. Alternatively, the presented analytical solution (Eq. 13) corresponds to evaluating the rotor-averaged deficit for each
upstream wake independently, followed by superposition of the rotor-averaged deficits. The impact of the order of applying
wake superposition and rotor averaging depends on the structure of the superposition expression. Ali et al. (2024a) showed
that for axisymmetric wakes the order of wake superposition and rotor averaging has no significant impact on the overall rotor-
averaged deficit for both linear superposition (Niayifar and Porté-Agel, 2015) and root-mean-squared superposition (Voutsinas
et al., 1990), and demonstrated this by application to the Horns Rev wind farm. In this section, we extend this analysis to the
case of non-axisymmetric wakes to quantify the impact of the order of wake superposition and rotor averaging.

Expanding on the application presented by Ali et al. (2024a), we consider the Horns Rev wind farm but with yawed turbines
to demonstrate the accuracy of Eq. 13 when combined with various wake superposition models against numerical approaches.
The yaw angle of each turbine was obtained from the yaw optimisation study by Zhang et al. (2024) for a free stream flowing
from West to East with a wind speed 8 ms~! and a turbulence intensity of 7.7%. The employed row-averaged yaw angles are
shown in Fig. 3a, along with a schematic of the farm’s layout and the direction of the wind relative to the farm. We use the wake
deflection model of Bastankhah and Porté-Agel (2016), and the turbine-induced turbulence model of Crespo and Hernandez
(1996). The wake of each turbine is assumed to be Gaussian similar to the form in Eq. 1. No wind-veer effects are included in
this comparison, and hence w = 0.

We consider three wake superposition models: linear superposition (Niayifar and Porté-Agel, 2015), root-mean-squared

superposition (Voutsinas et al., 1990, hereafter RMS), and the product-based superposition model of Lanzilao and Meyers
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Figure 3. (a) The row-averaged yaw angle of the Horns Rev wind farm with respect to the free-stream wind from West to East (Zhang et al.,
2024). Inset shows a schematic of the farm’s layout where the yaw of each turbine is indicated and the first row is highlighted in green to
indicate row definition. (b) The row-averaged power generation of the Horns Rev wind farm using linear wake superposition (Niayifar and
Porté-Agel, 2015) obtained using the analytical solution of Eq. 13 (solid curve) compared to the numerical solution using the averaging
points shown in Fig. E1 (markers). For reference, the case with no turbine yaw is shown by the dashed curve. The free-stream wind speed is
8 ms~! and the free-stream turbulence intensity is 7.7%. (c) same as in sub-figure b but for the root-mean-squared superposition (Voutsinas

et al., 1990). (d) same as in sub-figure b but for the product-based wake superposition of Lanzilao and Meyers (2022).

(2022, hereafter LM), which are defined as

~ 1 B ~ 1 ~ ~
Wlin:Uizu]'Wj, WRMS:Ui ZU?WJZ, and WLle_H(l_Wj)7 (14)
° jes ° \/ jES jES

where U, is the free-stream wind speed, and S is the set of all upstream turbines whose wakes influence the considered
turbine. Figures 3b—d show the row-averaged power generation of the Horns Rev wind farm as calculated analytically (solid
curves) and numerically (markers) for linear superposition (Fig. 3b), root-mean-squared superposition (Fig. 3c), and product-
based superposition (Fig. 3d). The change in row-averaged power generation due to turbine yaw exhibits similar trends to that
predicted by Zhang et al. (2024) with a reduction in power from the first row, a power uplift from the second and third rows,
and only small variations (of order 1-2%) for subsequent rows (Figs. 3b—d). This is observed for the three considered wake
superposition models, and power generation of later rows (third row and onwards) are more sensitive to the used superposition
model than to the imposed yaw. The comparisons in Figs. 3b—d show that the analytical and numerical calculations of the row-

averaged power generation are indistinguishable, indicating that the order of applying wake superposition and rotor averaging
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does not impact the accuracy of Eq. 13, which can be used with the considered wake superposition models as well as any

superposition model that uses similar operators (i.e., linear, root-mean-squared, or product).

4 Discussion

In the current study, we derived and validated an expression for the surface integration of a non-axisymmetric Gaussian wake
over a circular disk, depicting the rotor of a turbine whose rotor-averaged deficit is sought. The general integrated wake profile
took into consideration wake stretching arising from the yawing of upstream turbines, and wake planar shearing due to wind-
veer effects through a set of controlling variables: o, p, ¢, &, and w, whose definitions were discussed in detail in section 2.1.
The presented solution is compatible with any wake deflection model from the literature as all distances were referenced to the
wake center. Alternatively, if the center of the upstream turbine is sought to be the reference location, then the definitions of
p and ¢ need modifications to account for the wake horizontal deflection d. In this case, the modified lateral offset p*, and the

modified angle 6* measured from the center of the upstream turbine are

=142 d cosd + d i and tané*—ﬁ (15)
p=r p o)’ ~d/p+cosd’

The rotor-averaged deficit proposed in section 2.2 (Eq. 13) corresponds to a single upstream wake, whereas an operational

wind turbine is typically impacted by multiple upstream wakes whose deficits are superposed using a variety of wake super-
position models (e.g., Lissaman, 1979; Voutsinas et al., 1990). In a numerical framework that relies on a set of discrete points
generated on the rotor disk of the considered turbine to calculate the rotor-averaged deficit, wake superposition due to all
upstream wakes is applied to each point independently followed by a rotor averaging for the superposed wakes. Conversely,
application of Eq. 13 to a turbine subject to multiple upstream wakes requires the evaluation of the rotor-averaged deficit for
each wake followed by a superposition of these deficits. For a superposition model that relies on a linear operator to com-
bine upstream deficits (e.g., Lissaman, 1979; Niayifar and Porté-Agel, 2015; Zong and Porté-Agel, 2021; Dar and Porté-Agel,
2024), the numerical and analytical approaches discussed above are the same, meaning that the order of applying wake su-
perposition and rotor averaging has no effect. However, other wake superposition models rely on root-mean-squared operators
(e.g., Katic et al., 1987; Voutsinas et al., 1990) for which the order of wake superposition and rotor averaging is not trivial.
Ali et al. (2024a) showed mathematically that for a column of turbines of the same hub-height (§ = 0) with no lateral offset
(p = 0) where the wake of each turbine is axisymmetric (§ = w = 0), the order in which wake superposition and rotor averag-
ing calculations are applied results in insignificant differences as long as the number of upstream turbines with non-negligible
deficits acting on the considered turbine is not large. They showed that for an analytical approach (rotor-averaging followed by
superposition), the rotor-averaged deficit of the considered turbine is proportional to e~/ (45*) | where & is an averaged wake
standard deviation for all the upstream turbines impacting the considered turbine, whereas for a numerical approach (superpo-

sition followed by rotor-averaging), the rotor-averaged deficit is proportional to e =2/ (95%)

. In a typical wind farm, the number
of upstream turbines with non-negligible deficits acting on a turbine is 2-3 where one of these turbines has the dominant wake

effect, making these two exponents very close. This conclusion naturally extends to the considered case of a non-axisymmetric
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wake, as the non-axisymmetric solution was shown to be a perturbation to a scaled axisymmetric solution (Eq. 13). Application
to the Horns Rev wind farm showed that the numerical and analytical approaches using root-mean-squared superposition gave
indistinguishable results (Fig. 3c).

The superposition model of Lanzilao and Meyers (2022) does not use linear nor root-mean-squared operators, but rather
the product of the normalised rotor-averaged wind speeds of all upstream wake sources. We show in Appendix F that for this
superposition model, and for any other superposition model of a similar operator, the numerical and analytical approaches are
asymptotically identical if the upstream wakes of the considered turbine are assumed to operate independently. This assumption
is justified as each turbine can be yawed independently of the other turbines depending on its onset wind, though such a
strategy is not optimal for the whole wind farm performance. We also demonstrate that for small-enough upstream deficits
(W <0.3), the superposition model of Lanzilao and Meyers (2022) converges to a non-weighted linear superposition model,
which explains the closeness in the estimated power generation by the two wake superposition models when applied to the
Horns Rev wind farm (Figs. 3b, d). Similar to root-mean-squared superposition, when this product-based superposition model
was applied to the Horns Rev wind farm, there were no distinguishable differences between the analytical and numerical
solutions (Fig. 3d).

Some limitations should, however, be considered. The rotor-averaging process inherently assumes that a zero-deficit point
on the rotor disk has a wind speed that is equal to that of the upstream turbine (wake source), rather than the free-stream wind
speed or another background wind speed. This is referred to as partial waking of a turbine. Such an effect can be profound in the
case of highly heterogeneous flow within a wind farm (e.g., in the case of extreme weather conditions such as hurricanes or in
the case of extremely large wind farms). In such a scenario, both the numerical and analytical approaches based on engineering
wake models have shortcomings as the underlying assumptions of the wake-deficit model cannot predict the interactions
between the wakes and the heterogeneous background flow, which can lead to inaccurate wind speeds of the unwaked regions
of a rotor.

The obtained expression for the rotor-averaged deficit was derived assuming that the considered turbine is normal to the free-
stream flow, making the parameters o, £, w, and C' constants across the rotor disk. If the considered turbine is yawed, these
parameters are no longer constants but vary along the streamwise extents of the considered yawed turbine. These variations
are small for a small yaw angle v and are typically ignored, as the integration over a circle normal to the free-stream flow is
approximately similar to that across an inclined ellipse extending from z, — Rsin~y to x, + Rsin~y, where x, is the streamwise
coordinate of the center of the yawed turbine. Moreover, a yawed turbine experiences transverse wind whose magnitude is
typically much smaller than the streamwise wind speed (Martinez-Tossas et al., 2019). This transverse wind is not included in
Eq. 13 and needs to be modelled numerically, if required. Nonetheless, since the streamwise wind speed is dominant for small
yaw angles and typical inter-turbine spacing, Eq. 13 presents a fast point-free expression that can be used even if the considered
turbine has a small yaw angle.

Importantly, Eq. 13 is differentiable. Although not addressed in this study, Eq. 13 allows for obtaining mathematical ex-

pressions for the gradients of the rotor-averaged wind speed of a turbine with respect to its location in a farm and/or to the
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operating point of upstream turbines. This offers the potential to replace the heuristic search for global minima that is required

for optimisation problems to a problem of obtaining the zeros of a set of non-linear equations.

5 Summary

An analytical expression for the rotor-averaged wind-speed deficit of a turbine operating within a Gaussian wake was derived
and validated for a general lateral offset and hub-height difference between the wake source and the considered turbine. The
Gaussian wake included wake stretching effects due to the yawing of the wake source as well as the planar shearing of the
wake shape due to wind-veer effects. The presented expression was validated against numerical evaluation of the rotor-averaged
deficit indicating excellent agreement at various downstream distances of the wake source, and at different combinations of the
thrust coefficient of the wake source and the free-stream turbulence intensity. The expression of the rotor-averaged deficit for
a single turbine wake can be applied to multiple wakes using any available superposition model that rely on linear operators,
root-mean-squared operators or product operators as demonstrated by application to the Horns Rev wind farm. The expression
for the rotor-averaged deficit is differentiable and can lay the ground for obtaining mathematical expressions for the gradients
of the rotor-averaged deficit, and hence power production, with respect to a turbine’s location and/or the operating conditions

of upstream turbines, which can be beneficial for optimisation-based applications.

Code availability. A Python implementation of the presented analytical expression for the rotor-averaged deficit (Eq. 13) is publicly available

from Ali et al. (2024b). The Python script used to generate Fig. 2 is also available in the same repository.

Appendix A

In this appendix, we show how Eq. 4 can be transferred from the wake axes y,—z, to the axes of the considered turbine y—z.

From Eq. 4 along with the relation between the y,,—2,, and y—z axes (Fig. 1): y, =y + A, and 2, = 2+ A, we have
R 27

W:% / / pe— WH A (e A0))?/(203)  ~(++8.02/(202) g gy (AD)
e
0 0

By expanding the brackets in Eq. A1, the exponent can be written as e en /2e=TpCrp g P Cp2/ 2 where ¢,2, Crp, and c,2 are
coefficients of 72, rp, and p?, respectively. Using (y,z) = r (cosf,sin) and (A, A,) = p(cosd,sind), where (t1,t2) means
t1 or to, we have

cos?0 sin?f  wsin20  w?sin?6

=22 AP, + , (A2)
oz o2 o2 o2
ind + cosd 1 ind + cosd
cop = (S Yo (o (LT g (A3
O'y (o) O'y
—
al az
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cos?d  sin?d  wsin20  w?sin?§
Cpr=—%—+— 5 5 (A4)
gy o2 o, o,
To simplify Eq. A2, we use the substitutions cos? § = (1 + cos26)/2 and sin?# = (1 — cos 26) /2
1 1 w? 1 1 w? w\ .
1/02 1/o3,
which can be further simplified by defining 1 /02 =y /1/0%, +w?/o} and tan ¢n, = wo?, /o
1 260 — ¢ns
o= Ly 20520~ dm) (A6)
0* Uns
Using the same procedure and by replacing 6 with §, we have
1 cos(20 — ¢ns)
=4+ ——". A7
CEEt T “n
Finally, Eq. A3 can be simplified to
crp = cos (0 — ¢) /o2, (A8)

by defining 02 = 1/+/a? + a3 and tan ¢ = az /a1, where a; and as are defined in Eq. A3.

Appendix B

In this appendix, we present the solution to the integral My in Eq. 5, which was based on a solution proposed by Gaidash
(2023).

27
My = l/e—n2R2cos(29—4)“,)/(20,?5)—711%/)(:05(9—¢7S)/c752 de. (B1)
s
0
Using the Jacobi—Anger expansion (Abramowitz and Stegun, 1972, 9.1.41-45; p. 361), we can write
e—ancos(G—qbs)/of _ Z(_l)ylu (URP> eiV(9_¢ns/2)eiV(¢ns/2—¢S)’ (B2)

ol
VEZ ;

where I, is the modified Bessel function of order v, and Z is the set of integers. Using Eq. B2, the integral My becomes

27

1 ; R ,
My= = Z(_l)uezu(¢"s/2—¢s)Lj (77029) /e_anz cos (20— )/ (203) piv (0 —bus/2) 9. (B3)

vEZ s

The integral in Eq. B3 vanishes for odd values of v. Also, since Mjy is real we can write

My =23 cos (v(2¢s — dus)) I (”i” ) / e R 0o (6 =0u) 200 o8 (1(0) — ) O, (B4)
ag
0

VEZ s
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where 6’ = 26. The integral in Eq. B4 can be solved using (Gradshteyn and Ryzhik, 2007, 3.915(2) p. 491)
/e*tcosccos(z/C) d¢ = (-1)"n1,(¢), (BS)
0
which is insensitive to a phase shift ¢,s. Hence, My becomes
M . (nBe\ , (n’R?
6=2> (—1)"cos ((2¢s — Pus)) Tar o ) (g ) (B6)
VEZL : .
which can be further simplified using the fact that I, (x) = I, (x) for an integer v
nRp 77 R2 nRp n°R®
My =21, Io +4) (=1)"cos(v(2¢s — ) Tov 5 | I (55 ) - (B7)
o? o 202

v>1

Appendix C

In this appendix, we provide a solution to the integral M, defined in Eq. 5 along with solution of the integral My (Eq. 7) which
was detailed in Appendix B

1 1
R n? R? R ’R?
a0 () () o o0 () ()
0 S 0 ns

v>1 s

(ChH

The argument of the terms in the form 1, (n>R? /(202,)) is sufficiently small (< 1) for the ranges outlined in section 2.1 with an
average value of k = R?/(602) for 0 < 1 < 1. Hence, we employ the approximation I,, (n?R?/(20%)) ~ (n*R?/(402,))" /!
(Abramowitz and Stegun, 1972, 9.6.7; p. 375). The integral M,, becomes

1
v 2 472 R

M, ”2“0+4ZV' (4 2) cos (vo) /nm‘ 'R/ (200, (7702”) dn, (C2)

v>1 0 s

Az,
where
/ R,

2 p2 2

Lo = /776_’7 R /(20*)[0 (770;)) dn. (C3)

Solving the integral p is discussed in more detail in section 2.2. The solution to the integrals Ay, is derived in detail in

Appendix D.

(C4)

2 2 -k Rp
o~ R?/(20%) J
o > () # (%)
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Therefore, M, becomes
—k
~ XZ,)Y cos (vo) * o—F2/(202) an Y cos (vo) Rp
M, = 210 1+2Z— - >t Z ) (o2 )| (C5)
v>1 v>1 =1
where X = po2/(20,502). For the sum over v, we have
(—xa) cos(vp) > .
Pus=) nsf = e Xm 5% cos (x2 sing) — 1. (Co)

v>1

Also, the modified Bessel function I, (z) decays rapidly with v, and hence we only keep the terms with v < 2 in the right-hand
side of Eq. C5. Therefore, Eq. C5 simplifies to

402 _ A (R X (R
My % 2410 (1+2Ps) = e R/(202)p, [ I ((f) +;12 (gf)] (C7)

S S

where A = Ro2 /o2

Appendix D

In this appendix, we present a solution to a generic integral in the form

1
A(B.0) = / e BT (nd) di, (D)
0

where v is an integer, and (§ and ¥ are constants. To evaluate A, we employ 0/9n (n”I, (n¥)) = 9n”I,_1(m?). Integrating
Eq. D1 by parts leads to the recursion

e—B%/2 9
Av(ﬂ;ﬁ):7711/(79)4»?Au—1(6719)ﬂ (D2)
which can be solved using the generating function F(n) = >_ A,n”. Multiplying Eq. D2 by 1” and summing over v gives
v>1
_[32
S A == S L+ 5 Y A (D3)
v>1 v>1 v>1
which simplifies into
e—B/2
F)=————> L — (Ao + F(n)). (D4)
v>1

Solving Eq. D4 for F(n) and using Taylor’s expansion (1 —dn/3%)~t = Y (ﬁn/ﬂz)m

m>0

eﬁ/2

-2 () oo ()

v>1m>0 m>0
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Figure E1. A uniform sunflower distribution of 2000 points over the surface a circle to be used to numerically evaluate the rotor-averaged
deficit due to an upstream wake in the form of Eq. 1 and provide a reference to validate Eq. 13. More details on this distribution is available

in Appendix E.

Finally, the integral A,, is the coefficient of ' in Eq. D5

9 \" R YA
Ayw,ﬁ)—(ﬂz) Aa(8,0) - ;(m) Ikw)], (D6)
where Ag(3,9) is
1
Ao(B,9) = / ne™" 521y (n9) dy. (D7)
0

Appendix E

In this appendix, the sunflower distribution of points across a circle is summarised. The polar coordinates r; and 6}, of a point

of index k (out of N total points) on a circle of radius R are defined as

R ifk>N-b
rE = — (E1)
R WAW otherwise
2k
O =, (E2)
%)
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where ¢ = (/54 1)/2 is the golden ratio, and the constant b = round(2v/N) with the function “round" returning the nearest
integer. The resulting distribution of points is shown in Fig. E1. An implementation of this distribution can be found in Ali
et al. (2024b).

Appendix F

In this appendix, we examine the effect of the order of applying wake superposition and the rotor averaging for the product-
based wake superposition model of Lanzilao and Meyers (2022). Consider a wind turbine impacted by a set .S of upstream
wakes. Assuming a set of NV discrete points on the rotor disk of the considered turbine, the numerical approach (wake super-

position followed by rotor averaging) of obtaining the rotor-averaged deficit is

B 1 X
LMWnum:NZ 17H(17Wj(k)) : (F1)
k=1 JES

where W; (k) is the normalised wind-speed deficit of a point of index & on the rotor disk of the considered turbine due to the

wake of an upstream turbine of index j. The product over the set S in Eq. F1 can be expanded as

| | (1-W;(k)) = 1—§ W; (k) + § Wi (k)W; (k) + O(W?). (F2)
JES JES i,JES
i#£j

We can neglect the higher order terms of W (order 3 and higher) compared to the lower order terms, and hence Eq. F1 simplifies

to
B 1 N 1 N
EMPV am = Z (N ZWi(k)> - Z (N ZWi(k)Wj(k)> . (F3)
jeS k=1 Z,Zg:]S k=1

If the rotor averaging over a set of IV points asymptotically approaches the analytical average, then

LMWnum ~ ZW] — Z WZWJ (F4)
jES i,jES
1#]

Alternatively, the corresponding analytical approach (rotor averaging followed by wake superposition) of obtaining the rotor-
averaged deficit is
My = 1= [T (1-W5) = YW= Y Wb (F5)
JeS JjES i,jes
i#]
The difference between the numerical and analytical approaches originates from V/V;\V_Vj in Eq. F4 versus WZ-W]» in Eq. F5,
where the difference between these two quantities acts as a covariance for the set of upstream deficits. If the mutual impacts

—_~—

between the upstream turbines are neglected by assuming the turbines operate almost independently (i.e., W;W; ~ WiVT/j),

LM

then an asymptotic resemblance between Wnum and LMWanl is achieved. In the case of small-enough deficits, the superposi-

tion of Lanzilao and Meyers (2022) approaches a non-weighted linear superposition when W2 < W.
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