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Abstract. Wind farms, particularly offshore clusters, are becoming larger than ever before. Besides influencing the surface
wind flow and the inflow for downstream wind farms, large wind farms can trigger atmospheric gravity waves in the inversion
layer and the free atmosphere aloft. Wind farm-induced gravity waves can cause adverse pressure gradients upstream of the
wind farm, that contribute to the global blockage effect, and can induce favorable pressure gradients above and downstream
of the wind farm that enhance wake recovery. Numerical modeling is a powerful means of studying these wind farm-induced
atmospheric gravity waves, but it comes with the challenge of handling spurious reflections of these waves from domain
boundaries. Typically, approaches which employ radiation boundary conditions and forcing zones are used to avoid these
reflections. However, the simulation setup of these approaches heavily relies on ad-hoc processes. For instance, the widely
used Rayleigh damping method requires ad-hoc tuning to produce a setup which may be only produce satisfactory results for
a particular case. To provide more systematic guidance on setting up realistic simulations of atmospheric gravity waves, we
conduct an LES study of flow over a 2D hill and through a wind farm canopy that explores the optimum domain size and
damping layer setup depending on the fundamental parameters which determine the flow characteristics.

In this work, we only consider linearly stratified conditions (i.e., no inversion layer), thereby focusing on internal gravity
waves in the free atmosphere and their reflections from the domain boundaries. This type of flow is governed by a single Froude
number, which dictates most of the internal wave properties, such as wavelength, amplitude, and direction. This in turn will
dictate the optimum domain size and Rayleigh damping layer setup. We find the effective horizontal and vertical wavelengths,
(the representative wavelengths of the entire wave spectrum), to be the appropriate length scales to size the domain and damping
layer thickness, and the optimal Rayleigh damping coefficient scales with the Brunt-Viiséla frequency.

Considering Froude numbers seen in wind farm applications, we propose recommendations to limit the reflections to less
than 10% of the total upwards propagating wave energy. Typically, damping is done at the top boundary, but given the non-
periodic lateral boundary conditions of practical wind farm simulation domains, we find that damping the inflow-outflow
boundaries is of equal importance to the top boundary. The Brunt-Viisild frequency-normalized damping coefficient should be
between 1 and 10. The damping layer thickness should be at least one effective vertical wavelength; damping layers exceeding

1.5 times the vertical wavelength are found to be unnecessary. The domain length and height should accommodate at least one
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effective horizontal and vertical wavelength, respectively. Moreover, Rayleigh damping does not damp the waves completely,

and the non-damped energy might accumulate over the simulation time.

1 Introduction

The size of a modern wind farm, especially offshore, can extend several tens of kilometers horizontally, involving flow inter-
actions on a regional scale with impacts well into the free atmosphere. The energy and momentum extraction caused by a large
wind farm is significant enough to decelerate the flow in the atmospheric boundary layer (ABL) (Frandsen, 1992; Calaf et al.,
2010; Smith, 2010), which slowly recovers because of turbulent momentum transfer and the interplay of the large-scale driving
pressure gradient and the Coriolis force. This is evident from the consolidated wake of a large wind farm, which extends far
beyond the wind farm in the streamwise direction. Researchers frequently study the behavior of a wind farm within the ABL
only and do not consider the free atmosphere above. However, a full understanding of large wind farm behavior requires an
understanding of the farm’s effect on the free atmosphere and vice versa.

The temperature stratification of both the ABL and the free atmosphere is strongly connected to the flow dynamics of large
wind farms. For instance, the thickness of the ABL can significantly decrease during stable atmospheric conditions, which will
affect the flow at turbine level in a variety of ways. In offshore environments in particular, the height of the capping inversion
(the relatively thin strongly stable layer that often forms between the top of the ABL and the free atmosphere) can drop to a
few hundred meters at night. In such conditions, wind farms can induce atmospheric gravity waves (AGWs), which include
trapped gravity waves (TGWs) in the capping inversion and internal gravity waves (IGWs) in the free atmosphere aloft. Wind
farm-induced AGWSs were first hypothesized by Smith (2010), who treated wind farms as semi-permeable obstacles that can
deflect the flow upwards to displace the capping inversion, resulting in these buoyancy-driven waves.

Wind farm-induced AGWs can affect wind farm performance by creating streamwise pressure gradients that accelerate or
decelerate the flow into and through the farm, contributing to the phenomenon of "wind farm blockage", and affecting the
way the consolidated wind farm wake recovers. Smith (2010), Allaerts et al. (2018), and Lanzilao and Meyers (2021) believe
that AGWs are the main driver behind the wind farm blockage effect at the entrance of a wind farm. Wu and Porté-Agel
(2017) theorize that the wind farm blockage effect is the combined effect of AGWs and cumulative turbine induction. The term
‘regional efficiency’ of wind farms was introduced by Allaerts and Meyers (2018) to characterize the impact of atmospheric
gravity waves on wind farm performance. They claim that regional efficiency is of the same order as wake-induced wind farm
efficiency losses. Allaerts et al. (2018) estimated a 4 to 6% decrease in the annual energy production of an offshore wind farm
caused by the blockage effect created by AGWs. On the other hand, (Lanzilao and Meyers, 2023) and (Stipa et al., 2023)
argue that AGWs can also assist wind farm wake recovery because they can create a locally favorable pressure gradient at the
downstream end and behind the wind farm. However, the extent of the favorable pressure and whether or not it always improves
wind farm wake recovery is still unknown. Because of the sheer scale of AGWs and their interaction with wind farms, little if
any experimental data exist to quantify their effects on wind farms; most investigations about wind farm-induced AGWs are

numerical.
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Numerical flow simulation, particularly large-eddy simulation (LES), is a useful tool to study AGWs. Gravity waves induced
by large wind farms were first investigated with LES by Allaerts and Meyers (2017). Since then, wind farm-induced gravity
waves have been studied using LES by Allaerts and Meyers (2017, 2018), Allaerts et al. (2018), and Lanzilao and Meyers
(2021, 2023), all of which used pseudospectral codes and a forcing fringe region to circumvent the horizontal periodicity that
is inherent in the pseudospectral approach. Stipa et al. (2023) and Maas (2022) have also studied wind farm-induced gravity
wave effects using simulations with inflow and outflow boundary conditions.

The simulation of wind farm-induced atmospheric gravity waves in a finite domain requires special treatment at all domain
boundaries other than the ground to stop the gravity waves from spuriously reflecting off these boundaries that do not exist in
reality. AGWs propagate in all directions, so they will spuriously interact with the inflow, outflow, and top boundaries (all of
which do not exist in reality). Unfortunately, current approaches to avoid wave reflection at domain boundaries are all ad-hoc
and require extensive fine-tuning (Allaerts, 2016; Lanzilao and Meyers, 2023). Thus, setting up reflection-free simulations is
currently tedious, computationally expensive, and time-consuming, and there is a lack of clear guidance.

The goal of this study is to make the process more systematic by investigating possible relations between the simulation
setup and the physical parameters driving the flow through wind farms under stable atmospheric conditions. We anticipate that
appropriate simulation parameters like domain length and height, etc, are related to internal wave properties such as wavelength
and direction. We therefore investigate the proper scaling of simulation parameters and their effectiveness in avoiding wave
reflections for a range of physical parameters. Understanding the relation between the physical parameters, the internal wave
properties, and the simulation setup, enables recommendations to be made on how to set up simulations involving internal
atmospheric gravity waves.

As this is, to our knowledge, the first systematic LES study to investigate the relation between simulation setup and physical
parameters, we restrict ourselves to the study of internal gravity waves in the free atmosphere for reasons of simplicity. Inves-
tigating the free atmosphere separately is vital to handling the reflections, as IGWs propagate both horizontally and vertically
and hence can reflect off all domain boundaries. To this end, we consider two linearly stratified flow scenarios: the flow over
a bell-shaped 2D hill, and the flow through a wind farm canopy as a simpler surrogate for a wind farm consisting of discrete
turbines. The former flow scenario can be solved analytically and is used mainly to validate the simulations and to understand
the dependence of AGW properties on the governing flow parameters.

The paper is structured as follows: Section 2 gives an overview of current approaches to avoid AGW reflection at domain
boundaries and highlights why it is so challenging to obtain a good simulation setup for inflow/outflow type of simulations.
Next, Section 3 describes the flow scenarios studied in this study. In Section 4, the simulation methodology and the methods to
analyze the LES data are explained. The numerical models and simulation setups for both flow scenarios are also explained in
this section. Section 5.1 presents the results for the hill case, while Section 5.2 contains the results for the wind farm canopy.
In Section 6, the conclusions of this research are presented as recommendations on how to effectively and efficiently set up

simulations involving atmospheric gravity waves.
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2 Current practices to avoid spurious AGW reflection

Two main methods exist to mitigate spurious AGW-domain boundary interaction: radiative boundary conditions and damping

layers. Radiative boundary conditions often take the form

o¢ .. 9¢ _
a+cjé)nj -

0 6]

where ¢ is the quantity being transported through a boundary over time ¢, nj is the displacement in the direction j normal
to the boundary, and cj is the wave transport velocity in the normal direction. One way to imagine this boundary condition is
that the transported quantity ¢ is set to be exactly the same value as that imparted by the wave as it propagates to the boundary,
thus absorbing the wave. One major difficulty is accurately determining cj. This is often only possible in idealized situations.
The radiative boundary condition is capable of allowing wave energy out of the domain only if the waves are moving perfectly
normal to the boundary (Durran, 1999). However, internal gravity waves are typically moving at an angle relative to horizontal.

A popular alternative to the radiative boundary condition is a damping layer. Damping layers, sometimes referred to as
"sponge zones", attenuate waves as the wave moves through the zone. These zones are placed adjacent to domain boundaries
and have a prescribed thickness. A downside to using such zones is that, because they have thickness, the domain size needs to
be increased accordingly, which adds some extra computational cost. Typically, damping layers are either of the viscous type
or of the relaxation type, with the latter also known as Rayleigh damping layers (RDLs). RDLs are more commonly used than
viscous damping and are considered more effective than the latter. For example, a recent study by Lanzilao and Meyers (2023)
found that RDLs outperform radiative boundary conditions in minimizing AGW reflections in wind farm simulations. For this
reason, we focus on the application of RDLs in this study.

In principle, the quantity of interest passing through an RDL, usually velocity but also sometimes temperature, is relaxed
towards a prescribed reference value with a specified time scale as the wave travels through the RDL, reflects off the boundary,
and travels back through the RDL once again. Rayleigh damping is introduced into the transport equations as a forcing term

which, for the case that the quantity to be damped is a three-dimensional field ¢(x), takes the form

FRON) = Z() (900 builx) @

where ¢f(x) is the reference value towards which the quantity of interest in a parcel of fluid is driven along a streamline. For
example, where the velocity field is required to be damped then ¢(x) = u(x), and ¢rer(X) = urer(X). In this case, ur(x) could
be defined as [Gx,Gy,0] where G is the geostrophic wind vector. Sometimes the situation is ageostrophic, and a reference
horizontal velocity is not appropriate, in which case only the vertical (z) component of velocity is damped towards zero. The
Rayleigh damping function, f(x), is a critical part of an RDL that ensures that the wave gradually dissipates energy as it
travels through the layer and that the attenuation does not cause waves to reflect from the interface between the non-damped
and damped regions. The function f(x) can be a linear, exponential, polynomial, or cosine function. A cosine function is
commonly used in the vertical, which, for the upper boundary, typically has the form (Lanzilao and Meyers, 2023)
7wz (Lz Ld)

z)= 1 cos
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wherez is height above the grount, is the height of the computational domalin is the thickness of the damping layer, and

Sra IS @ constant which controls the gradient of the damping function in the vertical. This was tuned by Lanzilao and Meyers
(2023) and the best results were obtained for a valeg 6. Although this suggests some dependency of wave damping on the
shape of the damping function, Fe(R019) found that the form of the damping function had little impact while investigating
different approaches to damping internal waves.

The time scale, , or damping coef cient, controls how fast the quantity is relaxed toward a reference value. In Lanzilao and
Meyers (2023), is scaled with the Brunt-Vaisala frequendy ) in pursuit of the optimal value for wind farm simulations,
suggesting an optimum value of 1 =( N ) of 3, with s, =2, as mentioned above. By contrast, Allaerts (2016), tuned the RDL
damping coef cient and found an optimum valuelsf =0:0001s 1, translating into a typical value of= 0:017, though it
should be noted that this was for a valuesgf=1; the same value ofwas used in a number of later studies including: Allaerts
and Meyers (2017); Allaerts et al. (2018); Allaerts and Meyers (2018).

The damping layer thickness is an important parameter as it determines the space available for the forcing to dissipate the
incoming wave energy. Klemp and Lilly (1978) suggested the thickness to be more than one vertical wavelength based on
hydrostatic ow solutions of a single Fourier mode. More recent studies also follow this convention but without any further
investigation: Allaerts and Meyers (2017, 2018), and Lanzilao and Meyers (2021, 2023) use a 15 km thick RDL only at the top
boundary as the vertical wavelengths in their simulations were always less than 15 km.

As mentioned above, many of the existing LES studies on wind farm interaction with the ABL are performed with codes
that are horizontally pseudospectral. Pseudospectral codes have the advantage of nearly exponential error convergence wif
increasing spatial resolution, but they come with the limitation that all lateral domain boundaries must be periodic. This poses
a challenge for wind farm simulations because we wish to advect turbulent ABL ow into the domain and allow that ow
along with that produced by the wind turbine wakes to exit the domain. Periodic boundaries normally would cause the wake
ow exiting the domain to re-enter at the in ow. The solution to this problem is the introduction of a forcing fringe region
adjacent to the downstream boundary which forces the 'contaminated' in ow back toward the pre-computed or concurrently
computed pure turbulent ABL in ow solution (Inoue et al., 2014). However, it is important to remember that pseudospectral
codes with their periodic lateral boundary conditions effectively have no lateral boundaries. RDLs only have to be applied
adjacent to the top boundary. Furthermore, the forcing fringe region used to force the downstream ow back toward the desired
in ow state is a form of Rayleigh damping. This means that AGWSs will not re ect off the lateral boundaries in pseudospectral
LES, rather they will simply exit the domain on one side and re-enter at the in ow. The forcing fringe region will have some
effect on damping the lateral progression of the AGWs or may trigger spurious gravity waves, requiring an additional treatment
(Lanzilao and Meyers, 2021).

As opposed to pseudospectral simulations, simulations with in ow/out ow boundary conditions, which are more commonly
used in engineering applications, do not have lateral periodicity and hence do not need a forcing fringe region. In ow is simply
injected into the domain on the in ow boundary with a Dirichlet condition and the out ow boundary is often a Neumann
or advection boundary condition that lets the waked ow exit the domain. There is no need for a fringe zone that forces the

waked out ow back to the desired clean in ow. On the downside, this approach requires real lateral boundary conditions that
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gravity waves will either re ect off or spuriously interact with. Therefore, RDLs must be placed adjacent to these boundaries
as well as adjacent to the top boundary. Very little guidance is given in the literature on how to effectively simulate gravity
waves using in ow/out ow boundaries. Stipa et al. (2023) and Maas (2022) used in ow/out ow boundary conditions for their
large wind farm LES, but the approach is complicated when modelling AGWSs. Any inconsistency between the in ow and the
internal ow eld, triggers non-physical waves at the inlet which propagate into the domain over time. Besides the generation
of spurious waves due to these mismatches, avoiding gravity wave re ections from the domain boundaries is a signi cant
challenge. Re ections are the spurious waves that are triggered by having a boundary that is not there in real but required in
these simulations. As shown in Figure 1, the gravity waves triggered by a small hill under linearly strati ed conditions should
move up and out of the numerical domain. But the reality of a nite domain with boundary conditions that do not exactly depict
the actual physical conditions at the boundaries causes these waves to re ect. The non-dissipated wave energy accumulates:

the boundaries and propagates back into the domain eventually making the solution non-physical.

Figure 1. Vertical velocity contours of the ow over a small hill located at x = 0 km, produced by simulating a bell-shaped hill under linearly
strati ed laminar conditions in SOWFA. The region outside the red dotted box consists of Rayleigh damping layers at the inlet (left), top,

and outlet (right).

The current approaches to setting up RDLs in wind farm simulations are rather ad-hoc. Extensive ne-tuning of the damp-
ing parameters is required to set up a working simulation which may be applicable only to a speci ¢ case (Allaerts, 2016;
Lanzilao and Meyers, 2023). As a result, setting up re ection-free simulations is tedious, computationally expensive, and time-
consuming. The aim of this paper is to investigate how to make the process less ad-hoc by investigating relationships betweer
the simulation setup and the fundamental physical parameters driving wind farm ow under stable atmospheric conditions.

3 Flow Scenarios

In this study, we consider two simple, two-dimensional ow scenarios that generate internal gravity waves: the ow over a
bell-shaped hill, and the ow through a wind farm canopy. Our initial focus lies on the hill case, which is used in various
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meteorology and earth sciences studies, such as Vosper and Ross (2020) and Snyder et al. (1985). The reasons to start wi
the hill case include the simplicity of the ow scenario, computational affordability, and the availability of a semi-analytical
solution, which is useful for validation purposes. Moreover, the primary aim of this study is how best to handle atmospheric
gravity waves in numerical simulations, and the wave source is thereby of less importance. Nevertheless, the simulated hill
heights are similar to typical wind turbine rotor tip heights, and the half-width of the hill is of the same order as typical wind
farm lengths. In the second ow case, we study the ow through wind farm canopies to extend the ndings from the hill case
to wind farm applications. Unlike the rigid hill, a wind farm canopy is a porous region in which the drag force of the wind

turbines is applied homogeneously. The details of both ow scenarios are discussed in more detail in the following subsections.
3.1 Scenario 1: Bell-shaped hill

The rst ow scenario considers ow over a 2D bell-shaped hill. The height prdilef a bell-shaped hill — sometimes referred
to as the Witch of Agnesi (WOA) pro le —is de ned in the horizontal directioms

h(x) = 4

_H
1+(x=L)2"
This pro le is governed by two parameters, i.e., the maximum hill hekigland the half-width at half-heigtt.
To allow a direct comparison between an LES and a linear gravity wave potential ow solution, surface friction and the
Coriolis force were excluded, and only a linearly strati ed free atmosphere was considered with uniform in ow. Although the
in ow was laminar, the LES model could still generate turbulence due to ow separation behind the hill.
A computationally inexpensive semi-analytical ow solution over the hill was used to understand the properties of the IGWs
and validate the numerical solutions. We use the analytical solution along with the R-RMSE metric (discussed in Section 4.3)
to quantify re ections in the simulations. The following subsection gives an overview of this semi-analytical solution and how

it is used in this study.
3.1.1 Semi-Analytical Solution

Linear wave theory, particularly the Taylor-Goldstein equations, is commonly used to study atmospheric gravity waves. Allaerts
(2022) used these equations to develop a Python module called Linear Buoyancy Wave Package (LBoW) to solve linear
buoyancy wave problems. In this research, we use a part of this code that computes a semi-analytical steady-state solution o
the uniform, strati ed ow over the WOA hill. The code solves the equations on a grid in frequency space using a Fast Fourier
Transform (FFT). The solution is independent of the grid size in the vertical direction but not in the horizontal. A solution at any
vertical level can be acquired without requiring a prior solution at lower and higher levels. The grid resolution in the horizontal
direction dictates the solution accuracy. The FFT solution deviates from a theoretical Fourier transform of the bell-shaped hill
for high horizontal wave numbers due to rounding errors. Mesh size in the ra@@eofo 100m is recommended to compute
the semi-analytical solution.

The steady-state, semi-analytical solution of uniform ow over the hill in a stably strati ed free atmosphere with a uniformly
increasing potential temperature with height is shown in Fig. 2(a) , where the upward ow de ection by the hill triggers only
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Figure 2. (a) Steady-state analytical solution of ow over a WOA hill centered at0 km. The color contours represent vertical velocity,
and the streamlines from the displacement eld show the wave propagation. (b) The streamwise wave spectrum for vertical velocity at a

height, where critical, dominant, and effective wavenumbers are identi eB for 0 :1 and0:5. Allaerts (2022)

IGWSs. The vertical velocity contour and streamlines of the displacement eld clearly show the propagation of gravity waves in
the vertical direction. The gravity waves transport energy mainly upward from their source, the hill or a wind farm, but some
wave amplitude decays with height. At the same time, the waves are also blown downstream. The combined effect is a decreas
in the amplitude of some parts of the wave with height and downstream distance. The propertiec? of IGWSs depend on the wind
speedU, hill half-width at half-heightL, hill maximum heightH and Brunt-Vaisala frequendy = (g= )(g—z), whereg
is acceleration due to gravity ands the potential temperature at heightEmploying similarity theory, we normalize these
variables to get two physical parameters, the Froude Number (Fr) and the Slope Par@p)etendreFr = U=NL andS;, =
H=L. Thus, the wave properties depend mainly on the free-atmosphere Froude number and the Slope Parameter.

It is important to understand that the wave train seen in Fig. 2(a) is not mono-chromatic but is actually a wave spectrum,

which is given by the following expression:

w(k;z)= HLiUke | kitgmz (5)
with
g P
Rsgrk)” kZ KZ forjkj <k
mk)=_ p (6)
Ti k2 k2 for jkj > k:

wherek andk. = N=U are horizontal and critical wavenumbers, respectively. §dran Eq. (6) suggests using the actual
value, positive or negative, acquired from the square root in the expression as Eq. (5) includes imaginary numbers. The spectrun
for a speci ¢ height is shown in Figure 2(b) together with the three important length scales corresponding to the dominant
(kq =1=L), critical (k¢), and effectiveK. = 1= 1, ) wavenumbers. Thus, there are three important wavelengths to consider:

1. The wavelength with the highest amplitude is doeninantwavelength, | =2 L , which depends on the hill width.



2. However, the dominant wavelength for the bell-shaped hill, is not necessarily the wavelength that is most visually appar-
ent in contour plots. For example, that most apparent wavelength, which is termeftetttevewavelength, is shown in

Figure 2(a) with a red horizontal arrow and labeled; .

230 3. Lastly, there is aritical wavelength (often we consider its reciprocal, thiéical wavenumber). For wavelengths smaller
(or wavenumbers larger) than the critical one, the waves cannot be supported by buoyancy so they dissipate and are calle

“evanescent” waves.

Figure 3. The variation of effective (a) horizontal and (b) vertical wavelengths with

Although the analytical solution tells us that wave amplitude depends more on the hill slope, particularly the height, the
effective wavelengths and the inclination angles of the IGWs deperker oithe IGWs naturally tend to travel vertically, but
235 the background ow forces them to bend. Since zero advection speed is impossible, these waves would always travel inclined.
ForFr in the range oD:1to 1.5, the inclination angle to the streamwise direction, estimated from the vertical velocity eld, is
inthe range’5 53 , respectively. The effective horizontal wavelengthyf ) is sensitive to the hill width for lovirr, but for
Fr> 0.5, it depends more on the Scorer parametgrld), which is the reciprocal of the buoyancy length. This can be seenin
Fig. 3a, where the normalized,, , calculated from the semi-analytical solution and LES, is plotted agginstWe measure
240 o as twice the distance between the global maxima and minima determined from a vertical velocity plot at a constant height
along the domain length. We see thafasis increased, oy increases, but it is not a linear relation.
Although we visually identify with the effective wavelength of AGWs when we view gures like Figure 2a, those AGWs
are really a spectrum of waves. Based on the spectrum and wavenumbers shown in Figure 2b, the situation can be classi ec

into two different conditions:

245 1. When the critical wavenumber is greater thgror whenFr < 0:5, the dominant wavelength is greater thag: . In this
situation, por depends more on the hill half-width than the Scorer parameter, and the entire wave spectrum is preserved

and the waves propagate.
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2. On the other hand, whdar > 0:5, the critical wave number is closer {q; thus, a part of the spectrum becomes
evanescent, and wave numbers greater iasre dissipated. In this case, the dominant wavelength is less than
which depends more on the Scorer parameter.

The effective vertical wavelength (), shown as the red vertical arrow in Fig. 2a, depends only on the Scorer parameter,
which is proportional to the vertical wave number. This is evident from Fig. 3b, whgrenormalized with the maximum
vertical wavelength? (U=N), is shown as a function &fr. The constant e, =2 (U=N) for varyingFr indicates that e,
does not depend dnand is usually representative of the maximum vertical wavelength.is measured as twice the distance
between the global maxima and minima determined from a vertical velocity plot along the domain height at the x-location
corresponding té1 . The locations of global extrema are extracted from the vertical velocity on the physical coordinates such
that grid stretching does not affecfe, . It is also important to note that the IGWs curve downstream of the hill; thys,
slightly varies at different streamwise locations for value$-of> 0:5 as seen in Fig. 3b. Therefore, the maximum vertical
wavelength is better suited to scaling in the vertical direction, especially since it is almost equal.to

Hence, it can be seen that the effective horizontal and vertical wavelengths can be greater than the dominant length scales
i.e., the hill width and height; thus, domains scaled with the hill width and height might be inappropriate for the accurate
simulation of gravity waves.

This study focuses only on the Froude number as it concerns gravity wave properties that are critical to the simulation setup.
The slope parameter is less critical for this research and the slope of tH# hils kept the same. With different hill shapes, the
amplitude and wave spectrum would change, making comparisons between simulations with different hill shapes inconsistent.
In addition, we only consider the steady-state solution.

3.2 Scenario 2: Wind Farm Canopy

Wind farm ow interactions with the atmosphere involve a wide range of length scales. When focusing on wind farm-induced
IGWs, large length scales are important as the expected IGW wavelengths are on the scale of the wind farm length which can
be several kilometers. Since the intra-farm (turbine wake) interactions is not the focus of this study, wind farm canopies are
a convenient way to model wind farms without the complexity of modelling individual wind turbines. The concept of a wind
farm canopy was introduced by Markfort et al. (2018) through an analytical model to represent large wind farms in weather
prediction models. In our work, we use a similar approach to simulate the cumulative drag force of a wind farm consisting of
a number of wind turbines of a given type.
The standard coef cient of thrust associated with a wind turbine rotor is

T _ T

Ct: =
U2A Tyz

57 (7
%4

whereA, is the rotor swept are®); is turbine rotor diameter, is the density of aifT is dimensional rotor thrust force, atd
is the freestream velocity. Because we are distributing the force of the rotors in the wind farm over the volume occupied by the
wind farm, it is better to de ne a thrust coef cient based on the area of the farm belonging to this rotor (i.e., the entire footprint

10
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area considering turbine spacing alotted to this wind turbine). This areais( SxD,)(SyD:) = S¢SyD? whereS, andS,
are the turbine spacings in the two horizontal directions within the farm. This new thrust coef cient is

T

C = W: (8)
The two thrust coef cients are related to each other through

G = mq: 9
De ning dimensional thrust based a@n, we have

T= %UZSXSyD?ct; (10)

and normalizing dimensional thrust by volume of the farm occupied by a tuire,S,SyD?(H; Hy), whereH andHy,
are the height of the top and bottom of the turbine rotor and also the height of the top and bottom of the wind-farm canopy, we
have

_ T 1 U?s5D? Ct_} u?2 Ct_} u?2 c.
Vi~ 255,D2(H; Hp) - 2(H¢ Hp) ' 8S5S,(Hr Hp) =

fwf (11)

It is this thrust per unit volume that is applied to the momentum equations as a source term within the wind turbine canopy

volume. The wind speedl, is determined locally at each cell centers within the canopy.

4 Methods
4.1 Simulation Parameters and Setup

A set of non-dimensional parameters govern the ow over terrain and through wind farms under linearly strati ed atmospheric
conditions. These parameters can be determined by normalizing the ow equations or performing dimensional analysis of a
number of key variables. These variables are detailed in Table 1 along with their practical values in wind energy applications.
From these variables, the set of non-dimensional parameters in Table 2 can be de ned. The rst two are physical parameters,
namely the Froude number and slope parameter, whilst the remainder are simulation parameters.

Appropriate choice of grid structure, resolution, and time step are important in the simulation of gravity waves, particularly
for very low values ofFr, because the ow interactions can trigger subgrid-scale wavelengths. Likewise, the frequencies
of some waves in the spectrum could be shorter than the simulation time steps, leading to an unresolved fraction of the
spectrum. However, the relevant valueraf for wind farm applications is approximately betwd@f and0:5 for which a grid
independence study was carried out. It was found that grid resolutions, roughly 10 m in all directions, used in wind farm LES
to resolve the wind turbines and their wakes, is more than suf cient to resolve the wind-farm-induced AGWs.

LES of ow over the WOA hill and through the wind farm canopy is carried out with Simulator for Wind Farm Applications
(SOWFA) Church eld et al. (2012a). Based on OpenFOAM, this code is mainly used for the LES of atmospheric ows over

11
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Table 1. Key variables in the simulation of atmospheric gravity waves under linearly strati ed free atmospheric conditions with typical
ranges in wind energy applications.

Variable Variable Type Range

Velocity (U) Flow 1ms!-25ms!
Brunt-Vaisala frequencyN) Flow 0.005s'-0.02s?
Half-Width of Hill or Canopy Lengthl{) Shape 1 km—15 km

Hill or Canopy Heightd) Shape 16 m—-240 m
Domain Length (undampedX() Simulation 0.5 km—-200 km
Domain Height (undamped).¢) Simulation 0.3 km—40 km
Damping thicknessl(q) Damping characteristic 0.3 km—45 km
Damping coef cient (= ) Damping characteristic  0.0015-0.5s !

Table 2. Non-dimensional parameters derived from the variables in Table 1 with typical ranges.

Non-dimensional parameter  De nition Range

Fr U=NL 0.1-0.5
Sh H=L 0.016-0.4
X X=" tor 0.5-6.0
C. Lz= ver 0.3-2.0
Cq La= ver 0.5-2.0

1=(N) 1-50

terrain and through wind farms, where a one-equation model is commonly used for sub-grid-scale turbulence modelling.
SOWFA has actuator models for wind turbine aerodynamics that can be coupled with aero/servo/elastic tools. Moreover, it
can use boundary in ow data from mesoscale weather data, and terrain can be included through non-conformal meshes. The
model set-up solves the incompressible Navier-Stokes equations under non-hydrostatic conditions and with the Boussinesc
approximation for buoyancy. Equations for continuity, momentum, and potential temperature are those typically used in the
LES of atmospheric ows. A more complete description is given in Church eld et al. (2012b). For simulations with the wind
farm canopy, the drag force of the wind farm is added to the momentum equation as a body force. Rayleigh damping is applied
as a body force in the forcing zones through the momentum equation, details of which are given in the following subsection.
Figure 4 shows the numerical setup for the hill and wind farm canopy cases. The ow is driven in and out of the domain by
in ow/out ow boundary conditions. Periodic boundary conditions are used in the transverse direction only. Because SOWFA's
in ow and out ow boundary conditions and lower and upper impenetrable boundaries set the velocity ux locally over each
boundary face, there is no need for pressure boundary conditions (keeping in mind that the pressure solve in an incompressible

code enforces continuity). To simplify the set-up, wind shear is neglected and a uniform in ow is imposed as the inlet boundary
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condition for wind speed and the zeroGradient boundary condition is implemented at the outlet. In addition, free-slip boundary
conditions are imposed at the top and bottom of the domain. The temperature pro le is linear in the vertical direction, giving
a constant Brunt-Vaisala frequency with height. There is no heat ux at the ground. Also Coriolis forces are not considered.
These conditions are intended to mimic those of a stable free atmosphere without the ABL and inversion layer.

A surface pro le for the WOA hill is created using a Python script and the computational mesh conforms to the hill. A mesh
with layered re nement is used witBOm 20m 20 m resolution in the non-damped domain, at@m 20m 40m
in the top damping layer. The rst mesh layer near the surface ends in the top damping layer to ensure any numerical noise
for switching to a coarser mesh is damped. The domain for all cadé®im in they direction, whereas the andz extents
are varied as a function of the effective horizontal and vertical wavelengths, respectively, as the domain length and height are
critical simulation variables when simulating gravity waves. The exact domain length and height used for each simulation are
reported while discussing the results. Both the hill and wind farm canopy are extended in the transverse direction to the sides
of the domain, effectively creating an in nite ridge and a semi-in nite wind farm, respectively, as we are primarily interested
in vertical and streamwise ow.

Figure 4. Lateral view of the simulation setup: (a) with a schematic WOA hill pro le and (b) with a schematic wind farm canopy.

The guidelines to systematically model AGWSs can be established based on the hill-scenario, however, the characteristics of
the AGWs may vary for a porous wind farm canopy as opposed to a solid hill. Therefore, wind farm canopies are simulated to
extend the ndings from the hill-scenario to the wind farms. This approach reduces computational resources, which is desirable
as hundreds of cases are run to evaluate the extent of wave re ections. The wind farm canopy model can be used with relatively
coarse grids compared to conventional actuator models that resolve the wind turbines to a given extent. The numerical setur
with the wind farm canopy is the same as that of the WOA hill, except that the hill is replaced with wind farm drag as a body
force.

4.2 Rayleigh Damping

RDLs are implemented as zones adjacent to the re ective boundaries in the simulation domain and far from the region of
interest, such as a wind farm. It is critical to note that RDLs are always implemented in the free atmosphere because it is the
gravity waves in the free atmosphere that re ect from the boundaries. The primary role of an RDL is to dissipate the energy
propagated through the zone by AGWSs. In this study, only the vertical velocity is damped unless mentioned otherwise, as the

prominent perturbation is the vertically de ected velocity by the hill or the wind farm canopy. If periodic streamwise boundary
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