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Abstract. Fast response calculations in the frequency domain are valuable during the initial design of floating wind turbines,
where many design variants must be evaluated. A direct frequency-domain treatment of aeroetastie-aero-elastic rotor loads is
typically infeasible due to the azimuthal time dependence of the system matrices. To overcome this limitation, we introduce
a perturbation-based formulation inspired by Hill’s method, which reformulates the response equations into separate orders
involving constant system matrices derived via Fourier decomposition. This enables accurate and efficient response computa-
tion using the Fast Fourier Transform (FFT). For comparison, a Laplace-based perturbation method is also developed using the
Laplace transform instead of the Fourier transform. To evaluate the novel fast response methods, we develop an azimuthally
periodic and fully linearized model of a floating wind turbine. The response to various load cases is computed under different
inflow and floater motion conditions. The proposed Fourier-based fast response method achieves high accuracy, with peak
and standard deviation errors of 2% and 3.5%, respectively, while reducing computation time to 2.5 s for a 4096 s simula-
tion—significantly faster than linear (45 s) and time-domain (90 s) models. Fhe-Through detailed comparison, we find that one
of our approaches, the so-called single perturbation method, offers an effective trade-off between accuracy and speed, making

it suitable for design and optimization studies.

1 Introduction

During the concept development and optimization phase of floating wind turbine design, linearized-models-based-metheds
methods based on linearized models are useful to quickly calculate aerodynamic and hydrodynamic response from pre-
computed rotor loads. Beeause-Since a wide range of aerodynamic and hydrodynamic load cases are necessary to be tested,
the development of a frequency-domain solver is a solution in providing computationally fast responses.

An example of a frequency-domain solver that leverages pre-computed rotor loads and a pre-computed radiation hydrodynamic
damping is the QuLAF (Quick Load Analysis of Floating wind turbines) model. The QuLAF model was introduced by
Pegalajar-Jurado et al. (2018) and its performance was further studied by Madsen et al. (2019). It was designed to solve
the Equations of Motion (EOMs) in the frequency domain to increase the simulation speed and to facilitate the considera-
tion of frequency-dependent effects, such as added hydrodynamic mass or radiation damping. Its efficiency relies on the Fast
Fourier Transform (FFT) solution of a four Degrees of Freedom (DOFs) model that accounts for the floater surge, heave, and

pitch and the first tower mode’s modal amplitude. It considers the aerodynamic rotor loads to be concentrated as a thrust and
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moment located at the rotor hub height position and includes the surge, heave, and pitch forcing at the floater basis. QuLAF’s
features have been proven to be useful notably for the geometric optimization of a TetraSpar floater (Pollini et al., 2023) for a
15 MA~MW wind turbine. Similarly, NREL’s Response Amplitudes of Floating Turbines (RAFT) model (Hall et al., 2022)
was developed to solve the dynamic response in the frequency domain using the EOMs (Hall et al., 2023), and has also been
applied for control, optimization, and mooring analysis purposes (Hall et al., 2022; Zalkind and Bortolotti, 2024; Lozon et al.,
2024). Another related fast solver is the Simplified Low-Order Wind turbine (SLOW) model (Schlipf et al., 2013), which was
initially developed for nonlinear model predictive control in floating wind energy applications, and has since been extended
for control and optimization purposes (Lemmer et al., 2017, 2020a, b, 2021). Recent efforts from NTNU have also focused on
applying frequency-domain solvers for floater and mooring designs (Abdelmoteleb and Bachynski-Poli¢, 2024, 2025).

These fast response solvers are beneficial in the preliminary design phase of floating wind turbines because FFT-based

linearized models substantially reduce computational cost compared to a time-domain model (TDM) or linear model (LM).

iesIn terms of hydrodynamic
loads, these typically include wave-induced forces, added mass, hydrostatic effects, and radiation damping, which can be
accounted for in the system matrices. As mentioned, the acrodynamic rotor loads, however, are usually pre-calculated with a
non-moving nacelle and parameterized aerodynamic damping. In this decomposition, the rotor loads are due to the turbulent
inflow variation, while the aerodynamic damping arises from the relative motion between the structure and the airflow. Since
these effects are naturally embedded in full aero-elastic models, extraction of linearized forcing and damping is possible
through linearization. Due to the azimuthal dependence of blade positions, however, the resulting system matrix is not constant

in time, and transformation to the frequency domain and solution by FFT are not directly possible.
To address this limitation, the present study introduces novel fast response methods for a blade-resolved LM that are executed

with the FFT algorithm as in the QuLAF code. For comparison with Fourier-based methods, we implement a technique that
uses the inverse Laplace transform to convert the solution from the s-domain to the time domain. The novelty of this study
lies in the development of fast response methods based on the separation of time varying elements of the system matrices and
corrections within a state-space formulation, which can be expressed in either the frequency or Laplace domain.

Building on this foundation, the present work extends frequency- and Laplace-domain methodologies to floating wind energy
with a focus on blade aerodynamic loads rather than floater hydrodynamic and mooring loads. In our model, the-novelty-lies
in-expheitly-aceounting-we _explicitly account for blade-dependent rotor loads in both the frequency- and Laplace-domain,
rather than reducing them to thrust and moment at the rotor hub, as done in existing models such as QuLAF, RAFT, and
SLOW. While previous studies modeled the EOM in state-space form without considering azimuthal blade load effects, our
formulation includes these effects directly. Linearizing motion-coupled aerodynamic forces remains challenging because of the
blades’ passage through a disturbed inflow, leading to time-variant azimuthal dependencies in the system matrices. To enable
the assembly of a constant system transfer function, one needs to get around the azimuthal dependence of the system matrix.

The proposed fast response methods draw inspiration from Hill’s method (Hill, 1886), which employs harmonic decompo-

sition to convert a periodic system into a linear time-invariant one (LTI)—a process also related to Floquet’s theory (Floquet,
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1883). Our previous work (Pamfil et al., 2025) has shown that Hill’s method produces stability analysis results consistent with
Floquet’s theory and Coleman’s (Coleman et al., 1957) transformationstransformation, while avoiding the latter’s limitations
for two-bladed rotors or cases with wind shear and gravity effects. Hil’s-method-The fast-response methods that we developed

are particularly relevant for linearized models in which the Coleman transform does not yield time-invariant system matrices

and where accurate resolution of rotor loads is required. The transformation is designed to eliminate only the first-harmonic (1P

eriodicity related to the rotational speed and does not remove higher-order harmonic contributions (Pamfil, 2025). This occurs

for instance, in two-bladed turbines, for which the transformation does not produce an azimuthally time-invariant (constant

mass matrix, as well as in three-bladed turbines operating under strong shear conditions, where significant higher-harmonic
content persists in the system. Consequently, our fast-response methods enable efficient evaluation of rotor loads in situations

where residual periodicity remains in a Coleman transformed system. For such periodic systems, eigenmode analysis can be
conducted by Hill’s method which uses a truncated Fourier series to decompose the system matrix into a harmonic summation

of constant terms;-and-the-, The reliability and accuracy of this decomposition have been further validated-verified also by
Hansen (2016) and Skjoldan (2009). Consequently, we exploit this harmonic decomposition to enable fast response calcula-
tions based on the FFT algorithm (Cooley and Tukey, 1965) and to develop a Laplace-based method relying on the inverse of
the Laplace transform.

The FFT algorithm (Cooley and Tukey, 1965) ensures computational efficiency in the frequency domain while the Laplace

transform provides a pathway for response analysis through transfer functions represented in the s-domain. Although Laplace-

domain computations require the inverse transformation to obtain time-domain results—often a computational bottleneck—various

numerical inversion algorithms, such as Talbot’s method (Talbot, 1979), Stehfest’s algorithm (Stehfest, 1970), and the de Hoog
continued fraction method (de Hoog et al., 1982), offer accurate solutions. In this study, MATLAB’s symbolic inverse Laplace
function (i laplace) is used for convenience.

The fast response methods in this paper are validated-verified using a simplified four-DOF floating wind turbine model,
incorporating floater pitch motion and blade flapwise deflection (first mode only), as well as dynamic stall and gravity effects.

The rotor speed is assumed constant, and pitch control and tower deflection are neglected to reduce complexity. Other modelin

assumptions relate to hydrodynamic loading on the floater, dynamic stall and the number of blade sections and modes used
in rotor load computations. This simplified four-DOF model was chosen to enable efficient validation while retaining the
dominant coupled aero-hydro-elastic effects. These assumptions do introduce certain limitations with respect to the behavior of
afull-scale floating wind turbine. In particular, neglecting tower flexibility removes the dynamics associated with tower bending.
and its coupling to the platform motion, while assuming constant rotor speed and omitting blade pitch control disregards
control-induced coupling effects and load mitigation mechanisms. Yet, the tower flexibility can readily be incorporated by
following the same approach as in the QULAF model (Pegalajar-Jurado et al., 2018). Moreover, the inclusion of varying rotor
speed and control is a natural extension of both the stability method of Pamfil et al. (Pamfil et al., 2025) and has been described
in Pamfil (2025). However, the included dynamics capture the key degrees of freedom relevant to demonstrating the proposed
fast response methods. Therefore, despite its simplicity, the model remains suitable for demonstrating the effectiveness of the
fast response methods that we developed and for identifying trends that are expected to persist in more complete models.
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Multiple load cases are simulated, including steady, sheared, and turbulent inflow, and harmonic or stochastic floater pitch
excitation. The accuracy for the fast response calculation variants is analyzed for a given duration against benchmark results
of the original LM. Metrics include the exceedance probability results and the Standard Deviation Relative Error (SDRE) with
respect to the LM and CPU time. Results demonstrate that fast response methods achieve a good trade-off between speed and
accuracy. With limited loss of accuracy, they can potentially accelerate the state-of-the-art TDMs such as HAWC2, OpenFAST,
SIMA, and Bladed, making them promising tools for early-stage design and optimization of Floating Offshore Wind Turbines
(FOWTSs).

2 Model description

As illustrated in Fig. 1, the floating wind turbine model considered operates at a constant rotational speed €2 and has four

structural DOFs, being the flapwise deflection of the three blades, denoted by «a;, and the floater’s pitch angular motion, repre-

sented by &s. Floater surge motion was not included in order to reduce the model’s complexity and to focus on the dominant
coupled pitch-blade dynamics relevant to the proposed fast response methods. In other words, the model is intended to provide
aminimal representation of the coupled floater—blade response. Including the floater surge would introduce additional coupling
effects and wake-platform interactions. This would require consideration of a dynamic wake model with time-varying induction
factors in the directions normal and tangential to the rotor plane, which is beyond the scope of the current model. The
paper aims to develop an analytical model that could combine platform surge motion with dynamic inflow effects in future
extensions, while the present work focuses on establishing and validating the core formulation. Nonetheless, among the floater
surge and pitch DOFs, pitch is the most dynamically significant for floating wind turbines, as it typically exhibits the highest

natural frequency and is the mode in which control-induced instabilities may arise under above-rated wind speed conditions

Larsen and Hanson, 2007). Moreover, there is a hydrodynamic forcing moment M exerted on the floater base which rep-

resents wave forcing. The dynamic rotor loads for each '

blade are applied in the rotor out-of-plane direction (along the 3’
axis), which coincides with the blade deflection w; (r,t). These loads arise from a concentrated aerodynamic blade force Fj 4ero
applied at a reference location d from the hub, as well as from a constant velocity Vj with the fluctuation AVj; generated by a
sheared and turbulent inflow. The blade aerodynamic loads and the contributions to wind velocity from the constant velocity Vj,

turbulent fluctuation Vj ; turb, and sheared inflow Vj ; shear are illustrated in Fig. 1. More details about the considered floating
wind turbine model has-been-elaborated-by-the-authercan be found in the author’s previous related work (Pamfil et al., 2025).
In this paper, we expand-extend the floating wind turbine model with-wind—-wave-and-gravity-loadsfor-the-to include wind

loads acting on blade elements of mass m(r)and-the-, wave loads applied at the floater base, and gravitational loads exerted on
the blade elements as well as on the hub and nacelle of cumulative mass M.

The floating wind turbine model (Pamfil et al., 2025) also includes @ye’s dynamic stall model (@ye, 1991), through three
additional aerodynamic DOFs. The blade deflection is approximated using a modal approach, where only the blade first flap-
wise mode (1 f) contribution is taken into account. The reason why the blade deflection approximation is computed using only

the blade first flapwise mode is in order to alleviate the model’s number of DOFs and thus simplify it. The structural properties
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of the floating wind turbine, such as the blade first flapwise mode’s characteristics (natural frequency wy s, mode shape ¢,
and modal mass), the blade length L; and mass per unit length m(r), the rotor hub height H and the combined mass M for
the hub and nacelle, are all based on the DTU 10 MW-MW reference wind turbine (Bak et al., 2013). The floater pitching

moment coefficient K¢, 5 i i i i ~ —describes the component of the water plane
stiffness matrix due to hydrostatic effects. The value of K. was chosen to achieve a floater pitch period of 28.57 s and thus a

frequency of f¢, = 0.035 Hz (Pamfil et al., 2025).

(V0+ AVO,],turb + AVO,l,shear)COS(ES)

Figure 1. Floating wind turbine model where blade properties and parameters vary in the radial direction r and with blade index . This

includes the blade deflection w; (r,¢) and the distance of a blade element mass m(r) from the floater base being D;(r,t).

The distance d measured from the hub marks a reference radial position = d along the blade, at 70% of the blade’s length
(d =0.7Ly), where the aerodynamic load on each blade, #7.ger5] acro, 1S calculated. #7gero-F] acro 1S indicative of the load
distribution along the entire blade.

Finally, it should be emphasized that this floating wind turbine model serves solely as a representative case study to illustrate
the proposed fast response methods. As previously noted, the model makes simplifying assumptions regarding dynamic stall,



145

150

155

160

simplifications, it provides a basis for demonstrating the fast response methods, with future work aimed at applying it within a
fully detailed modeling framework.

2.1 Equations of motion

For completeness, we provide a summary of the derivation of EOMs that we have already elaborated in previous work (Pamfil
et al., 2025). To this end, we introduce the time-varying azimuthal angular position W;(¢) of a blade I, which is defined as
U, (t) = 12\[—’; (I —1)+ Qt and where N, = 3 is the rotor’s number of blades and 2 is its constant rotational speed.

For a non-deformed blade, the time-varying distance D;(r,t) of a blade element with mass m(r) along the &’ axis is cal-
culated relative to the floater base position. It is also impacted by the radial position r from the hub, yielding D;(r,t) =
H +rcosW,;(t). For a deformed blade case, the local blade deflection w;(r,t) is computed as wu;(r,t) = ¢1¢(r)a;(t), where
only the first flapwise (1f) mode shape ¢ 7(r) with amplitude a,(¢) is taken into consideration.

Subsequently, given a blade element’s distance D;(r,t) from the floater basis and its deflection wu; (r,t), its position D;(r,t)
is tracked as Dy (r,t) = Dy(r,t)2’ (t) +w(r,t)J' (), in the rotating-pitching coordinate system (2’,¢/). Fig. 1 shows that the
unit vectors &’ and ¢’ can be expressed in terms of the global fixed coordinates & and § as &' = cos (£5)Z + sin (&)¢ and

§ = —sin (&) + cos (€5)§. This allows us to deduce the following time derivatives of i/ = £5¢// and ¢/ = —fﬁ’.M

~1

relations between the pitching coordinates &’ and ¢ are valid irrespective of the amplitude of the floater pitch angle

previously demonstrated (Pamfil et al., 2025), these time derivatives are then used to lay out the kinematic equations for

velocity V;(r,t), acceleration A;(r,t) = Az ;&' + Ay 14 and the rate of change of angular momentum p; (r, ¢) around the axis

=2l —TFhe-Z = ¥’ x §'. The resulting linearized rate of change of angular momentum, g7 {r-#is-detaled-inEq—H
of-ourpublicationrelated-to-the-current-study-Pamfil-et-al52025)y—p, 11, (7, 1), can be described as
Di (T’, t) ~ Pi,lin (T7 t) = m(T) (D12 (Tv t) 55
+ 2D (r,t) Dy(r,8) & + Di(r,t) i (1 1) M
= Dilrt)u(r,t)).
Moving forward, the translational and retatioral-pitching motion equations can be derived, along with the resulting EOM.

To derive the Equation-of Metion(EOM)EOM, we first establish the retational-pitching motion equation for moments about

the Z axis as

20 MH?€5065 + Ke, 5065 + M g Hsin€5065+

N, [ Lv
Z / (p13in(1,t) +m(r)g Dy (r,t)sin&s) dris
=\ @

Ny,
= MF(5€5 + (Z Dl(dat)ﬂ,aero(t)> 5557

=1

Maero
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through the conservation of angular momentum for a virtual retatien-pitch angle §¢5. In Eq. (2), there is an internal angular
momentum forcing component that considers the gravitational load contribution of the nacelle and hub having a cumulative
mass M. The other gravitational angular momentum load contribution is accounted for by integrating the distributed mass
m(r) along the blade span with a moment arm D) (r,t). The external forcing arises from the applied floater pitch moment Mg
and the induced aerodynamic moment #45e75M e, Which is generated by the aerodynamic loads #7-gersF] aero acting with
the same moment arm D (r,t).

In addition, the equation of translational motion along the 3’ axis for each blade is obtained as

Ly
gj':/ m(r)Ag i (r,t)+m(r) gsings | dajdr f(r)dr+
—_——

0 Fgra(rt)
Ly

/ k(r)an(t)é17(r) (Barn s (r) dr 3)

(=)

Kalaléal

= ﬂ,aero (t)¢1f(d) day,
—_—

GF.,

where the blade displacement virtual work is given by du;(r,t) = da;(t)¢17(r). In Eq. (3), the inertial force fg ;(r,t) =
m(r)Ag i (r,t) for a mass element m(r) is influenced by the linearized tangential acceleration Ay ;(r,t), where only linear
terms are retained. Here, k(r) represents the blade sectional stiffness, defined as k(r) = m(r)w? > which is derived from the
first flapwise natural frequency w s, while ¢;7(d) represents the value of the first flapwise mode shape at r = d. The blade
internal gravitational load is obtained by integrating the load component perpendicular to the rotor plane along the blade span.
The external blade force considered in Eq. (3) for each /™ blade is denoted as the generalized aerodynamic blade force, GF,,.

The forcing terms for both the retational-pitching and translation motion equations are implemented within the TDM forcing
following.

vector Fr. The TDM’s dynamics is described by the
EOM: _

Mgz +Cgsx + Kgax = Fr. %)

In this EOM, the vector of structural DOFs is defined as @ = [£5,a1,a9,a: T, where &5 denotes the floater pitch angle and

a1, a2, and a3 represent the blade deflection amplitudes of blades 1, 2, and 3, respectively. Eq. (4) also includes the structural
(index S) mass Mg, damping Cg and stiffness K¢ matrices. The structural mass and damping matrices ;-as-defined-inEgs-

H-and-(13);-are taken from the model developed in our earlier work on floating wind turbine stability analysis (Pamfil et al.,
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MH? 0 0 0
Ly
0 0 0 O
Ms = + /m(r)MS,b(r)dr
0 0 0 O ;
0 0 0 O
; 5)
Y1 Di(rit)  Di(rt)pip(r)  Da(r,t)pip(r) Ds(rt)éis(r)
Me,— | D00 010 0 o |
Do(r,t)pr15(r) 0 15(r) 0
Ds(r,t)d15(r) 0 0 1p(r)
and
pesKes 000
Ly
0 0 0 O
Cs= T / m(r)Cp(r)dr
0 0 0 O )
0 0 0 O
3 . (6)
Zl:l QDI(T',t)Dl(T',t) 0 0 0
CSb _ 2D1(T,t)§b1f(7") Ma1w%f¢%f(T) 0 0
’ 2D (r,t)p17(r) 0 fa,wi 07 (1) 0
2D3(r,t)pr¢(r) 0 0 Haswi o7 (r)
However, the stiffness matrix now includes gravitational terms, rendering it as follows:
Ke,+MgH 0 0 0
L
0 00 0 !
Ks = + /m(r)Ks,b(r)dr
0 0 0 O J
0 0 0 O
. . . 7
P9 Di(r,t)  =Di(r,t)gip(r) —Da(rt)drp(r)  —Ds(r,t)eis(r)
o= go1s(r) w%f¢%f(r) 0 0
’ go1r(r) 0 Wi ¢34 (r) 0
goif(r) 0 0 W%ﬁﬁf(r)

The gravity terms in the structural matrix Kg consider the small floater tilt assumption, such that sin 5 ~ 5. Inspired from the
Rayleigh damping approach, we have chosen the structural contribution of the structural damping matrix Cg to be expressed

as Gs=pnKsuKg, where p is a scaling factor applied to the structural stiffness matrix. In this expression, only the diagonal
elements of the structural stiffness matrix K g, that are not affected by gravitational effects, are utilized within Cg. As for the
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hydrodynamic damping contribution p¢. K¢, to the structural damping matrix Cg, it is included in Eq. (6). The a

for the damping ratio (i can be written as

1) 1) 2
Go = ——2t Ok and gy = 2k, ®)

VAT? + 57 T om Wk

where §;. is the logarithmic decrement for a k' degree of freedom. It is valid for sufficiently small damping ratios, which
is consistent with the present application. In the floating wind turbine context, the torsional structural damping applied to

the platform pitch DOF &5 is used to represent the dominant hydrodynamic damping associated with the floater motion.

=0.20

For the TetraSpar concept, a pitch damping ratio of (¢. = 3% with a corresponding logarithmic decrement of §,

-

is reported by Borg et al. (2024), resulting in a damping factor of ue. = 0.30. This value reflects the combined effect of

structural and hydrodynamic damping acting on the platform pitch response. Hence, the hydrodynamic damping is lumped
into an equivalent stiffness-proportional damping term for the floater pitch angle DOF. Linear Potential Theory (LPT) solvers,
such as WAMIT (Wave Analysis MIT), can provide frequency-domain estimates of hydrodynamic excitation forces, radiation
damping and added mass, which can be incorporated as matrix contributions to the EOM. In our simplified framework, the
frequency dependence of radiation damping is neglected, and a lumped hydrodynamic damping representation is favored
.= 0.5% (Bak et al., 2013), with a
corresponding logarithmic decrement of d,, = 0.03 and damping factor of yi4, = 0.0024. This conveys the minor contribution
of blade structural damping relative to the hydrodynamic damping of the floater.

instead. For the blade DOFs q;, the damping ratio is set to a comparatively low value of

2.2 Floater pitch moment excitation

Regarding the floater pitch moment of excitation, M, it can be either harmonic or stochastic. The harmonic floater pitch
moment Mp has an amplitude A, and an excitation frequency Q 7, Mp = Aprcos(Qart), to model a regular wave forcing
effect that affects the sinusoidal floater motion. The numerical value of A; = 1.212-107 Nm is selected to represent a realistic
amplitude of the floater moment excitation for a floating wind turbine with the DTU 10 MW-MW size and characteristics. As
for the excitation frequency of 37 = 0.15 - 2 rads ™!, it is also representative of a typical sea-state.

On the other hand, the stochastic hydrodynamic moment M that is considered in this paper, is extracted from simulations
carried out for a water depth of / = 320 m for a representative sparfloater—spar-buoy floater, These simulations consider the
implementation of linear wave kinematics and the Morison equation to describe the hydrodynamic forces acting on the slender
body through an inertia term and a nonlinear viscous drag term proportional to the square of the relative velocity. However,
it does not include second-order diffraction forces, mean drift forces, slow-drift forces (difference-frequency excitations),

and sum-frequency forces (higher-frequency contributions). Inclusion of these effects is possible but was left out due to
the demonstration purpose of the model. The spar-buoy floater’s main specifications are its submerged underwater draft,

Epor—=—120mIpy = —120 m, and its diameter, Pspar—1+2mD = 11.2 m, that relates to the cylinder cross-sectional
area AsparAspar = = D2 ... These dimensions are representative of a 10 MW-MW spar design.
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Calculating the stochastic_hydrodynamic moment for a spar-buoy floater, Mg = Tyy4rq, greatly simplifies calculations
through the usage of the Morison equation. To do so, we calculate first the hydrodynamic force #pya75Flydro Per unit length,
and next integrate up to the still water level at £ = 0 after multiplication with the moment arm z,

0
Thydro = / 2 Fhydrod®

ZBot

0 0 )
. Cos 1. .
= / xpwaterCmASparUde + / §xpwaterCD7water DSpar U ‘u0| dz.
ZBot ZBot

The hydrodynamic forceis-ealeutated-, F} 4,0, is pre-calculated with no spar motion consideration. In this case, there is only

a wave velocity and acceleration,

wave wave

U0 = Uave_aNd g = Uyaye, that are perceived by the spar-
buoy. Due to the assumption of no spar motion, hydrodynamic damping is not explicitly modeled through the Morison force

formulation. Instead, its effect is implicitly accounted for through scaling of the pitch—pitch component (1,1), namely the

hydrodynamic damping term pe. K¢, , in the damping matrix Cg, as discussed earlier. In Eq. (9), pwarer 15 Psyater denotes
the water density, Cpwarer Cp, water 1S the drag coefficient, and the inertia term G7-C)y, is defined as Cm—=—1—+C5-where

Eisthe-added-mass—eoefficientC,, = 1+ C,, where C, is the added-mass coefficient, set to C, = 1, while the remainin
contribution is attributed to the Froude—Krylov force. The stochasticity in Eq. (9) arisesfrom-ttmapestems from uy,y.’s spectral

decomposition for a number N of wave frequency twpape 7 Wwave,s_Samples with a stochastic phase shift €;-apphied—€yaye s
applied,

N cosh (kwaye.; (2 + h))
uwave qA: :9 Z Awave7jwwave7j Sinlzv(d;;j,:vc’jh) Cos(wwave7jt + €wave,j ) . (10)

j=1
In Eq. (10), Awave7Awave,; is the wave amplitude obtained from the JONSWAP spectrum with a prescribed significant wave
height H; = 1.2 m, a peak period T}, = 10 s and a peak enhancement factor of v = 3.3. The prescribed H, and T}, values are

correlated to the water depth h and to the inflow velocity V; for the operational state of the wind turbine. Additionally, %wape
2 , . 2

Fwaxe,j 18 the wave number solved through the wave dispersion relation, i.e.
2.3 Aerodynamic load

The loading vector, F7p, that is acting on the structure is not only influenced by the floater pitch hydrodynamic moment,
M, but also by the aerodynamic loads. The aerodynamic loads, Fj qero, acting—exerted on the blades are directly influ-
enced by the lift force, L;, and evaluated at the reference radial position # :

M&QMM The lift force L; is a function of air density p, the local airfoil relative velocity V5z7V,a1, the
airfoil chord length ¢, and the dynamic lift coefficient C'y, ;. The dynamic lift coefficient C, ; is computed through the depen-

dency on the dynamic stall separation function, fs;, which has been more thoroughly explained in the associated publication

(Pamfil et al., 2025). This is elaborated in Section 3.1 and Appendix B. Further, the aerodynamic terms from the lift force L
definition are evaluated at the representative blade section located at » = 0.7L;. This choice is motivated by well-established

10
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characteristics of horizontal-axis wind turbine aerodynamics. In the mid-to-outer blade region, typically between 0.6L; and
0.85Ly, the relative inflow velocity is high and the blade operates close to its design angle of attack at optimal tip-speed
ratio. The local acrodynamic state at 0.7Ly, can be regarded as representative of the effective operating conditions over a large
portion of the load-bearing blade span. The total rotor loadsare thus here approximated by scaling the sectional loads evaluated
atr =071 to the full rotor, This lift force formulation was adopted to retain a simple and computationally efficient floating
wind turbine model, consistent with the objectives of the present study.

2.4 Inflow velocity fluctuation

The inflow velocity consists of a constant value Vj at hub height H and a fluctuation that is caused by a spatially coherent
turbulent inflow AV 7w75-A Vo surp, and a shear periodic variation AVg7srearA Vo 1 shear» refer to Fig. 1. The presence of turbu-
lence generates a variability in the wind speed that affects the rotor stochastic aerodynamic forces. We consider a deterministic
linear shear velocity model for wind (Hansen, 2015) at hub height (£ = H) to determine the shear inflow velocity variation
AV rsnear AV Lshear around that point given the shear exponent #speam—="0-2Vspear = 0.2.

On top of the velocity variation AVg7snearA V.1 shear» @ turbulent spatially coherent variation AV AV surh is taken
also into account in the inflow velocity Vo ; = Vi (& = H) + AV that is perceived by the li\ZihN blade. This results in

o500 (1))

Vo =Vo(H) + 9% Az i(d) + AVh turb
G=H
(11
shear A COSW
=Vo(H)+ Vo(H) <VheaHCOSl) +AVD turbs
A‘/D,l,shear

where the radial distance from the hub, A; ;(r) = rcos U; is taken at r = d. The inflow velocity component that affects the
system dynamics is its projection in the normal direction to the rotor plane, Vj ; cos (€5). Due to the small floater pitching angle
assumption, {5 < 1, the term V{ ; cos (§5) is approximated as Vj ;.

The spatially uniform turbulent inflow is taken at the hub height 7 of 119 m from a Mann turbulence box (Mann, 1994), with
a mean inflow velocity at the hub of V5 = 8 ms~! and a mean hub turbulence intensity (TI) of 5.77 %. The Mann turbulence
grid box has a constant spatial step d§ in the inflow direction, and the time step increment is given by dt = dgj/Vy (Mann,
1994).

To calculate the impact of the inflow velocity fluctuation on the aerodynamic load 7 ge75L] a1, the velocity triangle com-
ponents of the airfoil at the reference radial position (r = d) must be investigated. The resulting velocity triangle description is

presented in Appendix A.

3 Model linearization with forcing

Further, we linearize the model to enable fast response calculations. The linearization methodology of aerodynamic variables,

that are velocity dependent, considers a steady term (noted stst) and a linear variation, as demonstrated here for variable Y7,

11
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i.e. ¥ =Yrsr+AYY in = Y5t + AY). Using a first-order Taylor expansion, the linearized variable ¥77;7-i8-Y] jiy is_
Y] Y] ay;| . Y,
=L Ll foat ==t &5+ s
O0dy Ofsi |y &5 0AV,

where we linearize with respect to the time derivative of the structural DOFs vector, &, the dynamic stall separation function

Y tin = Yyt +

AVo,u, (12)

st

a; +
st st

DOFs, f, 1, and the inflow velocity fluctuation, AVp ;. In addition, the partial derivatives concerning the inflow angle ¢; play a

significant role in the linearization of the system equations and that is detailed in Appendix A.
3.1 Dynamic stall

The @ye dynamic stall model (Bye, 1991) that is implemented in this paper only serves as a fast response methods demon-
stration and is not meant to be compared to experimental data. In @ye’s model, dynamic stall is captured in the lift coefficient
C, via the flow separation function f5, which represents the location x of the trailing edge separation point measured from the
leading edge, normalized by the chord length, meaning that f, = z/c (Qye, 1991). Within this framework, C, iny (x) refers to
the lift coefficient under inviscid or fully attached flow (f; = 1), while C, s () pertains to a fully separated flow (f; = 0)
with stall occurring at the leading edge. The @ye stall model equations are presented in Appendix B, where we also justify the

choice of this stall model for the present work, supported by our previous studies (Pamfil et al., 2025).
3.2 Aerodynamic loads linearization

To obtain the LM EOM, the aerodynamic force £ ger5-L] gero from Eq. (A1) can be linearized through

OF iin _ O(Lijincosgrin) 1 . (501;,1
-

) ) —3f

c08 bt V.2 ot
9 (v2

st
rel,l) (13)
5- ’

st

where the system linearized equations have to be considered. In Eq. (13), the numerator is partially derived with respect to a
variable of interest (e.g. a time derived DOF) in the denominator, as denoted by the - symbol. The linearization methodology

serves to obtain the linearized EOM,

0 cos @y 1in

9 V2 + CvL,st COs ¢st

rel,st
st

+CL,st

Mg&+ (Cs+Ca)xz+Kgax = Fy, (14)

through the formulation of a linearized forcing vector F, and an aerodynamic damping matrix contributionthat-wasfermerly

developedinEq—27)from-,
rOMaerolin =~ OMaero,lin ~ OMaerolin -~ OMaero,lin 7
é)é5 8(‘11 6@,2 Odg
OGF?I,UH (()GF,.,,IJ;H 0 0
&5 day
Cy=~— ; (15)
aGF@,lin 0 OG Foy lin 0
O¢s Oaz
SGFG:B,UH O 0 6GF{13,1in
- 06 daz - ¢
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as shown in our stability analysis paper (Pamfil et al., 2025). The aerodynamic damping matrix C 4 in the LM EOM is computed
at steady-state (s#st) conditions for an operational point. That operational point is characterized by a specific rotational speed,

(2, and a constant inflow velocity, V5, without an inflow velocity variation, AV} ;, taken into account. The aerodynamic forcing

terms from Eqs. (2) and (3) are linearized with the notation G+57m—=-417m

and M, =S F suLle (H +dcos ¥ ). The linearized loads G4 mandMaers1im-GFy, 1in and Mpero 15 can also be

derived partially with respect to the separation function f, to obtain the Jacobian matrix [0F;/Jf; ;] from the earlier model
used for stability analysis purposes sreferto-Egq—32)-(Pamfilet-al52025)—(Pamfil et al., 2025),

OMacrotin~ OMaero,lin =~ OMaero,lin

Ofs1 Ofs,2 Ofs,3
OGFqq lin
en 0 0
[aFi/afs,j] = 0' OGF,y iin 0 (16)
Ofs,2
OGFqg lin
0 0 57,5

. . . e 9CL . . ,
In Eq. 32)-(Pamfiletal;2025)(16), which involves the partial derivative - fLJ , the dynamic stall degrees-offreedom(DOFs
¥DOFs vector is defined as Fs="Hs1F= fS?d]T M, and the aerodynamic forcing vector is given by F' =

T
[Maero,linv GFal,lim GFaz,limGFag,lin] .

3.3 State-space representation with forcing input

To assemble a first-order state-space model ©PEOrdinary Differential Equation (ODE), we rely first on the EOM of the TDM
from Eq. (4), or the LM’s EOM from Eq. (14). We combine the EOM, which is a second-order ODE, with either the original
dynamic stall first-order ODE or its fully linearized variant (Eq. (B4)). In other words, first we couple the EOM of the TDM

with the original dynamic stall first-order ODE, and then we couple separately the LM EOM with the fully linearized dynamic
stall model. The resulting state-space model is presented as

qg=Aq+Fs. (17)

. . . T, . .
In this expression, the state vector g = [mfxl,mfx Lfr ] is of length N, = 11 and contains the structural DOFs vector z, its
time derivative & and the dynamic stall variable f;; for each blade within vector fs = [fs.1, fs.2, fswg]T. The system matrix A

is respectively developed as follows for the TDM,

[0454] (T4 [043]
Ar = [—Mgle] [—M_ICS] [Mgl [8F,/(’)fs,3” (18)
[0354] [034] [8fs,i/afs,j}

13



330

335

340

and for the LM,

[04x4] [Tyl [04x3]
A= |[-Mg'Ks] [-Mg'(Cs+Ca)] [Mg'[0F;/0fs,]]| , (19)
0] (0F..4/0z;] 0F.i/0fe) 1,

whose matrix components are evaluated at the steady-state (s#st) for the operational conditions. The linearization of the ODE
and [8fs,i/8fs,j:|
3x3

matrices, the element of row index ¢ is partially derived with respect to the variable of column j index. To verify that the LM

for fs_l in Eq. (B4) is represented by the two Jacobian matrices, [6 f“ /0% J} . For these two Jacobian
’ 3x4

exhibits a physically consistent behavior, we previously performed decay test simulations with initial perturbations (Pamfil

et al., 2025) to compare results against the TDM. The results in Fig. 5 (Pamfil et al., 2025) were expressed as deviations from

the steady-state values and the time-domain plots confirmed the consistency between the results produced by the TDM and the

LM. To further elaborate the state-space model, the forcing input vector F'g for the TDM,

i [0451] ]
Sty Frg, (Cpstany) + Mr
M Fra, (CLstall1)
Fpr= Fra, (CLstan,2) , (20)
Fr a4 (Crstan,3)
fs,static,l/T
fs,static,2/7'
L fs.static,3/T .
does not consider a full linearization of the dynamic stall ODE unlike the LM as follows
r [0451] T
- 3 -
Mp+> " (Fre (AVo)) + Fre, (AVE))
=1
M;l Maero tin (AVo,1,AVZ,)
Fpo— GFy, 1in (AV0,1,AVE) = Fra, (AVo) + FLoa, (AVE) Q1)
GF oy tin (AV0,2, AVEy) = Fr oy (AVo2) + FL.a, (AVy)
|G Fayin (AVo,3,AVs) = FLay (AVo3) + Fra, (AVGs) ]
F(gmee| | okt | AVos)
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The forcing vector from the EOM has components for both the TDM (index T') and LM (index L) that pertain to structural
DOFs, and to the aerodynamic DOFs by taking into account the @ye dynamic stall model. The LM’s forcing input Fiz r,
explicitly accounts for variations in aerodynamic forcing parameters and-dynamie—stal-with respect to the per-blade inflow
velocity change, AV} ;. To this end, the -M-solatien-both the LM and TDM solutions for the state vector g is-are computed
using a fourth-order Runge-Kutta (RK4) method with a fixed time step interval dt.

4 Fast response methods and Hill’s decomposition

The response g from the state-space model shown in Eq. (17) can be solved in the time domain directly. Yet, it can be beneficial

to solve it-using—thefast-response—calenlation—-methodelogy—the problem using a fast-response calculation in the frequency
domain or the Laplace s-domainsiree-, To achieve this, the state-space Eq. (17) deseribes-must be formulated for a linear
system —using the LM system matrix A ; and the corresponding linearized forcing vector F'z ;. The system matrix A is

periodic and can be expressed as a sum of constant harmonic matrices via a double-sided Fourier series, allowing the system
to be recast as LTI. An advantage of a Laplace transform-based approach is that it captures accurately the transient response
due to the consideration of initial conditions, just like for the TDM and LM. Conversely, the fast response methods using the
Fourier transform neglect transient response effects from initial conditions.

Using the LM, the numerical procedures that are presented in this paper can be utilized for different load cases and for mul-
tiple floating wind turbine configurations such as with variable rotors (symmetric or asymmetric, different number of blades,
isotropic or anisotropic blades), or variable floater types (spar-buoy, semi-submersible, damping pool floating foundation). The
distinctions in simulations parameters can be as well in terms of the dynamic stall model that is considered or with the inclusion
of a controller in the state-space model. All of these different simulation conditions would affect the LM system matrix A
and the forcing vector Fr.Fp ;..

To derive a Fourier transform-based fast response calculation procedure, the forcing term vector time series, Fz(t), of a
duration equal to the simulation time %5z Ly, , is converted to the frequency domain. Similarly to the variable X (), both the
N X (ws)est,

forcing term vector Fg(t) and the state variable g () are expressed in the frequency domain as X (¢) = S

s=—

2ms
T'sim

where the frequency samples are defined as w, = and i = \/—1 is the imaginary unit. This conversion is carried out in
order to compute the response q in the frequency domain.

We then utilize the FFT algorithm to obtain the frequency-domain forcing #5{w}Fp(w). The FFT-based methods, however,
assume that the time signal is periodic within the simulation time frame. When this assumption does not apply, windowing func-
tions are employed to remove the time signal edge effects. With this objective, we impose a window function W (¢) on the time
series of the LM input forcing vector Fp s Fpr{w)=FFHF (- W4 Fp 1 (1), Fp(w) = FFT{Fp 1(t) - W (¢
The multiplication of the forcing input by the window function as Fp—r{t-W-t-Fp 1(t) - W (t) serves to mitigate the effects

of spectral leakage or aliases. The window function W (t) = Ry (t)- Ra(t), as illustrated in Fig. 2, is symmetric in time with the

two ramp functions given by R; (t) = tanh? (ﬁ) and Ry {t)—tanh> (},TS”” i’ VRy(t) = tanh? (Lim=t ). They are
rampL &g Jramplés 5
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time scaled by a ramping factor chosen as f7amp="2-framp = 2 and by the largest natural period of the system that corresponds
to the floater pitch natural period, T¢, = 27 /we, .

1 -I T T T T T T ]
0.8F .
s
506 1
c
2
8
Soar 1
£
=
02rf .
O -l ' ' ' ' ' ' L
0 500 1000 1500 2000 2500 3000
Time [s]
Figure 2. Window function W (t) = R1(t) - R2(t) for a simulation duration of Fsm=-30742-5T i, = 3071.2s.
375 One point worth mentioning is that through the application of the window function, the time span is reduced where the

fast response results can be compared to the benchmark results. As can be seen in Fig. 2, the time lapse valid for comparison
between results is located where the window function is equal to 1. The simulation time lost due to windowing (i.e. -the portion
valid for analysis) is smaller than the time lost due to the initial transient period.
Furthermore, the governing state-space Eq. (17) can be expressed in the frequency domain by converting the time-sampled
380 terms into their frequency-domain representations, yielding

N N

Z iw,q(w,)e @t = Z ([Aq],, +Fp(w,)) et (22)

s=—N s=—N

The cut-off frequency for the truncation in Eq. (22) must be sufficiently large to cover the wind spectrum. If matrix A is
constant, then after simplification of Eq. (22) we get (iwl — A)q(w) = Fp(w), where I is the identity matrix. Thus, the
response vector g(w) can be computed according to,

q(w) = (wI-A)"' Fp(w),

385 N (23)
H(w)

which defines the transfer function matrix H(w). The core principle of fast response calculations is to convert the response solu-
tion from the frequency domain to the time domain using the inverse Fast Fourier Transform (iFFT) algorithm, g{t)=R{#FFT{g{w)}q (¢
and then extracting only the real part of the result. The frequency-domain response signal g(w) must be padded, which involves

adding zeros to extend the data to the full length of the original time series before applying the inverse FFT.
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To include the contribution of higher harmonics in the response g(t¢), we take inspiration in Hill’s decomposition method
for stability analysis of periodic systems and apply a double-sided Fourier decomposition #-to A f,(¢) and g(¢). Hill’s decom-
position is related to previous studies that we performed for response (Pamfil et al., 2024) and stability (Pamfil et al., 2025)
analyzes.

Hill’s decomposition requires first the double-sided Fourier decomposition of time-periodic quantities such as A, () and

o0

> . X,€e"? In that case, each matrix

q(t), which in general can be expressed for any periodic variable X (¢) as X(¢) =>_
A , is constant and both variables g(¢) and A, (t) are of dimension IV,. The frequency components X,, of a time-dependent

variable X (t) ssueh-as-Arfor-Ar{t);-can be obtained using the numerical trapezoidal integration method;+-e-—. For instance

N AAAAAAAA

the frequency components A ,,. associated with A/ (t), can be computed as X, = % fOT X(t)e~ ¥ dt, where T = 2 /2 is

the period of the system for a given constant rotational speed (2. Alternatively, since there are sufficient time samples over one
period T, the FFT algorithm can be used effieienttyinstead to compute more efficiently the frequency components X,,. The
Fourier decomposition is defined as double-sided, ensuring that the system matrix of the LM, A (¢), the state vector g, and
its time derivative g remain purely real. This is achieved by the cancellation of the imaginary components arising from the
positive (+nf2) and negative (—n{2) harmonics, with a truncation upper limit of N = 4 in this case study, ensuring an accurate
Fourier expansion of A, (¢). As explained in our previous study (Pamfil et al., 2025), the Fourier decomposition of the system
matrix Ay, (t) from Eq. (19) is valid due to the azimuthal periodicity of the system at a fixed rotational speed 2. This Fourier
decomposition of the state-space variables for the free vibration case was introduced by Hill (1886) and it is commonly used
for a stability analysis. Hill’s theory allows to carry out a stability analysis of a floating wind turbine while taking into account
the rotor’s periodicity. For the unforced problem (Fz = 0 in Eq. (17)), the periodic eigenmodes );, with principle eigenvector
components ¥y ,, Y, = ny:_ ~ D€ are found by substitution of the solution 4ot =pre iy 1 (t) = ettt
which considers a principal eigenvalue \;, per mode. This eigenvalue problem leads to the hyper-matrix LTI formulation for

the unforced case given by t} =Aq:

Gn=—1 Apo+iQL A1 Ap o Gn=-1
qn=0 | = |- Ara Aro Ap 1 gn=0 | > (24)
Apa dn=1

anl AL,2 AL,O —iQI

which we have clarified in our work on floating wind turbine stability analysis (Pamfil et al., 2025). j:XNistrve\fggveng

hyper-matrix because it represents an infinite-dimensional block matrix coupling multiple harmonic components of the state
vector. Each entry is itself a matrix acting on the states, resulting in a higher-order structure that can be interpreted as a tensor
(or matrix of matrices) indexed by both harmonic components and states. More generally, a hyper-matrix can be viewed as an
extension of a conventional matrix to a multidimensional array. That being said, we have proven (Pamfil-et-al;2025)-that the

formulation of the hyper-matrix A can be found by replacing the Fourier decomposed terms q(t) and A, (¢) into the state-

space Eq. (17) and rearranging them;fer-derivations—referto-. The corresponding derivations are provided in Egs. (42), (43),

17



420

425

430

435

440

and (44) within our previous paper (Pamfil et al., 2025). Hence, by varying the index n from integer —NN to N in Eq. (44)
(Pamfil et al., 2025), the row equations of the hyper-matrix expression can be constructed. It should be noted that the harmonic
matrices Ay, , required for assembling A extend from A Ln=—2N t0 A ,—on. Moreover, under the assumption that the lower

harmonics of matrix Ay, (t) are greater than the higher harmonics,
[ALollr > [[ALzillr > AL z2lF-.) (25)

the constant hyper-matrix A can be truncated and its eigenvalues would still be accurate.

Although Eq. (24) is derived for the unforced system, it suggests that the original LM may be recast into an LTI system
with the hyper-matrix as a constant system matrix. One would need, however, to add the forcing term Fp 1, (t) which will
generally have frequency content beyond the harmonics of the rotational frequency 2. Even though the central row in Eq. (24)
appears to be the natural position for the forcing term Fg 1 (t), this requires a formal assumption. In a previous study that
we conducted (Pamfil et al., 2024), for a forced response excitation with a more simplified floating wind turbine model, this
approach was tested with a corresponding forcing hyper-vector Fig 1 (t) = [...,07, F} (), 07,...]7 (Pamlfil et al., 2024). That
produced identical results to the TDM that was linearized which can be confirmed by inspecting time series in Figs. 6, 7, 16,
17, 18 and 19 (Pamfil et al., 2024). Hence, in Section 5, we utilize Eq. (25) to formalize the perturbation methods for fast
response computations, and de-couple Eq. (24) into smaller sub-systems.

To develop novel fast response methods, we take inspiration in Hill’s decomposition and assemble a single-sided Fourier
series by grouping together the positive and negative harmonic components of the same harmonic order in absolute value. The
variables-e!2_basis function €™ and the variables g,, -and A, are combined assingle-terms-within-the-single-sided
Fourier-decomposition-through-with their complex conjugates (roted-denoted -*) to form single terms in the single-sided
Fourier decomposition. When considering the complex conjugate of a harmonic term X,, being X, it is known that X_,, =
X, which conveys that R{X_,,} = R{X,,} and S{X_,,} = —3{X,}. We apply this notion to obtain single-sided Fourier
decompositions of g(t) and A 1, (t). Each harmonic component now depends on the real (R{-}) and imaginary (3{-}) parts for

inQt

variables 2t q(t) and A (t), and for the basis function ¢'™*. This is outlined for the term X (¢) which represents either
variable g(t) or A (t):

t

I
=
M= =

X

3
Il
N

(Xnei’th 4 X_nefith)

I
OI
+

M=

(26)

3
Il
=

I
M=

o+ 2 (%{Xn}%{einﬂt} _ g{Xn}S{eith})

3
I
-

I
OI
+

M=

(X ccos(nt) + X, ssin(ndt)).

3
I
—
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In Eq. (26), the average term X|, is written as X, instead to ensure consistency in notation. Since the term X (¢) is purely real,
Eq. (26) demonstrates that the double-sided complex Fourier series (exponential form) can also be expressed as the single-sided
real Fourier series (sine-cosine form). The exponential form of the Fourier series translates to a sine-cosine form, where, for

each index n, the real cosine and sine coefficients X,, . and X, ; are associated with the complex coefficient X,.

5 Perturbation methods

We develop fast response methods by relying on the Hill expansion for both the LM system matrix A ; and the state response
vector g. We recast the Hill expansion instead as a Taylor expansion with a small formal ordering parameter 6" which multiplies

the corresponding harmonic terms of order n:

N N
q(t) = Z 51" g (1) = go(t) +Z<5”?1n(t>
n=—N n=1
N ) N (27)
Ap(t) = Z S A L ™ = AL+ Z(s"AL,n(t).
n=—N

n=1
As done in Eq. (26), the negative and positive harmonic terms from the double-sided Fourier expansion, X_,e "™ and
X,,ei™? are combined together as terms of the same harmonic order within a single-sided Fourier series. According to the
perturbation method (Bender and Orszag, 1999), the harmonic ordering is explicitly carried out through a perturbative decom-
position, X () = X, + Zﬁle 6" X, (t), where the harmonic terms originate from the single-sided Fourier series. The higher
harmonics response contributions gy (t) are solved up to a desired order n. In the following Sections 5.1 and 5.2, we will

present the double and single perturbation methods to achieve this.
5.1 Double perturbation method

Our first perturbation method is obtained through insertion of the perturbation expansions from Eq. (27) into the state-space
model from Eq. (17). After applying this perturbative decomposition to the state-space ODE terms we get:

N N N N
> Gno"=>"> AL ;0" + Fy . (28)
n=0

p=05=0

The Hill decomposition of the matrix Ay, into its harmonics A, ; can be performed without needing to extract the harmonics
from the hyper-matrix A.

Concerning the LM forcing input Fig 1, it is only associated to the unit perturbation of 6° = 1 which is linked to the zeroth
harmonic order.

It is generated with the window function W (¢) applied, refer to Fig. 2. Continuing from Eq. (28), we can isolate each n‘" set
of equations of the same order of magnitude 6™. We can identify the zeroth harmonic equation through the zeroth perturbation
order 0° as shown in Eq. (29). The zeroth harmonic response o can be calculated through the transfer function H(w), see Eq.

(23).
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Bir (2008) has shown that considering only the averaged system matrix A 1,0 over a period means neglecting periodic

terms that can contribute to the system dynamics.

Pamfit-etal;2624)for For some load cases, the zeroth order response, qo, is insufficient to account for the total response

q when the latter is highly periodic. This observation has also been noted in the results generated using a more simplified
floating wind turbine model; see Fig. 19 of the prior investigation (Pamfil et al., 2024). We have demonstrated (Pamfil et al.,

2024) that the zeroth harmonic state response g is also equivalent to solving in the frequency domain the zeroth order structural
DOF vector & (w) from the LM EOM (Eq. (14)) with zeroth order mass, damping and stiffness matrices. Using-Furthermore,
using the LM EOM is the conventional way of solving the floating wind turbine response in the frequency domain. Conse-
quently, based on Eq. (28), we build a system of equations to solve consecutively higher-order contributions in the following

manner:
8% qo(t)=Aroqo+ Fp,L
't @) =Arod +Ar1do
(29)

M qa(t) = ZAL,j qn—; = AL,ofln + ZAL,j qn—j, n>0.
j=0 j=1
After solving the zeroth harmonic response, g, the sequential solving strategy from Eq. (29) is implemented for higher-order

harmonic (n > 0) responses g@,,. It can be expressed in a lower triangular hyper-matrix form,

@ Aro O 0 ...| [q Fp
@O AL,I AL,O 0 | ar 0
i n . (30)

g2 Ars ALy Aro .| |@ 0

Eq. (30) would be solved through a forward substitution similarly to the iterative method of Gauss—Seidel with successive
displacement. This iterative solving protocol is identical to the double perturbation method presented in Eq. (29). While the
original linear problem expressed through Eqs. (17) and (27) corresponds in Eq. (29) to the sum of the equations in one
operation, the perturbation approach breaks this in smaller sub-problems which are solved sequentially.

In summary, the higher-order harmonic responses g,, (n > 0) are computed successively in the frequency domain (see Eq.

(23)) as follows

- -1 .
qn(w):(iwI—ALo) ZAL,anfj(W% 3D
—j=1
H(w)

where H(w) is the transfer function and 2?21 AL @ j(w) is the numerical forcing term. In the end, we calculate the full
response by summing all response harmonics according to Eq. (27), and by converting the solution to the time domain via the

iFFT algorithm.
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5.2 Single perturbation method

As an alternative to the perturbative expansion in Eq. (27), the system matrix A 1, (¢) can be expressed as a zeroth- and first-order
perturbation of €, encompassing all higher harmonic contributions, such that A 1, (t) = A Lo+ eA; (t). The small perturbation

of nth

order, €™, is applied to the response g(¢) harmonics and to its time derivative ¢(¢) harmonics. That is equivalent to
the double perturbation approach applied to g(t) and g(t) which results in q(¢) = o + ZnN:1 €"qy. The insertion of these

perturbation expressions for Ay, (¢) and g(t) into Eq. (17) yields

N N—-1
Go+ Y €"dn=Fpp+(ALo+eAL) (qo +y e”%) +eN AL odn- (32)
n=1 n=1

The cumulative contribution of higher-order harmonics terms is expanded to identify terms for each power of €. That gives the

following sequence of equations that can each be solved through the transfer function H(w) as in Eq. (31):

e qo(t)=Aroq+ Fpr

et qu(t)=Arod +ALq
(33)

€ () =ALoGn +ALGn 1, n>0.

In contrast to the double perturbation method, the decomposition of A, (¢) can be achieved without a full Hill expansion,
because A 1, o can be calculated by averaging A 1,(t) over one period T'= 27/ and A (t) = AL (t) — Ay 0.
Just like for the double perturbation, additional insight can be gained by observing that the single perturbation method in Eq.

(33) can be expressed as well by a lower triangular hyper-matrix formulation,

@ Ao O 0 ...| [q Fp
@ A, Aro 0 | |@ 0
- _ + , (34)

Q> 0 AL, Ary .| |@ 0

where the responses g, can be solved similarly to the Gauss-Seidel method of successive displacement (forward substitution).
Finally, the solution of Eq. (33) is computed sequentially in the frequency domain the same way as for the double perturbation

method. Once all response harmonics have been computed, they are summed togetherand converted from the frequency domain
to the time domain using the inverse Fast Fourier transform.

5.3 Laplace transform

An alternative to calculating the system response in the frequency domain using the FFT algorithm is to compute it in the
Laplace s-domain using the Laplace transform. To calculate the response in the s-domain the system is assumed to be LTI and

the state-space ODE from Eq. (17) is analytically transformed into an algebraic equation. Furthermere;-the-The Laplace method
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proceeds in the same manner as the Fourier transform, to solve the system response in the new domain, and then apply the
inverse of the transform to convert it back to the time domain. However, for high-order systems or those with multiple inputs
and outputs, performing an analytical symbolic inversion of the Laplace transform can be challenging or impractical, frequently
requiring the application of numerical inversion methods. The benefit, in comparison with the Fourier transform method, is that
it is capable of considering the initial conditions and transient response, such as for decay tests. The initial condition g(¢ = 0)
is taken into account through a time step looping computation procedure where the current time step ¢; response is calculated
using the previous time step ¢;_1, and there is a very small constant time step increment dt. This approach does simultaneously
solve well the non-transient response too.

Using Eq. (33), we apply the single perturbation approach by carrying out the sum of harmonics response results, i.e.
q= ZTJLO qn, only up to the first-order harmonic @;. As a starting point, the zeroth harmonic expression that is found in Eq.

(33) can be converted to the s-domain. This conversion is carried out through the Laplace transform applied on the left- and

right-hand side,
c {ao(t)} =ALoL{qQ®)}+ L{Fp ()} te[ti,ti]. (35)

The Laplace transform in Eq. (35) is applied locally at each time step t;, over the time interval [¢;_1,¢;], which has a duration
equal to the time step interval dt. This suggests that the initial condition for that time interval is taken as go(t;—1), and Fz 1.(¢;)
is assumed to be constant during that time interval.

Although a midpoint evaluation of the forcing vector, F' t;_1+dt/2), is commonly used in staggered time-steppin

schemes to achieve a second-order accuracy in time responses the resulting improvement is not expected to be significant

in the present context. Given the chosen sufficiently small time step increment dt, the dominant discrepancies between the

linear and time-domain models stem from modeling and linearization assumptions rather than from time integration error. A
+ dt /2. This would increase

midpoint forcing would require additional model evaluations at intermediate time instants, ¢;_

the computational cost since the forcing vector time series is already evaluated at each standard discrete time step, ¢,_1. For
these reasons, in the present work a first-order treatment of the forcing vector is adopted for simplicity and computational

efficiency.
In addition, there is no window function W (¢) applied here to the forcing term Fz 1, (t). After applying the Laplace transform

in Eq. (35), it equates to
- . ~ 1
5qo(s) —qo(ti—1) = ArLo0qo(s)+ ;FB,L(ti) .

——
FB,L(S)

(36)

The s-domain contains a real part o and an imaginary part iw, resulting in s = ¢ + iw. The Fourier transform is a particular
case of the bilateral Laplace transform where the initial conditions are neglected, i.e. s =iw and 0 = 0.

Based on Eq. (36), go(s) can be isolated:

L7Hao(s)} =L { (s1-ALo) - (iFB,L(ti) + ‘NIO(til)> } : (37)
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The inverse of the Laplace transform is applied to solve the state response £~ {Go(s)} = go(t;) similarly to the inverse of the
FFT for the previous fast response methods. The transfer function H(s) = (sI —A L,o) o in Eq. (37) is similar to the transfer
function for the frequency domain from Eq. (31). The inverse of the Laplace transform is applied to Eq. (37) so that it can be
solved only once through a symbolic solver, such as MATLAB’s symbolic inverse Laplace function ilaplace. The terms
that are a function of the current time step ¢; and previous time step ¢;_ are treated as constants when solving symbolically Eq.
(37). Also, when solving Eq. (37) numerically at each time step, the time variable ¢ is replaced by the time step increment dt.
Afterwards, the same strategy as in Eq. (37) is applied, with a change of variables, to solve the first-order harmonic response

q1(t;) at time step ¢;:
. _ -1/1 -
[,*1 {[]1(3)} :,ﬁil {(SI—AL,O) <SALq0(ti)+‘~11(ti—l))}~ (38)

We establish-impose the initial condition (¢=0)-at t = 0 for Eq. (38) that-g{#r}-=0-as q(t;) = 0 for the first time step, since
t = 0). Further, as given by Eq. (27), the response @; () is added to the zeroth harmonic solution

go(t) to obtain the system response q(t).

Due to the computationally expensive time iteration procedure, we settle for an accuracy going up only to the first-order
harmonic @, (¢) response. Given the time loop nature of this method, we found out that it was not fast, but had a comparable
CPU time as the standard time integration of the LM state-space. Heree;-Therefore, for transient response analyses involving
longer simulations, it may be more efficient to directly employ the LM approach rather than the single-perturbation Laplace
transform method. That being said, we benchmark the CPU time and accuracy in the following Sections. More details about

the computational efficiency are explained in Section 7.

6 Results from fast response methods

We present the fast response methods time series and Power Spectral Density (PSD) results for various load cases for the

operational point of V) =8 ms™! and Q = 0.6 rads~'. The simulation duration is Ty, = 3071.2 s, as illustrated in Fig. 2,
study does not take-into-aceountinclude a controller implementation, we select arbitrarily an operational point below the rated
turbine (Bak et al., 2013). This operational condition is used in this entire paper for all simulations load cases. Results are
compared between the TDM, the time-dependent LM, the Fourier-based fast response methods and the Laplace-based method.
For the Fourier-based and Laplace-based methods, the zeroth harmonic solution serves as the starting point, and its accuracy is
increased through the single and double perturbation (Pert.) approaches, with accuracies reaching up to second harmonic order:
O(?) and O(6?) respectively. The TDM results serve as a benchmark to vatidate-verify if the LM is in accordance with what
would be expected, but not as a means to evaluate the accuracy of the fast response and Laplace-based results which should
be compared rather with the LM. It has been proven in our previous investigations (Pamfil et al., 2024), that the LTI system

using Hill’s hyper-matrix from Eq. (24), with an accurate Fourier expansion, produces time series results identical to those of
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the LM. In terms of accuracy analysis for load cases with a stochastic input forcing, the exceedance probabilities for signals
are extracted as the positive response peaks distance from the mean (steady-state) values.

We compare time- and frequency-domain results for the floater pitch angle &5, as well as the first blade’s (I = 1) deflection
amplitude a; and dynamic stall separation function f, ;. The response results for a single blade only suffice to describe the
accuracy of the response calculation methods.

Prior studies using other frequency-domain solvers, such as RAFT, SLOW, and QuLLAF which are mentioned in the Intro-
duction, do not account for the azimuthal variation of linearized aerodynamic blade loads. Instead, they typically model the
rotor load as concentrated at the hub. These studies often compare either frequency- or Laplace-domain results with time-
domain simulations obtained from time-domain models, experiments, or higher-fidelity simulations (e.g. €FB-Computational
Fluid Dynamics or hydro- and aero-elastic solvers). However, they do not investigate different techniques for both frequency-
and Laplace-domain simulations of azimuthally dependent linearized aerodynamic loads, nor do they assess the accuracy in
comparison to both a linear and a more accurate time-domain model. Furthermore, the simplified floating wind turbine devel-
oped in this work offers a lower accuracy compared to more sophisticated aero-elastic solvers. Due to these differences in how
aerodynamic and hydrodynamic loads are modeled, direct comparisons with previous models or experimental data are not fea-
sible. The loading and structural modeling approaches used in previous studies differ significantly from the one presented here,
limiting the applicability of benchmarking against high-fidelity numerical models or experimental results. Rather than serving
as a benchmark tool, the simplified model introduced in this study is intended to explore differences between time-domain,
linearized, and fast-response methods. Its streamlined formulation provides clear insights into system dynamics and method
performance, complementing, rather than replacing, more detailed aero-elastic solvers such as HAWC2, Bladed, OpenFAST,
or SIMA.

In this paper, five different load cases are analyzed where different inflow velocity and floater pitch moment Mg are consid-

ered. The load cases distinctions are summarized in Table 1.

Table 1. Simulations load cases for the operational point of Vo = 8 ms™* and Q = 0.6 rads™*

Load Aero: Inflow velocity Hydro: Floater pitching moment
Case Constant  Sheared Turbulent Harmonic Stochastic

A v v

B v v

C v v

D v v

E v v v

The inflow velocity can either be constant, modified by a sheared perturbation, or influenced by coherent turbulence, which
is stochastic in nature and characterized by a turbulence intensity (TT) of 5.77%. Higher turbulence intensity values, reachin

up to 10% or 15%, would still satisfy the underlying modeling assumptions. This claim is supported by the results obtained
for load cases C and FE, which include stochastic wind inflow effects and are presented in Sections 6.3 and 6.5, respectively.
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These results indicate that the impact of wind turbulence intensity on the system response can be adequately captured even by a

zeroth-order harmonic response, as increasing turbulence intensity leads to a stronger dominance of the zeroth-order harmonic
contribution in the system response. As for the floater pitch moment, it can be harmonic or stochastic. Among the load cases

presented in Table 1, Case E is considered the most realistic, as it accounts for a stochastic inflow velocity, a stochastic floater

pitch moment, and a sheared inflow velocity profile.
6.1 Load case A: constant inflow and harmonic floater forcing

For the load case A in Fig. 3, the inflow velocity is constant, and the time series indicate that the zeroth harmonic is insufficient
to characterize accurately the blade responses compared to the full LM. A graphically good agreement, however, is seen for
the first- and higher-order version of all the fast response methods and the Laplace-based method.

The log-scaled PSD plots in the blades DOFs, a; and f; 1, indicate energy peaks at the frequencies distanced at —2 (-1P)
and 2 (1P) away from the floater excitation frequency €),;. This demonstrates the frequency coupling caused by the periodic
terms in the inertia matrix, also referred to as the mass matrix.

Regarding the floater pitch angle &5, mainly €2j; is influential on the floater pitch motion considering the high PSD peak
occurring at that frequency. The DOF’s own natural frequency is not noticeable at we, because the transient response is omitted
in the PSD computation. For the blades DOFs PSDs, a; and f, 1, the natural frequency we,’s influence on the response is again
not visible for the same aforementioned reason.

In a nutshell, the responses show energy peaks caused by the periodic inertia of the system. Due to the presence of a high

aerodynamic damping, all results, irrespective of the load case, do not capture the blade’s natural frequency wy ¢.
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Figure 3. Time series and PSD plots for load case A with the operational point of Vo = 8 ms™" and Q = 0.6 rads™* . and for a simulation

duration of Ty = 3071.2 5. 26
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6.2 Load case B: sheared inflow and harmonic floater forcing

The responses in Fig. 4 for load case B are associated to a sheared inflow velocity and are highly periodic as indicated by
the PSD plots. The LM, fast response and the Laplace approaches all produce seemingly identical results, where higher-order
harmonic corrections do not appear to have any contribution. This implies that the accuracy of the methods is not improved
with higher harmonics response considerations for this load case.

The main frequency that is visible in the blade channels, a; and f 1, is € (1P), and the floater harmonic excitation frequency
Q) in the & channel. Smaller PSD peaks are observable in the blade channels at the excitation frequencies €2y, and Qj; +
Q, with only a barely discernible peak at 2, — €2. The rotational speed frequency {2 is distinguishable in the time series
channels for the blade DOFs, due to the strong influence of the sheared inflow which creates a periodic aerodynamic load. The
TDM PSD plots for the bladesDOFs;-a-and-f5--eapture-blade DOFs, a; and f 1, exhibit additional peaks at other-integers
integer multiples of the rotational speed, meaning-at-such as 2Q2 (2P) and 32 (3P)ferexample—This-demonstrates-the-higher
harmentie-, This highlights higher-harmonic coupling effects captured by the TDM but not by the LM and-nor by other response
methodsdue-to-the-dominating-effeet-of-other-. Hence, the PSD responses for all methods show dominant peaks at frequencies
362, This indicates that the TDM system matrix A (t) accounts for higher-order coupling mechanisms that emerge at higher

harmonic frequencies, most prominently in the f. ; channel.

For the floater pitch DOF &5’s channel, like in load case A, mainly the floater pitch moment excitation frequency €2,/ is
captured in the PSD plot, and the sinusoidal motion of the floater is visible in the time series plot. Similarly to the load case
A as well, the natural frequency we, is not apparent on any channel’s PSD plot since the transient response is not taken into

account for the PSD calculation.
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Figure 4. Time series and PSD plots for load case B with the operational point of V) = 8 ms ™! and Q = 0.6 rads™* . and for a simulation

duration of Ty = 3071.2s. 28



650

655

6.3 Load case C': turbulent inflow and harmonic floater forcing

The load case C, like all stochastic load cases (C—FE), considers a single seed realization (with a TI 5.77 %) used to present the

time series, frequency response, and logarithmic exceedance probability plots. However, for the Standard Deviation Relative

Error analysis discussed later in Section 6.7, various simulations with different TIs were carried out (Fig. C1). As for the
=3071.2s.

Concerning the load case C results displayed in Fig. 5 that are generated for a spatially coherent turbulent inflow velocity,

simulation duration, it remains the same for all load cases (A—F), with T;

the time series indicate that there is no clear periodic response for the blade variables channels, a; and f; ;. Overall, the PSD
plots for this stochastic load case illustrate how broadbanded the response spectra are due to the effects of turbulence.

For the f 1 channel, the time series show a small offset between the TDM and the other results, while no visible difference
is observed between the LM, the Fourier-based fast response methods, and the Laplace-based method.

In the floater pitch angular motion channel, the natural frequency is recognizable at we¢, because it is excited by the stochastic
load which dominates the response. Further, the energy at the floater pitch excitation frequency €2, is visible to a minor degree

for the floater pitch motion channel.
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Figure 5. Time series and PSD plots for load case C' with the operational point of Vo = 8 ms™! . and for a simulation
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To analyze the accuracy of the various methods in detail, exceedance probability plots are presented in Fig. 6. In this

paper, for exceedance probability plots, w

the absolute value of the relative difference is evaluated at positive peaks corresponding to the same exceedance probability
with respect to a reference value;being-generally-quantity, typically the LM value. The deviations are generally small between

between the TDM and LM. The deviations error are obtained by a comparison of two peaks of the same exceedance probability
value. The largest ones occur for the f, 1 channel for the largest peaks with a difference going up to 14 %, whereas it goes up
to 5 % for the a; channel. The mismatch of higher signal peaks for the fast response and Laplace-based results with the LM
occurs at very low exceedance probabilities. This entails that overall results have a good agreement with the LM and the error
is small. The largest deviation from the LM is observed in the a; and f; ; channels for the fast response single perturbation
method of accuracy going up to O(g?), resulting in an error reaching 2.8 % for the largest peaks in both channels.

Exceedance probability results are sensitive to small deviations from the LM reference. Consequently, they show that the
double perturbation method provides slightly more accurate results than the single perturbation. In addition, for the present load
case, an increased harmonic order of consideration (up to perturbation £ or §2) does not indicate a considerable improvement
in accuracy.

Deviations from the LM also occur for the Laplace method in particular for the &5 channel result.
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Figure 6. Logarithmic exceedance probability plots for load case C evaluated for all the fast response methods, the time-domain model

(TDM), and the linear model (LM). The operational point is Vo =8 ms~! and Q=0.6 rads™! . and the simulation duration is of

6.4 Load case D: constant inflow and stochastic floater forcing

Feor-The results for load case Dresults-, shown in Fig. 7, only-are based on a single seed realization in which the floater pitch

moment is stochastic. Also, for the Standard Deviation Relative Error analysis of load case D, that is presented later in Section
6.7, multiple runs with different stochastic seeds for the hydrodynamic moment were performed (Fig. C2).

Generally, the PSD plots for this load case reveal a broadbanded response, as it is influenced by the stochastic nature of the
floater pitch moment.

As observed in both the time series and PSD plots, the influence of the periodic system matrix at frequency €2 makes the
zeroth harmonic alone insufficient to accurately represent the blade DOFs responses compared to methods that include higher
harmonic effects. That being said, the comparison between the LM and the fast response and Laplace-based methods shows
very good agreement when a higher-order harmonic accuracy is considered. There is also a small offset of the TDM response

with the rest of results visible in the f; ; channel.
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In Fig. 8, as-consistent with the time series and PSD plotsanalyses, the exceedance probability results for load case D shew
some-deviations-exhibit some discrepancies between the LM and TDM results;—with-the-predictions. The largest deviation,
reaching an error of 8%, oeeurring-is observed in the f, 1 channel. Fhe-On the other hand, the zeroth harmonic results accurately
approximate the floater pitch response but not the blade responses. Furthermore, the results that include contributions from at

least one higher harmonic (fast response methods and the Laplace method) match the LM results perfectly for all channels.
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Figure 8. Logarithmic exceedance probability plots for load case D evaluated for all the fast response methods, the time-domain model
(TDM), and the linear model (LM). The operational point is Vo =8 ms™*

and Q=0.6 rads™", and the simulation duration is of

6.5 Load case E: shear, turbulent inflow and stochastic floater forcing

Finally, for the load case F/, where both the inflow velocity and the floater pitch moment are stochastic, the results are showcased
in Fig. 9. PSD plots for the stochastic load case E reveal how broad-frequency the response is due to the influence of turbulent
inflow.

The peak for the rotational speed frequency, €2, is noticeable in the floater pitch &5 PSD channel but it is most apparent in

the blade DOFs channels. Yet, it was also present on PSD plots for case D but that peak was highly damped in comparison.
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Generally, the results for the Laplace and fast response methods that are above the zeroth harmonic in accuracy match well
with the LM.
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Figure 9. Time series and PSD plots for load case F with the operational point of Vo =8 ms ™! and Q = 0.6 rads™* . and for a simulation
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The load case E exceedance probability results are shown in Fig. 10. They overlap each other for the most part, except for
the TDM results in the blade DOFs channels a; and f; ;. Just like for the time series, the exceedance probability results for
the methods having an accuracy that is above the zeroth harmonic methods, agree well with the LM results. In that respect,
the largest errors occurring in the a; and f5 ; channels under load case E' reach a maximum of approximately 1.3%. There are

additional deviations of the Laplace method from the LM results that appear in the £5 channel and which are of 1.6 % error in

magnitude.
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Figure 10. Logarithmic exceedance probability plots for load case E evaluated for all the fast response methods, the time-domain model
(TDM), and the linear model (LM). The operational point is Vp =8 ms~ ! and Q=0.6 rads™? . and the simulation duration is_of
T =3071.2s.

6.6 Overview

Overall, a noticeable discrepancy in results occurs between the TDM and LM. That is to be expected due to the non-linear
effects that the TDM takes into account with the time variability of aerodynamic variables. However, for most load cases, the
results of the perturbation methods matched well with the LM reference. The deviations from the LM are not always perceptible
in time series excerpts and PSD plots. They become noticeable in exceedance probability plots with an increasing signal peak

value and a reduced probability.
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An important mismatch is observed between the zeroth harmonic response and responses of a higher harmonic order con-

sideration.

inaccuracy of the zeroth harmonic response is visible in time series, PSD plots, and particularly in exceedance probability plots
where deviations from the LM reference are most apparent. This occurs when the forcing contains a high periodicity with {2
for a specific load case. The high periodicity of the load refers to its frequency spectrum being highly influenced by the integer
harmonics of the rotational speed (2, resulting in pronounced spectral peaks at those harmonic frequencies.

The zero-order method shows large deviations especially in load cases A and D (i.e. cases with constant wind). As discussed
earlier, turbulent wind, particularly at higher turbulence intensity (TI), enhances the dominance of the zeroth-order response
through its contribution to the state-space forcing vector Fip 1,(¢). In contrast, under constant wind inflow, the zeroth-order
response is less dominant because Fig 7,(t) is not influenced by variations in the inflow velocity AVy, for blade index I. For
these load cases, the resulting large relative errors are reflected in both the blade response and the dynamic stall degrees of
freedom, as their excitation relies primarily on floater pitch motion due to the constant wind. This leaves the dynamic forcing of
these blade DOF to be caused through the floater pitch motion. Within the present floating wind turbine model, this coupling.

involves the mass matrix, which is assumed constant at zeroth order, thereby limiting the representation of periodic effects.
To provide an overview of the accuracy of the results, the exceedance probability error is compared in terms of the signal

positive peak value relative to the LM at the level of Pey = 10~2 and at the highest peak level, labeled Py = 1077. If the
relative error with respect to the LM is higher at another exceedance probability level than at the highest peak, which can
sometimes occur (e.g. load case F), then the error is evaluated at that level. Besides, the relative error can be evaluated for
the stochastic load cases C, D, and FE, across the different response channels &5, a1, and fs 1, and various response (Resp.)
calculation methods. The response calculation methods include the Fourier single perturbation method with accuracy €2 (S2),
the double perturbation method with accuracy 62 (D2), and the Laplace single perturbation method with accuracy &' (L1). The

relative error results for these three methods are presented in Table 2.

Table 2. Exceedance probability relative error in percentage (%) for signal positive peak value with respect to LM reference for the opera-

tional point of Vo =8 ms™ !, Q=0.6rads™!

Load Pexe = 1072 Pxe=10"%
” Resp.
ase
s ay fsa &5, ai,x fs1,z
S2 2.239 1.546 0.868 2.282,4.844 2.778, 6.670 2.777,6.413
C D2 0.127 0.091 0.118 0.002, 4.868 0.006, 6.670 0.110, 6.420
L1 1.750 0.146 0.846 1.670, 4.868 0.046, 6.666 0.063, 6.480
S2 0.129 0.325 0.397 0.384, 5.694 0.361, 5.790 0.434,5.759
D D2 0.088 0.563 0.024 0.412, 5.694 0.108, 5.790 0.210, 5.759
L1 0.116 0.106 0.148 0.379, 5.694 0.198, 5.781 0.096, 5.753
S2 0.588 0.479 0.725 1.599, 4.378 1.334,5.468 1.338,5.730
E D2 0.084 0.122 0.206 0.434, 4.386 0.100, 5.462 0.085, 5.727
L1 0.224 0.017 0.266 1.607, 4.374 0.232, 5.451 0.109, 5.756
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To reduce the size of Table 2, only the higher-order results are presented here, as these correspond to the highest accurac
for each perturbation-based method. Even though the zeroth-order results appear to perform well for the stochastic load cases
C (Figs. 5 and 6) and E (Figs. 9 and 10), they are not shown here. According to the relative error results in Table 2, the

D2 method generally provides the highest response precision, while the L1 method occasionally outperforms it depending on
the load case and the exceedance probability level considered. The overall accuracy of these two methods is excellent, with
the highest observed relative error not exceeding 0.56%. In contrast, the S2 method consistently yields the lowest accuracy
across most load cases and exceedance probability levels, with relative errors systematically higher than those of the D2 and
L1 methods. This discrepancy is particularly notable in the estimation of the &5 channel response, where the S2 method often

underperforms compared to its counterparts. The largest error for the S2 method is 2.78%, which is still fairly accurate.
6.7 Standard Deviation Relative Error

The accuracy of the fast response methods can be alternatively quantified through the Standard Deviation Relative Error
(SDRE) which is denoted 05 prE (Gi.method(t)) and evaluated for each i* response channel’s non-transient data samples. It is
calculated through the standard deviation (o (+)) of the data samples’ residual with respect to the LM reference values §;, r,as(t),
and then normalized with respect to the standard deviation of the LM values,

N 0 (i, method(t) — Gi l
0SDRE (Gi,method(t)) = (4. ;}I(C;FLL(;))’LM( ))- (39)
Evidently, a higher SDRE value translates to a lower accuracy. Compared to the analysis of exceedance probability plots in

Figs. 6, 8 and 10, this error measure concerns a direct deterministic comparison of the response time series. The SDRE accuracy

values are visualized for the fast response and Laplace methods in comparison to the LM benchmark in Fig. 11.
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Figure 11. Standard Deviation Relative Error (SDRE) for varying load cases and response channels. The analyzed fast response methods are

the Fourier zeroth harmonic, as well as the double and single perturbation (Pert.) methods.
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Results in Fig. 11 confirm roughly the same observations as deduced from exceedance probability plots and time series. For
the single and double perturbation methods, the accuracy was first tested for a precision up to first-order harmonic (¢! and §*
perturbation). Then the response accuracy was increased up to second second-order harmonic (2 and §2 perturbation) which
did improve it considerably for the 5 channel in load cases C' and E, whereas it did not affect it significantly for other load
cases. This supports the choice of settling for a maximal second-order harmonic accuracy being tested for both the single and

double perturbation methods.

While the zeroth-harmentie method-cangiveerror-fevels The zeroth-harmonic method can result in error levels of up to 38%
—thefor certain load cases, as demonstrated by the corresponding time series, PSD, and logarithmic exceedance probabilit

lots. On the other hand, the error levels of both first-order methods¢, including single and double perturbation

. remain

below 3.5% for-across all tests. For load case f, the difference in SDRE values between the zeroth-order and higher-order
methods is somewhat larger than expected, based on the time series, PSD, and logarithmic exceedance probability plots (Figs.
9 and 10). This occurs even though the SDRE values for the zeroth-order channels remain below 6%. The discrepancy can be
attributed to the slight deviations of the zeroth-order responses from the other responses in the blade channels a; and as
observed in the time series and PSD plots shown in Fig. 9. In addition, for some of the tests, the second-order methods improve
the accuracy relative to the first-order methods. Thus, e.g. in the stochastic load cases C, D and E, they give error levels below
2%. As for the Laplace single perturbation method of ¢! perturbation order, its accuracy fluctuates more than for fast responses
but is below 3.5% for all load cases.

Moreover, there are some important numerical attributes of the system matrices worth noting that explain why part of the
results are not always affected by the load case itself in this study.

Firstly, the time-varying components of the system matrix A canbe approximated by only the first-order harmonic contri-
bution A 1,1 meaning that other higher-order harmonics, including A 1,2, are negligible, i.e. A L~ A r,1 and A 1,2 ~ 0. Under
this observation, the single and double perturbations numerical schemes produce identical accuracy results in terms of SDRE
value. This implication is discernible through a comparison of the single and double perturbation Egs. (34) and (30) respec-
tively. These equations are equal if we neglect the term A 1,290 ~ 01in Eq. (30). That explains why for most load cases the error
levels do not decrease significantly from first- to second-order harmonic response and that the single and double perturbation
methods show broadly identical accuracy.

Secondly, the off-diagonal terms in Eqgs. (34) and (30) are forcing input contributions that multiply the transfer function
H(w). When solving the first-order harmonic @, the forcing contribution is only determined by Apgoor A 1,190 depending
on the method (single or double perturbation). For the {5 channel in all load cases, this numerical forcing term happens to
produce almost a null first harmonic response q; ~ 0. In this scenario, the zeroth harmonic response, gg, magnitude (Euclidean
norm) is much greater than the corresponding DOFs coefficients in A 1,1 (Frobenius norm). This indicates that the coupling
between these two terms of varying harmonic is indeed negligible, which is why there is no added accuracy in SDRE when
adding the first-order harmonic contribution to the zeroth order for the &5 channel.

One of the major distinctions between load cases accuracy is observable for the floater pitch channel 5 when the load case

considers the stochastic forcing from a turbulent inflow or a stochastic hydrodynamic moment. According to the corresponding
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PSDs for load cases C, D and E in Figs. 5, 7 and 9, there is a peak at the rotational speed €2 (1P). The peak at 1P frequency
occurs within the power spectra in the &5 channel for load case C, and in the blade DOFs channels, a; and f; 1, for load cases
D and F particularly. For these particular scenarios, the ) frequency of excitation signifies that the system is influenced by the
corresponding first-order harmonic response g;. Given that q; is non negligible for load cases C', D and E, the evaluation of
the forcing term A 1.,1q:1 for the double perturbation method and A @ for the single perturbation method, improves the model
accuracy through the contribution of a second-order harmonic @ in the response g. This improvement in accuracy translates
to a decrease in SDRE for the &5 channels.

The SDRE has also been evaluated individually for load case C, considering variations in the stochastic inflow turbulence
intensity (TI), and for load case D, by repeating simulation runs with different seeds for the stochastic hydrodynamic moment.
The findings for the variation of TI in load case C' and the different runs in load case D are illustrated in Appendices C1 and
C2, respectively. According to the corresponding two Figs. C1 and C2, there is visibly a stronger variation of SDRE values for
the load case C' with changes in the inflow TI, compared to the load case D with different simulation runs and different inputs
of stochastic hydrodynamic moments. For load case D, changes in the stochastic seed have minimal impact on the bar plots,
while TT variations for load case C have a slightly more pronounced effect on the SDRE results.

Starting from the analysis of the SDRE for all load cases A to F in Fig. 11, it is clear that the variability in the SDRE values
is not due to random noise but reflects a method-dependent sensitivity to different stochastic excitations. To rigorously assess
these differences for all response methods, non-parametric statistical tests were applied. They are more suitable than traditional
parametric approaches, such as the analysis-of-varianee-Analysis of Variance (ANOVA) or t-tests which presume normality and
equal variances of responses. Non-parametric tests were performed due to the non-Gaussian and nonlinear nature of the system
responses under turbulent and stochastic hydrodynamic moment inputs. In particular, the Kruskal-Wallis test was used for
independent sample comparisons in order to treat responses from each method as unrelated, while the Friedman test accounted
for repeated response measures when the same system was analyzed using different estimation methods. The Kruskal-Wallis
statistical analysis produced p-values (probability values) well below the 0.05 threshold for load cases C (turbulent inflow) and
D (stochastic hydrodynamic loading), and for all three output channels &5, a1, and f; ;. This indicates statistically significant
differences between the estimation methods. When all load cases (A—E) are-were considered, the p-values increased slightly
above 0.05, suggesting that the influence of the method becomes more diffuse across a broader range of conditions. This
observation is logical, as the influence of the method on the SDRE value is more pronounced across varying load cases A
to F than across the variation of turbulence intensity (TI) within load case C'. In that vein, the lowest p-values are observed
for load case D, as the variation between simulation runs has less impact on the SDRE compared to the more substantial
changes introduced in the other load case groupings. Friedman test results revealed that accross all load conditions, including
the combined set A to F, p-values remained consistently below 0.01 for all three response channels. This suggested a stronger
and more systematic impact of the estimation method when repeated measures from the same simulations were considered.

While both the Kruskal-Wallis and Friedman tests indicated that at least one method differs from the others, they did
not reveal which ones. Therefore, post-hoc pairwise comparisons were conducted to identify the specific method pairs with

statistically significant differences. Hence, the post-hoc tests revealed for each channel and load case scenario, which pairs of
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methods differ the most from each other and which method stands out from other methods. In general, the zeroth harmonic
and Laplace methods consistently showed statistically significant differences compared to other methods across most load case
scenarios and response channels. This is to be expected, since the single and double perturbation methods follow a similar

computational approach.

7 Fast response methods efficiency analysis

We now evaluate the execution time for various durations of the simulated time series. Such a comparison involves several
choices that can significantly affect the results, including the simulation time step interval, d¢, the load case being simulated,
and the structure of the code. For instance, the simulation time step increment was set to dt = 0.0937 s which corresponds
to a Nyquist frequency of 5 Hz. The computational efficiency study was only carried out for load case E, because it is more
realistic due to its stochastic nature both in wind inflow and hydrodynamic moment. It is worth noting that this section addresses
the computational cost of time-domain simulations using either the TDM or LM, as well as alternative formulations in the
frequency domain (Fourier-based) and the Laplace domain (s-domain). The developed fast response methods are aimed at time
domain simulations, where rainflow count based fatigue analysis and exceedance probability analysis is possible. The use of

the frequency domain is adopted solely to enhance numerical efficiency.
Efficient implementations were assembled for both the single and double perturbation methods by avoiding looping over time

steps when possible. Looping over time steps is, however, unavoidable for the Laplace single perturbation method approach
and when generating the system forcing time series Fz 1,(t). But the inverted structural mass matrix Mgl(t) which affects
Fp 1.(t) can be pre-computed for all time steps.

Since the new response methods require some pre-processing, CPU time can be saved by storing these results. This is
outlined for the different response calculation methods in Appendix D, distinguishing between the first simulation for one
random seed (Seed 1) and the subsequent simulation of a new seed (Seed 2). The hardware configuration used for computations
was an HP EliteBook 840 G8 Notebook PC that features an Intel Core i7-1185G7 processor with 4 cores, 8 threads, a base
clock of 2.99 GHz, with up to 4.8 GHz turbo boost. Regarding the programming implementation in MATLAB of the response
calculations there was no parallelization strategy. Not using parallelization in fast response analysis programming can be
advantageous because it minimizes overhead costs, decreases latency, and enhances predictability. This simpler approach also
improves cache efficiency and eliminates the complexities and synchronization delays that are often encountered in parallel
processing. If more cores are available, several load cases can be run independently in parallel. The CPU time of the TDM and
LM for load case E is shown in Fig. 12 with a log-log scale on the x- and y-axis. Fig. 12 also presents CPU time results for a

Seed 1 for the fast response methods and a Seed 2 as well for the Laplace method.
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Figure 12. CPU execution time with respect to run time. Results are using the Seed 1 scheme for the Fourier-based fast response methods

and the Seed 2 scheme as well for the Laplace method.

For the TDM, LM and the Laplace method with the Seed 2, the CPU time is proportional to time simulated with a slope that
is very close to 1 in a log-log scale. In contrast, the CPU time for fast response methods has a plateau trend until reaching about
500 s of simulated time. Onward from that point, the fast response methods curves becomes straight with almost a unit slope
and then the CPU time is about 10 times smaller for a first seed simulation than for the LM. Similarly, for the Laplace method
with a Seed 1, the CPU time has a plateau value until reaching 1000 s run time, and then onward it has a slope close to 1.

Compared to fast response methods, that run time threshold is highest obviously for the Laplace method with Seed 1 due to its
higher computational cost. Before that run time is reached, the Laplace method with a Seed 1 is more computationally expensive
in execution time than any other method including the LM and TDM. Also, the Laplace method using the Seed 1 scheme is at
all run times less efficient than the LM. Due to the time step looping procedure, the Laplace method is computationally vastly
more costly than all other Fourier-based methods. The Laplace method using the Seed 2 scheme is slightly less efficient than
the LM at higher run times, otherwise the efficiency is considerably close to the LM results and varies with the same trend. The
Laplace single perturbation method is the slowest of the methods we developed, mainly because of the time-looping process
used to solve the response and the preliminary symbolic operations needed. A single time-loop was tested to solve both the
zeroth harmonic g and first harmonic g; responses, but it was found to be slower than using two separate loops to solve each
response individually. Additionally, the Fourier-based fast response methods with a Seed +-1 are only less efficient than the LM
until reaching a run time of 60 s, but after exceeding that run time threshold they become more efficient than all other methods.

The CPU time required for a Seed 2 computation using the fast response methods for load case E is shown in Fig. 13, with

both the z- and y-axes displayed on a log-log scale. There is now a one to one ratio between the execution and run time because
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there are no initialization costs for simulations carried out with a Seed 2--2. For example, with a run time of 4096 s (Run Time
A on Figs. 12 and 13), the execution time for fast response methods using a single or double perturbation approach, such as
the single perturbation approach with a response correction up to the second-order (¢?), is 1638 times faster than the real run
time. It is also 36 times faster than the TDM, and 18 times faster than the LM. Since the inverted structural mass matrix can be
stored and other operations can be pre-computed for a Seed +-1 simulation, the execution time is further reduced by a factor 2

for a Seed 2-2 simulation.
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Figure 13. CPU execution time for Seed 2 scheme with respect to run time.

The results for Seeds 1 and 2, in Figs. 12 and 13, point out as anticipated that for both the single and double perturbation
results the single harmonic computation (up to perturbation ¢! or ') requires less execution time than up to the second
harmonic (up to perturbation €2 or §2).

In the end, the fastest fast response FFT method is the zeroth harmonic response contribution only. Due to a lack of accuracy,
we find that the best alternative method is the higher-order single perturbation method with a second-order response correction.
It is generally faster than the double perturbation method and provides a quasi-identical accuracy. Depending on the load case,
a second-order consideration did improve the accuracy as shown in Fig. 11 and the additional computational cost for adding the
second-order correction is small. As an example of accuracy evaluation, one can take into account results again for the run time
of 4096 s (Run Time A). For this scenario, the first-order (up to first harmonic precision) single perturbation method predicts
a result with an accuracy of 3.5% (Fig. 11) within 2.5 seconds CPU time. The second-order single perturbation method further

improves that accuracy substantially for some load cases as can be seen in Fig. 11.
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Among the various performance metrics analyzed, one particularly informative aspect is the overhead or initialization cost
incurred by different computational schemes. The results presented in Fig. 14 illustrate the overhead costs that apply when per-
forming simulations according to the Seed 1 computational scheme. These findings complement earlier results by highlighting

more the trade-offs between accuracy and computational efficiency.
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Figure 14. Fast response methods overhead costs in terms of execution time versus run time. The methods which require each operation are

specified.

For the Laplace method, the highest initialization cost contribution comes from the symbolic simplification procedure of the
Laplace s-domain Eq. (37), rather than from solving it symbolically.

Another trend that is noticeable in Fig. 14 is that both the forcing time series generation Fg 1,(¢) and the generation of the
double perturbation numerical input forcing term A 1,;(t) are procedures that increase with a unit slope in execution duration
with simulation run time. While the total computational cost of Ay, o and A} in the single perturbation approach increases
with the number of time steps, the growth rate is significantly lower than for the computation of A 1,;(t), owing to the faster
evaluation of the matrix A L(t)=ALp(t)— A 10 that grows in size. As expected, the cumulative computation of the matrix
A o and higher harmonic matrices A, ; via Hill’s decomposition remains unaffected by the difference in run time, and it is
required for both the zeroth harmonic and the double perturbation methods. Lastly, the Laplace method operations also remain
theoretically constant with runtime variations, however fluctuations are observed due to the stochastic nature of the runs.

We also evaluated the efficiency of our implementation by measuring the proportion of execution time spent on inverting
the structural mass matrix Mg during the generation of the forcing time series Fz 1, (¢) across all time steps. Our observations
showed that it reaches a maximum level of about 10 %. With that plateau value reached as the run time increases, we can

consider that only a small proportion of the forcing time series generation Fp 1,(t) (Eq. (21)) is spent on that operation.
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This means that this procedure does not require optimization and can remain unchanged without the need to further reduce

computational costs.

8 Conclusions

We have developed novel methods in both the frequency and Laplace domains to enable rapid analysis of the aero-elastic
behavior of floating wind turbines. The proposed Fourier-based and Laplace-based perturbation techniques model the system’s
dynamic response with harmonic accuracy up to second order. They are intended to serve as practical tools for early-stage
design and optimization, providing accurate insights into system behavior while significantly reducing the computational cost

compared to traditional time-domain simulations.

“Fhese Conventional frequency-domain approaches are unable to treat blade resolved response effects, since the azimuthal
time dependence of the system matrices prevents a direct transformation to the frequency domain. Our model introduced a
novel approach by explicitly considering blade-specific rotor loads in both the frequency and Laplace domains, rather than
simplifying them to hub-level thrust and torque. Previous studies often represented the equations of motion in state-space form
without including the effects of azimuthal blade loading, whereas our formulation incorporates these effects explicitly.

The computationally efficient methods were-validated-that we formulated were verified under various load cases, including
constant inflow, sheared inflow, and stochastic waves and wind. By introduction of a harmonic ordering parameter, the original
linear model with a time-varying system matrix was reformulated into a sequence of linear problems with a constant system
matrix, suited for solution in the frequency domain. These new methods vary first based on the perturbation approach which can
either be single or double. They can both be evaluated up to a chosen harmonic order. Hereby, higher-order harmonic correc-
tions were shown to improve accuracy at minimal computational cost. Results demonstrated that zeroth-order approximations
were insufficient in cases of strong periodicity, whereas the inclusion of higher harmonics significantly improved fidelity. Fur-
ther, the Laplace single perturbation method is the slowest among the methods we developedimplemented, primarily due to the
time-looping procedure involved in solving the response and the symbolic operations required beforehand.

In terms of computational performance, after initialization costs, the CPU time of the fast response methods scaled propor-
tionally to the simulation time, and achieved speedups of 8 to 10 times relative to the linear baseline. The response accuracy is
adjustable via the number of harmonic corrections considered. In the end, an accuracy going up to the second-order perturba-
tion was sufficient to obtain reliable results for all load cases that were studied. The second-order single perturbation offered
the best trade-off between speed and accuracy, with an improved speed compared to the double perturbation method. With
the linear model used as reference, it achieved a standard deviation relative error below 3.5% and an error below 3% with
largest positive peaks comparison. Conversely, for the second-order double perturbation method, the error level for the largest
response peaks across all load cases and output channels was below 0.5%. Although the second-order double perturbation
method generated a slightly higher accuracy, it required approximately 25% more CPU time.

The numerical methods that we elaborated are based on several assumptions and possess few limitations. While the proposed

approaches assume a linear system behavior, which limits the capture of nonlinear and transient effects, such assumptions
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remain appropriate for preliminary design analyses. The difference between the time-domain model and the linear model was
quantified to assess the accuracy of the linear approximation. For few load cases, a small difference was observed between the
time-domain and linear model results across the time series, PSD, and logarithmic exceedance probability plots, as the time-
domain model accounts for nonlinear effects resulting from variations in aerodynamic parameters. Additionally, even though
frequency-domain analyses are limited in their ability to comprehensively represent transient and nonlinear effects, to address

this issue, we devised a Laplace domain method that considers transient response effects from initial conditions and relies on a

first-order harmonic approximation. Consequently, it captured accurately the system’s dynamic characteristics across most load

The simplicity of the model with only four degrees of freedom was chosen to provide a simple and transparent demonstration
model for the fast response methods. It thus includes the coupled floater motion and blade acrodynamics with aerodynamic
states, Model extensions through the inclusion of additional blade sections, dynamic inflow, tower and blade flexibility, and
improved hydrodynamics are possible as future work. To enhance model accuracy, the blade modal representation could be
expanded to include edgewise, torsional, and higher-order modes, as well as tower modes, which are currently neglected since
the tower is modeled as rigid. Increasing the number of blade sections in the rotor load calculations would yield a more

realistic aerodynamic distribution, capturing spanwise variations in turbulence (e.g. from the Mann box). Tower flexibilit

can be incorporated without difficulty by following the same approach as in the QuLAF model (Pegalajar-Jurado et al., 2018).

With regard to floater hydrodynamics, potential improvements, which are also implemented in the QuLAF model, include

frequency-dependent radiation damping and added-mass effects, as well as a more detailed representation of hydrostatic
stiffness. These effects can be obtained using LPT solvers such as WAMIT, which provide frequency-domain hydrodynamic
coefficients for wave excitation, radiation damping, and added mass. Moreover, the present floating wind turbine model
formulation readily accommodates the inclusion of additional floater DOFs, particularly for large-volume floaters. Future
work could additionally consider incorporating reactive forces from the mooring lines acting on the floater to further refine

the floating wind turbine model. Also, the extension to varying rotor speed and control can be made, following the analysis
in Pamfil (2025). Finally, the @ye dynamic stall model ean-could be extended to incorporate shed vorticity effectsthat-are-,

as accounted for in the Beddoes-Leishman-Beddoes—Leishman model via Theodorsen™’s function, but it was used here in its

original form for the sake of clarity and demonstration purposes.

Finally-the-Since, however, the present results demonstrate the feasibility of the novel fast response methods, a much more
beneficial future step will be to apply the methods within full aero-elastic models for floating wind turbines. The developed re-

sponse calculation methods are compatible with state-of-the-art time-domain solvers such as Bladed, OpenFAST and HAWC2.
Thus they provide a means to obtain model-consistent fast linearized simulation results for use in load cases screening, pre-

design optimization, and control development.

Code availability. The MATLAB code used for simulations and the numerical data are provided upon request to the main author.
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Appendix A: Velocity triangle

To calculate the aerodynamic load 7567517 acro, We quantify the relative velocity ¥¢;1-V;1, by analyzing the velocity triangle
in Fig. Al.
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Figure A1. Velocity triangle for the airfoil located at the radial position of » = d on the blade.
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The integrated normal force #-r-on-the +/“ F) o, on the ['" blade is given by

1
Fraerotaero = Licoséy Ly = = pcCp, () Viertrer 1 cos éy L, (A1)
T N\ — 2 ~ ~
Fy

where ¢; is the inflow angle and C' ; (o) is the lift coefficient as a function of the angle of attack. These aerodynamic properties
are evaluated for the airfoil at » = d, which is located at 70% of the blade’s length (d = 0.7 L), and the detailed justification

can be found in Section 2.3. In this study, it is assumed that the drag and tangential induced velocity contributions are relatively
small compared to the lift and axial induction respectively, and can thus be neglected. While assuming additionally the same

inflow angle ¢; for the entire blade, we ignore the effects of variation in blade deformation across the blade. Although the

inflow angle varies considerably along the blade span, it is evaluated only at a single radial reference position, which is
used to compute the aerodynamic forcing for the entire blade. Nevertheless, the assumption of a single inflow angle and
angle of attack per blade affects the accuracy of the overall rotor aerodynamic loads. This modeling choice is, however,
Justified by the objective of developing a floating wind turbine model with fewer DOFs and by the disproportionately high
contribution of aerodynamic loads at that blade location, refer to the explanation provided in Section 2.3. In Eq. (A1), for

linearization purposes, F; = L;cos¢; represents the aerodynamic load contribution that dictates the floating wind turbine’s

dynamics. For the development of the LM, the contributions of the dynamic lift coefficient Cy ;(«), the squared relative wind
speed V2 , =V2 + V2

the TDM, these time-varying quantities are not linearized with respect to the time derivative of the structural DOFs vector &
the dynamic stall separation-function DOFs f. ;, or the inflow velocity fluctuation AV} ;. Unlike the LM, the TDM retains
nonlinear contributions, for example in the computation of V2, ;. The TDM accounts for the direct time variation of these

aerodynamic parameters by employing their original nonlinear definitions.
As illustrated in Fig. A1, the relative velocity V5=1-V;¢) . component that is normal to the rotor plane, V4, ;, is impacted by a

and the cosine of the inflow angle, cos ¢;, are linearized about the operating point. In contrast, for

steady-state constant wake induction factor a. Conversely, the velocity tangential to the rotor plane, V; ;, is approximated not
to be impacted by a tangential induction wake factor, a’, since this is usually small. Therefore, Vi1 1s equal to the rotational
speed itself Vror=—8dV, o, = —(d. Additional relations are found with respect to the inflow angle ¢;, the angle of attack oy
and the twist angle 3, such as ¢; = a; + 3, and ¢ = tan~" (=V4,/V; ;). The velocity normal to the rotor plane is given by
Via = (1—a) (Vou — Ve — Va, ), where Vo = Vo(H) + AV, Vg = & (H +dcos¥y) and V,, = Gyé14(d). This entails
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that the squared normal velocity V2, can be expanded as

V2 =(1—a)* | VR(H) 428 (H +dcos¥;) ¢y 5 (d)
——
steady term higher-order term neglected

+ 2 (H 4+ dcos¥;)* + airp(d)?

higher-order terms neglected

2 (Vo(H) + AVoy) (€ (H + deos W) — udn(d)) (A2
damping contribution
+ AV(Jz,l +2Vo(H)AVy, |,
forcing contribution
where Ao =AW snear + A VoA Vo, = AVt shear - AV turh. The damping contribution of the periodic shear inflow
ve1001ty variation %WAW%IS considered within the systemr-structural damping matrix of the system Cg —This

| | : as an addition of the aerodynamic damping matrix C 4 (Eqg. (14)).
The periodicity of AVo.1snear (Eq- (1 1)%&%1995@@&5@%%%%%&%%%
C (Eg. (13)). This time dependence cannot subsequently be eliminated from the state-space system matrix A (Eq. (17)) using.
the Coleman transform, even if the system is formulated in a non-rotating frame. From Eq. (A2), we-neglecthowever the-it is
evident that both the shear inflow velocity fluctuation AV 1 sheer and the spatially coherent turbulent fluctuation AV, b add

to the total velocity variation AV{ ;, which in turn influences the forcing term, Also, from Eq. (A2), we neglect the dampin

contribution of the term %W%ﬁm&@ﬁ—w@}mv vt —E5 (H + dcosU;) — by 4 (d) ) which is

influenced by the spatially coherent velocity fluctuation AV 5+75A Vo, turb-

Moreover, partial derivatives involving the inflow angle ¢; --and a variable of interest, denoted by the - symbol, i.e. 8¢’ and
%j%sjl become relevant when linearizing the system equations. They are found to be_
Oy _ 1 OV
o —Vist ( - 1) o
Ocosdy B Vi st Vi (A3)
o 2 5 07
v (3 )

and are related to the derivation-partial derivative of the normal velocity V3, ; as-shownin-ourpreviotus-paper’s Egs—24)-and
25)-(Pamfil et al., 2025).
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1025 Appendix B: @ye dynamic stall model and related studies

The @ye dynamic stall model comprises of an equation for the dynamic lift coefficient C', and for the separation function f
that influences its behavior. This model is linearized by applying Eq. (12) first for the dynamic lift coefficient Cy, from @Qye’s
model @ye (1991),

Cri(ag, fsq) = fs,zcmw (oq)+(1— fs,l)cmw (). (B1)

1030 In our anterior studies using this dynamic stall model (Pamfil et al., 2025), we have described in-Eg—29)-the linearized terms

BCL,L 8CLJ . .
oa, and == —respectively as

oCL, OCL jinv,l OCT, stall,l
s=fo | A f) ]
8a1 é)al st 8al st (BZ)
80[,,1
s = CLinv() |y — OL stan ()|, -
Using the airfoil data from Fig. 3 in our previous investigations (Pamfil et al., 2025), the values of 0L jm.1 N and acg(’j:a”’l N
are numerically evaluated under steady-state conditions (s#st) as gradients at the operating angle of attack «; through the cubic

oCr

1035 spline interpolation. To quantify %ﬂq&the artial derivative —= for a given variable designated by the - symbol, the
following relation between the angle of attack and inflow angle must be consideredaceording-to-Eq—~(30)(Pamfil-et-al52025)-

0Cry  0CL 1 0y OCL, Oy
O 0 0w O

(B3)

Atlast, the Ordinary Differential Equation (ODE) for the dynamic stall separation function f ;, f = Ffsstamcr— 0+ W

1040 is linearized as

Forn =~ 2204
-
1 afs.static l 8¢l -
_ o stati 4 LA — +
. (f ,stat C|st aal " 855 . 65 (B4)
8 s.s i 6 . 8 s,stati 8
+ f ,static,l (él a + f ,static,l QZ)Z AVO,l)a
8al st 8al st 8&1 st 8AVOZ st

where the time constant is

rersiT = (4¢)/Vielst. The partial derivative SfT;;z . required for the LM is obtained
by numerically computing the gradient at the relevant operating angle of attack a;, based on the airfoil data presented in Fig. 4
from our published paper (Pamfil et al., 2025). As a reminder, the dynamic stall model, like the floating wind turbine model, is
1045 employed solely as a demonstration platform to validate-verify the fast response methodology, and is not intended to constitute
a central contribution of this study. @ye’s dynamic stall model has only a single state and does not account for the separation

effect of the vorticity that is shed from the airfoil’s trailing edge. This phenomenon is captured analytically by Theodorsen’s
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function and it is incorporated in the Beddoes-Leishman dynamic stall model (Leishman and Beddoes, 1986). However, we
selected the @ye model for this analysis because it simplifies both the implementation and the linearization of the dynamic
stall equations within the state-space framework. The validity of the linearization of the @ye dynamic stall model has been
verified using the same dynamic model as in our previous published work (Pamfil et al., 2025). Therefore, in Fig. 6 (Pamfil
et al., 2025) we compared for both the LM and the TDM the dynamic lift and stall behavior with a periodic floater pitch M
excitation. The analysis was carried out at three different operational points near the region of maximum static lift coefficient
Ersrarie CLstasic. It demonstrated that overall -there is a good agreement between the TDM and LM time series for the angle
of attack a and the lift coefficient C'r,. A more extensive dynamic stall analysis could compare the behavior of multiple dynamic
stall models. In pursuit of this goal, DNV developed a dynamic stall state-space model within its aereelastic-aero-elastic code
Bladed, named IAG (Bangga et al., 2023), in reference to the Institute of Aerodynamics and Gas Dynamics at the University
of Stuttgart, reflecting the developer’s former affiliation. Their study investigated how the @ye, Beddoes—Leishman, and IAG
dynamic stall models respond to varying excitation frequencies in edgewise vibrations of large and flexible wind turbine blades
(Bangga et al., 2023), offering valuable insights for blade design. However, choosing the appropriate dynamic stall model is
left to the reader, depending on the specific operating conditions, and conducting such a sensitivity study is beyond the scope

of this work.

Appendix C: Supplementary statistical analysis

C1 Load case C': variation of inflow turbulence intensity

0.04 Tl= 5.‘77% 0.04 Tl= 5.‘88%
w w BIRN
 0.02 H H ]  0.02 H
@ @ H
. I fenomn LN EEE Flsmrmn
i Ti= s b “ Ti- 6o b
0.04 =5.93% 0.04 ———= =6.09%
w w
& 0.02 ( ( H 1 & 0.02¢ H
@ H 7] H
. mlu DR lemrms | o LI ORTER Vemrme
& - 6312 oo o & 4 o
0.04 SRR [ JFourier Zeroth Harmonic
w [[ILaplace Single Pert. !
&0.02 H 1 [ Fourier Single Pert. ¢!
& [_JFourier Single Pert. 2
0 HHHII Hﬂﬂﬂll Il Fourier Double Pert. &t
& a, o Il Fourier Double Pert. §2

Figure C1. Standard Deviation Relative Error (SDRE) for load case C' turbulence intensity (TI) variations and response channels. The

analyzed fast response methods are the Fourier zeroth harmonic, as well as the double and single perturbation (Pert.) methods.
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1065 C2 Load case D: variation in stochastic hydrodynamic moment with multiple simulation runs
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Figure C2. Standard Deviation Relative Error (SDRE) for load case D multiple runs with different stochastic floater pitch moment and
response channels. The analyzed fast response methods are the Fourier zeroth harmonic, as well as the double and single perturbation (Pert.)

methods.

Appendix D: Simulation protocols for Seeds 1 and 2

The simulations protocols are summarized with the following steps for the zeroth harmonic and higher-order perturbation

(Pert.) methods:

Appendix: Zeroth Harmonic
1070 Seed 1: (a) Compute Fp ;, and store Mgl (Eq. 21)).
(b) Calculate Ay, ( via Hill decomposition (Eq. (27)).
Seed 2: (a) Compute F'p 1, using stored Mgl.

(b) Use stored Ay, o.

Appendix: Single Pert.
1075 Seed 1: (a) Compute Fp ;, and store Mgl.
(b) Calculate average A, ¢ and higher first-order harmonic A L =Ar — Ay for time series (Eq. (27)).
Seed 2: (a) Compute F'p 1, using stored Mgl.

(b) Use stored Ay, o and A
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Appendix: Double Pert.

Seed 1: (a) Compute Fp ;, and store Mgl.

(b) Calculate A, o and harmonics Ay, ; (j > 0) via Hill decomposition (Eq. (27)).

(c) Compute A r,; for time series using Ay, ; (Eq. (27)).

Seed 2: (a) Compute F'p 1, using stored Mgl.

(b) Use stored Ay gand Ay ;.

Appendix: Laplace Single Pert.

Seed 1: (a) Compute Fp 1, and store M;l.

(b) Simplify symbolic s-domain Eq. (36) and compute time solution via inverse Laplace (Egs. (37) and (38)).

Seed 2: (a) Compute Fp 1, using stored Mgl.

(b) Use stored time-domain solution (Egs. (37) and (38)).

Appendix E: Nomenclature

1f Blade first flapwise mode 1105
a Airfoil angle of attack as blade variable
B Airfoil twist angle as blade variable
0 Zero vector or zero matrix
Fp State-space forcing input vector
1110
Fr, Linear model forcing vector
Fr Time-domain model forcing vector
Fp 1 Linear model state-space forcing vector
Fpr Time-domain model state-space forcing vector
q State vector
1115
x Structural degrees of freedom vector

0&5(t) Floater pitch angle virtual work

54

da;(t) Blade displacement amplitude virtual work
duy(r,t) Blade displacement virtual work

AV turb Rotor spatially coherent turbulence inflow velocity

variation

AVp.1.shear Blade shear inflow velocity variation

AVp,; Blade inflow velocity variation
o Perturbation of order n
Ok Logarithmic decrement for a k*" degree of freedom

€wave,j Wave spectrum stochastic phase shift
vy JONSWAP spectrum enhancement factor

Ay(r,t) Blade element acceleration tracked in ' — ¢/’ coordi-

nate system

Dy(r,t) Blade element position tracked in #' — ¢/ coordinate

system



1120

1125

1130

1135

1140

Vi(r,t) Blade element velocity tracked in 2’ — 4/ coordinate

system
TBot  Spar-buoy submerged underwater draft
A State-space system matrix 1145
A Linear model system matrix

Ap Time-domain model system matrix

Ca Aerodynamic damping matrix
Cs Structural damping matrix
I Identity matrix 1190
Kg Structural stiffness matrix
Mg Structural mass matrix
ANOVA Analysis of Variance
DOF Degree of Freedom 1155
EOM Equation of Motion
FFT  Fast Fourier Transform
FOWT Floating Offshore Wind Turbine
TAG Institute of Aerodynamics and Gas Dynamics
1160
iFFT Inverse Fast Fourier Transform
lin Linearized variable
LM Linear Model
LPT Linear Potential Theory
LTI Linear Time-Invariant 1165

ODE Ordinary Differential Equation

PSD  Power Spectral Density

QuLAF Quick Load Analysis of Floating wind turbines
RAFT Response Amplitudes of Floating Turbines
RK4 Fourth-order Runge-Kutta

SDRE Standard Deviation Relative Error

SLOW Simplified Low-Order Wind turbine

st Steady value of variable

TDM Time-Domain Model

TI Turbulence Intensity

WAMIT Wave Analysis MIT

7 Structural stiffness matrix scaling factor for Rayleigh

damping characterization
Vshear Wind shear exponent
Q Constant rotational speed
Qum Floater pitch moment excitation frequency
w1 f Blade first flapwise mode natural frequency
Wwave JONSWAP spectrum wave frequency
W, Floater pitch natural frequency
o] Airfoil inflow angle as blade variable
o1 Blade first flapwise mode shape
U, (¢t) Blade azimuthal angular position
p Air density
Pwater Water density
T Dynamic stall time constant
Thydro Hydrodynamic moment
&5 Floater pitching angle

Ck Damping ratio for a k' degree of freedom
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1190

a Axial induction factor normal to rotor plane
a’ Tangential induction factor
aj Blade deflection amplitude
Apr Floater pitch moment amplitude
Agpar  Spar-buoy cylinder cross-sectional area 1195
Awave,j JONSWAP spectrum wave amplitude
c Airfoil chord length
Cq Hydrodynamic added mass coefficient
Cm Hydrodynamic inertia coefficient
1200

Cr.inv Airfoil inviscid flow lift coefficient

Cr stan Airfoil fully separated flow lift coefficient
C'L static Airfoil static lift coefficient

Cr,

Airfoil dynamic lift coefficient as blade variable

d Blade reference radial position from the root

D;(r,t) Blade element distance from the floater basis 1205
Dgspar  Spar-buoy diameter
Fiydaro Hydrodynamic force

F} acro Blade aerodynamic load

fs.staticy Dynamic stall static separation function as blade

variable 1210
Is.1 Dynamic stall separation function as blade variable
g Gravitational constant
GF,, Generalized aecrodynamic blade force

MHEI’O

Ny

Di (T,t)
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V;"el,l

Hub height

Water depth

JONSWAP spectrum significant wave height
Blade sectional stiffness

Wave number

Blade index

Blade length

Blade lift force per unit length

Combined mass of nacelle and hub

Blade mass per unit length

Floater pitch moment

Aerodynamic moment for floater pitch motion
Number of blades

Number of states, or the system dimension
Blade rate of change of angular momentum
Blade radial position from the root

Time

Time step of index ¢

JONSWAP spectrum peak period

Blade deflection

Rotor constant inflow at hub height

Rated wind speed

Airfoil relative velocity as blade variable
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