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Abstract. Advancements in wind turbine technology have led to larger, more flexible blades and an increasing interest in
aerodynamic load calculations and design optimization of blades featuring significant sweep, prebend or coning. High-fidelity
blade-resolved computational fluid dynamics (CFD) simulations provide precise rotor performance predictions but are com-
putationally expensive. In contrast, the low-fidelity blade element momentum (BEM) method is computationally efficient but
unable to model wake-induced effects of non-straight blades and coned rotors. To bridge this gap, mid-fidelity aerodynamic
models, which balance accuracy and computational efficiency, are essential for design optimization tasks. Consistent aero-
dynamic benchmarks are crucial to effectively evaluate these models, particularly for modeling wake-induced effects across
different blade geometries. Previous studies typically used the same chord and twist distributions across different curved blade
geometries. However, this approach introduces inconsistencies, as it does not guarantee the same local aerodynamic conditions
(e.g., angle of attack and local thrust coefficient) along the blade span due to projection effects of velocities and forces between
the 2-D airfoil section and the 3-D flow. Consequently, wake-induced effects on loading and induction become entangled with
unwanted projection effects, hindering the clear evaluation of how blade curvature alone influences the loads and induction.
This study introduces a framework to disentangle wake-induced and projection effects in aerodynamic comparisons of curved
blades. Within the BEM framework, we derive the necessary modifications to the chord and twist distributions of curved blades,
ensuring the same spanwise circulation distribution as a baseline straight blade. These adjustments remove projection-driven
discrepancies, enabling a consistent evaluation of wake-induced effects on loading and induction. Numerical validations using
BEM and CFD confirm the effectiveness of these modifications. Additionally, projection effects in existing CFD results can
be effectively isolated and removed. Using this framework, we discovered a novel insight from analysis of the CFD results:
the wake-induced effects of moderate blade sweep and prebend can be modeled independently and then superimposed. This
previously inaccessible insight significantly simplifies the modeling process and provides valuable guidance for developing
mid-fidelity engineering aerodynamic models. Overall, this study advances the understanding of blade sweep and prebend

effects on normal and tangential aerodynamic loads, supporting future blade design optimization.
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1 Introduction

Advancements in wind turbine design and manufacturing have resulted in modern horizontal-axis wind turbine (HAWT) blades
that are significantly more flexible than the stiff blades of the 1980s, leading to larger elastic deformations. In parallel, there is
growing interest in innovative blade designs with non-straight blade shapes and coned rotor configurations. Examples include
backward swept blades for passive load alleviation via geometric bend-twist coupling (Liebst, 1986; Zuteck, 2002; Larwood
and Zutek, 2006; Manolas et al., 2018), highly flexible blades that exhibit significant out-of-plane deflections (Loth et al., 2012),
downwind rotor configurations optimized for low specific wind speed conditions (Madsen et al., 2020b) and aeroelastically
tailored curved blade tip designs (Barlas et al., 2021; Madsen et al., 2022). These unconventional blade geometries present
significant challenges for aerodynamic load calculation and design optimization. It is crucial to model their aerodynamic
effects on loads correctly, particularly in numerical optimization tasks. Using models that cannot correctly capture these effects
may lead to blade designs that deviate significantly from the actual optimal design (Li et al., 2022a; Zahle et al., 2024) and
unforeseen aeroelastic instabilities may occur. The blade element momentum (BEM) method (Glauert, 1935; Madsen et al.,
2020a), which relies on two-dimensional (2-D) airfoil polars', has been widely used for aerodynamic and aeroelastic load
calculations due to its computational efficiency. However, the BEM method is strictly applicable only to straight blades forming
a planar rotor (Li et al., 2022b, 2024), as it does not account for the impact of changes in wake geometry on inductions and loads.
Consequently, BEM is considered a low-fidelity method and is often used as the baseline for comparison. On the high-fidelity
end, Reynolds-averaged Navier—Stokes (RANS) simulations with fully resolved three-dimensional (3-D) blade geometries
(commonly referred to as computational fluid dynamics or CFD) can accurately model the effects of blade geometry on wake
and loads since the entire flow field is solved. Despite its accuracy, CFD’s high computational cost limits its practicality for
direct use in design optimizations or repetitive aeroelastic calculations. Mid-fidelity engineering aerodynamic models, which
include the effects of wake geometry on inductions to different extents, lie between BEM and CFD. If a mid-fidelity model
can capture the primary aerodynamic effects of curved blades with significantly lower computational demands than CFD, it
becomes a favorable alternative. Examples include the blade element vortex cylinder (BEVC) method for prebend effects (Li
et al., 2022b), a vortex-based coupled near- and far-wake model for sweep effects (Li et al., 2022d), corrections to Prandtl’s
tip-loss factor for sweep effects (Fritz et al., 2022), higher-fidelity lifting-line (LL) approaches (Phillips and Snyder, 2000;
Ramos-Garcia et al., 2016; Boorsma et al., 2020; Branlard et al., 2022) and the actuator line (AL) method (Sgrensen and Shen,
2002; Meyer Forsting et al., 2019; Martinez-Tossas and Meneveau, 2019). Before confidently applying these models for load
calculations and design optimization, consistent aerodynamic benchmarks (Barlas et al., 2022; Horcas et al., 2023) or even
aeroelastic benchmarks (Behrens de Luna et al., 2022; Zahle et al., 2024) are essential.

Two primary effects of the curved blade geometry or rotor coning on inductions and loads have been identified, termed
projection effects and wake-induced effects. First, projection effects arise from the projection of velocities and loads between the
3-D turbine blade and the 2-D airfoil section under the cross-flow principle (Hoerner and Borst, 1985). For instance, sweeping

the blade backward increases the flow angle perceived by the 2-D airfoil section (Li et al., 2024). Second, wake-induced effects

'Obtained from 2-D Navier—Stokes solvers or wind tunnel measurements.
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result from changes in the wake geometry due to the curved blade geometry. For instance, the starting position of the trailed
vortex for a backward swept blade follows the blade and is shifted within the rotor plane compared to a straight blade (Li et al.,
2018, 2022d). Induction changes also arise from contributions of the curved bound vortex (Li et al., 2018, 2020). In previous
comparisons, the same chord and twist distributions are typically used for both curved blades and the reference baseline straight
blade (Sun et al., 2020, 2021; Li et al., 2022b, c, d; Horcas et al., 2023). Results from mid-fidelity engineering aerodynamic
models are compared against those from BEM and CFD. While an improved agreement with CFD over BEM suggests that
mid-fidelity models better capture wake-induced effects than BEM models, these comparisons do not show the pure effect
of the change in geometry because the projection effects (which change the local flow conditions and thus local loading)
and the wake-induced effects (the primary focus) are entangled. Moreover, it remains unclear whether having blade sweep
or prebend provides aerodynamic benefits, as blades with different geometries may operate under different conditions due to
projection effects (e.g., different angles of attack and local thrust coefficients). To achieve consistent comparisons, it is essential
to minimize projection effects such that the influence of wake geometry on inductions and loads is highlighted. Recent research
(Li et al., 2024) demonstrated that, within the BEM method, if a curved blade has an identical radial circulation distribution I'(r")
as a straight blade, it will see the same induced velocities. Further, the loads due to the lift force will also be identical between
curved and straight blade; only negligible differences due to the drag force remain. Building on this insight, the present study
derives the necessary modifications to the chord and twist distributions to ensure curved blades achieve this equivalence. We
also discuss important considerations for aerodynamic comparisons, including curved blade length corrections, non-circulatory
loads and the choice of loads for comparison.

To demonstrate and validate this approach, we first revisit previous numerical comparisons (Li et al., 2018, 2022b, d),
examining blades with only sweep and with only prebend. After this, curved blades with combined sweep and prebend are
investigated. Comparisons are made between BEM and CFD results using both the original setup (unmodified chord and twist
distributions) and the modified setup (with modified distributions). These comparisons aim to evaluate whether the modified
setup effectively isolates projection effects, thereby enabling a consistent aerodynamic evaluation of the isolated effect of
the non-straight blade geometry on the wake induction. Leveraging the framework derived in this study, we use CFD results
to explore the potential of modeling wake-induced effects of sweep and prebend independently and assessing whether their

superposition enables simplified engineering aerodynamic modeling methods.

2 Consistent modeling of curved blades using the BEM method

This section presents a consistent approach for modeling curved blades within the blade element momentum (BEM) framework,
adapted from Madsen et al. (2020a) with specific modifications. In this approach, the drag force contribution is excluded during
momentum balancing to determine the inductions (Wilson and Lissaman, 1974; Branlard, 2017). The radial induction model
proposed by Madsen et al. (2020a) is omitted, as it is not derived from momentum theory and is not standard in most BEM

implementations. However, it is acknowledged that radial induction can contribute to axial and tangential loads if the blade is
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curved. The rotor is assumed to operate at a constant rotational speed with uniform inflow applied perpendicular to the rotor
plane, eliminating effects such as rotor yaw, tilting and wind shear.

Precise definitions of airfoil section alignments and coordinate systems are crucial for a consistent BEM implementation.
In the present work, the blade planform is defined along a local main axis, with 2-D airfoil sections oriented perpendicular
to it. Unlike planar rotors with straight blades, which have a radially oriented main axis, this analysis incorporates tangential
and axial components of the local blade axis to account for blade sweep and prebend. For simplicity, the main axis is initially
defined as the 1/4 chord line of the blade. The lift force direction is then directly determined using the flow velocity at the
main axis (Bergami and Gaunaa, 2012; Li et al., 2022c). Then, the relationship between the chord and twist distributions of the
curved blade and the baseline straight blade, which enables the same circulation distribution, is also derived. Afterwards, the

assumption that the airfoils are aligned to the 1/4 chord line is relaxed and the equations and conclusions are generalized.
2.1 Coordinate systems and transformation matrices

This section describes the coordinate systems used in this work: the sectional coordinate system (labeled as S-sys), the blade
root coordinate system (labeled as B-sys) and the blade local coordinate system (labeled as BL-sys). An illustration of the

relationships between these coordinate systems is shown in Fig. 1.

® Uo L8
B, BL v’ BT
v°,y 5 "
B
Q \ z
T / LS
2B W BL
Q
xBG—);——» yB
(a) upwind prebend (b) backward sweep

Figure 1. Illustration of different coordinate systems used in the present work. (a) Blade with only upwind prebend, showing the rotation
from the blade root coordinate system B-sys around its x-axis with the dihedral angle « to the sectional coordinate system S-sys. (b) Blade
with only backward sweep, showing the rotation from the blade root coordinate system B-sys around its y-axis: with the position angle §
to the blade local coordinate system BL-sys; with the sweep angle v to the sectional coordinate system S-sys. The difference between the

sweep angle and the position angle is defined as the effective sweep angle ¢*.

The S-sys is introduced for defining the local 2-D airfoil sections. The x5 — 5 plane defines the local airfoil section, with
the 25-axis tangent to the main axis at this section. Importantly, like the B-sys and the BL-sys, the local S-sys does not rotate
with twist; that is, the twist angle does not alter the orientation of S-sys in its own definition. However, when transforming

S-sys coordinates into B-sys, a reference twist condition, often referred to as the zero twist angle, must be specified to fix the
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orientation of S-sys relative to B-sys. When the twist angle is zero, the 25-axis points from the trailing edge to the leading edge,
while the 35-axis points from the pressure side to the suction side. The B-sys has its origin on the rotational axis and rotates
with the blade. The 38-axis aligns with the free stream direction (axial direction) and the zB-axis corresponds to the radial
direction at the blade root. At each spanwise position, the BL-sys is obtained by rotating the B-sys around its y®-axis to align
the blade section calculation point with the zB-axis, making 2Bl the radial and 2B" the tangential direction, see Fig. 1 (b).
The dihedral angle ~ and the sweep angle v are defined using the main axis coordinates in the B-sys. The tangent vector ¢

is represented using the dihedral and sweep angles:

da?

azB —tanw
B
t= % = | —tank | - (D
1 1

The transformation matrix from the sectional coordinate system (S-sys) to the blade root coordinate system (B-sys) requires
the definition of the zero twist angle. Following the definition used in the HAWC2 code (Larsen and Hansen, 2007), the zero
twist angle is defined such that the projection of the y5-axis from the S-sys into B-sys has no z-component. In other words,

once the zero-twist definition is chosen, S-sys is fully determined with respect to B-sys.

1 0 _ tany
lItllcos Il
i t 3
TS—»B _ | _sinktany COSK _ tank (2)
Il Il
cosktan) 1

sink W

Il [t

The transformation matrix from B-sys to BL-sys is given by:

cosd 0 sind
TB*»BL = Ry (5) = 0 1 0 ) (3)

—sind 0 cosd

where § is the position angle calculated from the coordinates in the B-sys:

B

6 = —arctan j—B. 4

The transformation matrix from S-sys to BL-sys can then be calculated using Egs. (2) and (3):
Ts—pL=Tp_BLTsB- &)

For ease of derivation, a modified sectional coordinate system (S*-sys) is introduced. It is obtained by rotating the S-sys
around its z-axis by an angle A6, such that the projection of the y-axis in the S*-sys into the BL-sys has no z-component.

Consequently, the transformation matrix Tg+_,gr is in the same form as Ts_, in Eq. (2):

1 0 _tang®
l£* 1l cosr* [
s * -
Ts«_pL = —*Slnﬁwf“lnw cosk* — tﬁf*’ﬁ , (6)
cosk™ tan sin k*

[ (]
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where t* is the modified tangent vector:
—tany*
t*=| —tank* |, (7)
1

with the effective sweep angle ©¥* and the effective dihedral angle x* introduced for the ease of formulation:

V=994, (®)
tank® = tank cosY . ®

cosy*

The transformation matrix from the modified sectional coordinate system (S*-sys) to the sectional coordinate system (S-sys)

is given by:

cosAf, —sinAf, 0
Ts-s =R,(A0.) = |sinAf, cosAf, 0. (10)
0 0 1

The rotational angle A, is derived based on the condition that Ts+_pr(1,2) = 0.

Ts_pL(1,2) It|| tand tan
——— —arctan 5
Ts_pL(1,1) 14 tan®k + tand tan

an

A6, = arctan

When either the sweep angle 1 is zero or the dihedral angle & is zero, the rotational angle Af., will be zero, and the S*-sys

will coincide with the S-sys.
2.1.1 Special conditions
For the special condition where the blade has only prebend but no sweep, the transformation matrix Ts~_, g, simplifies to:

1 0 0
prebend _ .
To. 5. =Rx(k)= [0 cosk —sink| . (12)

0 sink cosk

For the special condition where the blade has only sweep but no prebend, the transformation matrix Ts~_, g, simplifies to:
costp* 0 —siny*
T =Ry(—¢")=| 0 1 0 : (13)
siny* 0  cosy*

For the special condition where the blade is straight and has no coning, all four coordinate systems described in this section

(B-sys, BL-sys, S-sys and S*-sys) will coincide with each other.
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2.2 Projection of the vectors

The projection of vectors between coordinate systems is crucial for accurately calculating aerodynamic loads and velocities.
This section summarizes the projection of key vectors, including velocity, bound circulation, angular velocity and centrifugal
acceleration, between the 2-D airfoil section in the S*-sys and the 3-D rotor in the BL-sys.

The 3-D relative velocity vector experienced by the blade section in the BL-sys can be expressed in terms of inductions or

the inflow angle ¢ (see Appendix A for nomenclature):

—Qr(l+d) —Vcosy

VBE=1| Uy(1—ap) | =] Vsing |. (14)
Uy Uy

with

t 7U0(176LB)

an(p:m, (15)
2 2 2 2

L@Z¢U?w +O?g::¢@%ufaw)+ﬁﬁﬂl+¢». (16)

Following the assumptions described in Sect. 2, the BEM method used in the present work assumes zero radial induced
velocity, with u, = 0. The relative velocity vector in BL-sys is transformed into the modified sectional coordinate system

(S*-sys) using the transformation matrix in Eq. (6):
VS =Ty s VB

___cosgp __ sink”tanty*sing
[[£* || cos k* [

=V cosk*sinp . (I7)

taniy*cosp  tank*sing
fle=1l [

Figure 2 illustrates the relative velocity vector and its components as perceived by the blade section in the BL-sys and the 2-
D airfoil in the S-sys and S*-sys. This visualization aids in understanding how velocity components differ between coordinate
systems and highlights the impact on resulting flow angles.

The 2-D relative velocity is the velocity magnitude observed by the 2-D airfoil section, neglecting the spanwise velocity

component that is normal to the airfoil.

Vi =/ (V3) + (V) = (v )+ (v ) a8)

The 2-D sectional flow angle ¢ in S*-sys is derived from Eq. (17).

-
g Y J¢7] tane
—VS" 1+ tan®k* + tany* tank* tang

19)

The angle of attack at the calculation point is calculated from the 2-D flow angle ¢ and the twist angle 5*, both defined in
the S*-sys:

a=¢—pB". (20)
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(b)

Figure 2. [llustration of velocity triangles experienced by (a) the 2-D airfoil section and (b) the 3-D flow in the blade local coordinate system
(BL-sys). In panel (a), the 2-D flow angle ¢ in S*-sys is shown. The airfoil is aligned along the dashed line. The twist angle is (3 in the
S-sys and is 3* in the S*-sys. The S-sys is rotated around its z-axis with A8, to get the S*-sys, with 3% = 8+ A6, which is the source
of the difference between the two twist angles. The angle of attack « at the calculation point, which is the 1/4 chord point as shown here,
is also indicated. The 2-D lift and drag forces are applied perpendicular and parallel to the 2-D relative velocity Vi at the 1/4 chord point,
respectively. Panel (b) corresponds to the top view of a clockwise rotating rotor with the blade pointing downward. The axial and tangential

velocity components in BL-sys and the inflow angle ¢ are shown.

The 2-D sectional relative velocity magnitude V. in Eq. (18) is derived as a function of the 3-D relative velocity magnitude

V.

s :
V) sinpcosk®
| = = -
sin ¢ sin ¢

Vie 21)

The bound circulation vector of a blade section in BL-sys, labeled as T'BL, tangent to the blade’s local main axis, is expressed

as:
__ tang”
0 G
M =Ts_p |0 ]| = —% L. (22)
1
I T

For blades with prebend, the 2-D airfoil section experiences an effective torsional motion that result in aerodynamic forces
and moments. This has been demonstrated in a previous study focusing on prebend-only blades (Li et al., 2022c). For a
generalized curved blade, the angular velocity vector in S*-sys is first obtained. The effective torsion rate, labeled as 0, is the

z-component of 25", A positive effective torsion rate 0 corresponds to an effective nose-up motion of the airfoil section?.

__sink” tany”
) 0 ]
O =Ty s |Qf = cosk* Q (23)
tank™
0 e
. . Qtank*
6=05 :—ﬁ (24)

2 Alternatively, projecting the angular velocity vector into the sectional coordinate system S-sys and the effective torsion rate is the z-component of £25.
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The airfoil section of a blade with prebend also experiences an effective mid-chord heaving acceleration which also generates
aerodynamic forces and moments (Li et al., 2022c). This effective mid-chord heaving acceleration, denoted as £, is obtained
by projecting the centrifugal acceleration vector from the BL-sys into the S*-sys. It is perpendicular to the chord line and is

defined to be positive when pointing from the pressure side to the suction side.

cosk™ taneyp*
) 0 ]
a’ = TgL_s~ 0 =% sink* (25)
—QQ’I“ 1

e~
wS* ok ST o
€=a, sinf" +a, cosf

02 <cos K*tany*
= — T —_—

e sin 3% +sink™ cosﬁ*) (26)

2.3 Curved blade length correction

In aerodynamic load calculations using generalized lifting-line methods, which combine the 2-D airfoil modeling with the
3-D wake modeling, sectional loads are first obtained using 2-D airfoil polars. These loads are subsequently transformed into
the 3-D blade or rotor coordinate system for further analysis. Alternatively, the lift force can be calculated from the bound
circulation using the Kutta—Joukowski theorem in vector form through the cross-product operation, as discussed in Sect. 2.4.
For both methods, the calculated loads correspond to load per unit span. This poses no issues when calculating the rotor
integrated loads if correctly integrating with respect to the span length. However, loads with other definitions, such as load
per unit radius or load per unit of z-coordinate in the blade root system (B-sys), are also commonly used for comparisons.
Therefore, correction factors ds/dr and ds/dz are necessary to convert between different definitions and ensure consistent
load comparisons. These correction factors can be derived by projecting the spanwise tangent vector in Eq. (1) into the radial
direction (zBl-direction) or the 2B-direction using the dot product, as demonstrated in Madsen et al. (2020a). Alternatively, the
correction factors can be directly obtained from the transformation matrices:

ds 1

dr Ts_pL(3,3)

ds 1
= = [|¢]]. 28
& Tspi3 @8)

= [|t*|, 27)

2.4 Kutta—Joukowski analysis

In this section, the lift force acting on the blade is calculated using the Kutta—Joukowski theorem in its vector form, applying
the cross-product of the relative velocity vector and the bound circulation vector. This method directly provides the different
components of the aerodynamic loads, eliminating the need for complex transformation matrices. The blade is modeled as a
vortex filament aligned with the 1/4 chord line of the blade, a framework commonly referred to as the lifting line method. For

each section, the lifting line is represented by the bound circulation vector, as in Eq. (22). The blade load due to lift force,
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represented as force per unit span, is expressed as:

Uo(1 —ap) +u, tank*
Qr(1+a') — u, tanyp* . (29)
Uo(1 —ap)tany* +Qr(1+a)tank*

1

.f]L3L = PVBL x TPl = pr [

The local thrust and power coefficients from the Kutta—Joukowski analysis?, which consider only the lift force, are calculated

from the contributions of all Ng blades for an annulus of the rotor disc at radius r:

NBf]LgL ds U, tan k™
Coy = —22Ly ™" g 1+’—’">, 30
LK $pU32mrdr < “ Uo A, (30)
NBQTfEL ds u
Crxi = ——" =k, 1— —tank* |, 31
p.KJ T Ud2nrdr ( ap+ U ans ) (31)

where k4 denotes the normalized circulation strength of all blades and A, denotes the local speed ratio at radius 7:

QNgIl'
ks = 2
<= (32)
Qr r
A= = A (33)
UO Rtot

For cases where the radial induction u, is neglected and assumed to be zero, as in standard BEM implementations, the
coefficients in Egs. (30) and (31) are simplified as follows. These simplified expressions correspond to the case of a straight

blade without sweep or prebend, forming a planar rotor:

Coxs = ks (140, (34)
CpﬁK] :ks (1—&3). (35)

2.5 System closure and induction calculation

With a prescribed circulation distribution, calculating inductions using the BEM method with Prandtl’s tip-loss correction
(Glauert, 1935; Sgrensen, 2015) included will still require an iterative process to solve for the inflow angle ¢ (Lgnbak et al.,
2021). The blade’s axial induction factor ap is calculated from the effective local thrust coefficient C} ¢, which is adjusted
by dividing it by the tip-loss factor F' to account for the effects of having a finite number of blades, in contrast to the actuator
disc concept used in the momentum theory of the BEM framework. The effective thrust coefficient C; . is equal to the Kutta—
Joukowski thrust coefficient C'; xk; minus the contribution of wake rotation C; o (Branlard and Gaunaa, 2015a). The wake
rotation effect increases toward the rotor’s rotational axis and decreases as the tip-speed ratio increases. In this study, the wake
rotation effect is neglected, considering its impact is rather small for typical modern wind turbine designs. Including this effect

would not change the study’s conclusions.

3These non-dimensioned load coefficients can also be derived by projecting the lift force from S*-sys into BL-sys using transformation matrices, resulting

in identical results.

10



240

245

250

255

260

https://doi.org/10.5194/wes-2025-30 WIND

~
Preprint. Discussion started: 4 March 2025 ENERGY
(© Author(s) 2025. CC BY 4.0 License. e we \ scl ENGCE

® european academy of wind energy
m

The tip-loss factor F' is calculated using the inflow angle ¢, instead of the 2-D sectional flow angle ¢ that was used in the
previous study (Li et al., 2022b). See Fig. 2 for the illustration of these angles. The tangential induction factor a’ is directly
calculated from the circulation T, as in the vortex cylinder model (@ye, 1990; Branlard and Gaunaa, 2015b; Li et al., 2022b).

ag = fa—c,(Cexi/F) (36)
N (exp <_NR—>> 37
s 2 rsine
Nk

C T T e (38)

In the present work, the relationship between the axial induction factor and the thrust coefficient is computed using the
empirical polynomial function in Eq. (39) proposed by Madsen et al. (2020a). This polynomial function is also the default
relationship in the HAWC?2 code (Larsen and Hansen, 2007)*.

3
e (C) =Y ki (39)
1=1

with coefficients k3 = 0.0883, ky = 0.0586 and k; = 0.2460.

By substituting C; ky from Eq. (34) into Eq. (36), it becomes evident that the inductions are functions solely of the circulation
distribution I', or equivalently the Kutta—Joukowski thrust coefficient Cy kj. The inductions do not depend explicitly on the
blade’s dihedral angle « or sweep angle 1. Therefore, with the same prescribed circulation distribution, a curved blade will
have the same inductions (a and a’), inflow angle ¢ and also Kutta—Joukowski thrust and power coefficients (Cy k; and C), ky)
as the corresponding straight blade forming a planar rotor.

This conclusion highlights that, within the BEM framework, the aerodynamic performance of a curved blade can be matched
to that of a straight blade by ensuring that the circulation distribution is the same (Li et al., 2024). A more detailed proof is
provided in Appendix B.

2.6 Relationship in chord and twist distributions

In this section, the relationship between the chord and twist distributions of a curved blade with a given main axis geometry
and the corresponding straight blade that has the same bound circulation is derived under the BEM framework. The bound
circulation strength is calculated from the 2-D relative velocity Vi, chord length and the 2-D lift coefficient obtained from
airfoil polars®. Following conclusions from unsteady 2-D airfoil theory, the lift coefficient is determined using the angle of

attack evaluated at the 3/4 chord point (Bergami and Gaunaa, 2012; Li et al., 2022c).

1
I'= §Vrelch(043/4) (40)

“Note that the choice of the a — C; relationship can significantly influence the design optimizations. For example, using the polynomial relationship in

Eq. (39) for optimization would result in designs with a higher thrust coefficient compared to the analytical optimal value of 8/9 from the momentum theory.

3The 2-D relative velocity is calculated in Eq. 21 and does not include the local 25- or 25 -components of the total velocity.
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As discussed in Sect. 2.2, when an airfoil section experiences an effective torsional rate 9, the sectional flow angle varies
along the chord. For a rotor operating at steady-state conditions, this torsional rate is only from the projection of the angular
velocity vector, as shown in Eq. (24). The difference in the angle of attack between the 3/4 and 1/4 chord points is given by:

fc
2‘/1”61 ’

AaEa3/4—a1/4: (41)

The angle of attack at the 3/4 chord point can then be calculated from the 2-D flow angle ¢ (evaluated at the 1/4 chord point),
the twist angle 3* and the additional angle Aa:

013/4:Oé1/4+AOé:¢*ﬂ*+AOL. (42)

At each radial position, both curved and straight blades should operate with the same angle of attack at the 3/4 chord point.
They are also assumed to have the same spanwise distribution of relative thickness and airfoil series, enabling the use of the

same airfoil polars. As a result, the lift coefficients of the two blades are also identical.

oz%% = a?}t; 4 (43)
co = O (44)

Substituting Eq. (44) into Eq. (40) gives the following relationship between the chord lengths:

Vstr
Ccur _ CS[I‘ V]‘:lllr . (45)

rel
As described in Sect. 2.5, the 3-D velocity magnitude V' and the inflow angle ¢ at a given radius are the same for both the
curved blade and its corresponding straight blade. For the straight blade, the 2-D relative velocity magnitude Vi is equal to the

3-D value V and the 2-D flow angle ¢ is identical to the inflow angle .

Var=v (46)

rel

o= )

For ease of derivation, denote the ratio of tangent and sine values of the 2-D sectional flow angle ¢ and the inflow angle ¢

as ¢ and pu, respectively.

tan
(= ¢ (48)
tanp
sin
p= e S (49)
SNy cospy/1+(2tan® e
The relationships in the relative velocity and the 2-D flow angle between curved and straight blades are derived to be:
coskK*
V' = el (50)
tan ¢ = ( tan ¢™". (51)
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Inserting Eq. (50) into Eq. (45) gives the following relationship for the chord length:
Ccur _ /‘L Cstr' (52)

" cosk*
Substituting Egs. (24), (50) and (52) into Eq. (41), the difference in angle of attack between the 3/4 and 1/4 chord points due

to the torsional rate for curved and straight blades is calculated as:

éccur Qestr ‘LLQ tank*
Aottt — — 53
2y 2V ||t*| cos? k*’ &3

rel

Aastr — 0 (54)

Moreover, since the angle of attack at the 3/4 chord point is identical for both curved and straight blades, the difference in

twist angle in the modified sectional coordinate system (S*-sys) is calculated.
AB* = 5 — 5% = arctan (C tan @) — ¢ + Aa™ (55)

Since the twist angle is typically defined in the sectional coordinate system (S-sys), such as in the HAWC?2 code (Larsen and

Hansen, 2007)6, the twist angle difference in the S-sys is also derived:
AB = - =A3" - Ab., (56)

where Af, was given in Eq. (11).
2.6.1 Approximations and special conditions

To further illustrate the relationship between the chord and twist distributions of curved and straight blades, approximations
are performed assuming the inflow angle ¢ is small. This condition is typically satisfied at high tip-speed-ratios and near blade

tip regions where the curved blade shapes are commonly employed.

¢CUI’ Sin d)CuI‘ tan d)CuI‘
R —

. =p= =( (57)
© sin tany
The relationship in chord length in Eq. (52) and the twist angle difference in Eq. (56) then simplifies to:
CCul‘ ~ C - CSlr, (58)
COSK
A= p((—1)+Aa™ — AD,. 59)

Two special conditions are investigated to highlight the impact of blade sweep and prebend on the modifications to the chord
and twist distributions.
For the special condition that the blade has only sweep and no prebend (x = 0), it follows that { = 1/cos*, the approxi-

mations are further simplified:

str

cur ., ©

c= cos*’ (60)
1

Aﬁ~<p<cosw* _1). (61)

The twist angle defined in this study is in the opposite direction to that in the HAWC?2 code.
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This shows that a swept blade requires a larger chord length and also a larger twist angle compared to the straight blade to
maintain the same circulation distribution. The modifications in chord and twist distributions are symmetric: they depend only
on the magnitude of the sweep angle, not its sign.

For the special condition that the blade has only prebend and no sweep () = 0), it follows that { = cos k, the approximated

relationships in chord and twist distributions can be simplified to:

ccur ~ CS[I‘, (62)

ApB =~ p(cosk — 1) — %sinﬁ;. (63)

This suggests that a prebent blade has approximately the same chord length as the straight blade. The difference in twist
angle has two components. The first part is due to the velocity projection, requiring the prebent blade to have a smaller twist
angle. The second part is due to the torsional rate, resulting in a decreased twist angle for an upwind prebent blade (x > 0) and

an increased twist angle for a downwind prebent blade (x < 0).
2.7 Local thrust and power coefficients

In the current BEM implementation, only the lift force is included in the iterative convergence calculations, which is the bal-
ancing of the momentum and angular momentum between the rotor and the flow. However, the drag force and the sectional
moment also contribute to the aerodynamic loads on the blades, which are calculated in a post-processing step after the mo-
mentum balancing iteration has converged. First, the magnitudes of the lift, drag and sectional moment are calculated from the
2-D airfoil polars’. The forces are then projected into the blade local coordinate system (BL-sys). Detailed derivations can be
found in (Li et al., 2024).

The contributions of the drag force to the local thrust and power coefficients are as follows:

NpfB8- ds
1pU32mrdr

Cp 1 tang
[ (cos2 v
QrNpfp, ds
1pU32mrdr

Cp 1 1
=-NCixi—7— | ——+t tank™t . 65
0 G o (e +tmptons ) )

ACip =

=Cixs + tany* tan /<;*> , (64)

ACpp =

The sectional moment also contributes to the aerodynamic power coefficient as:

NBQM;LdS Cuy cUtank*

T = MG ———— 66
1pUS2mrdr e (66)

AC - )
pM Cr rcosyp

where ™ is the chord length of the corresponding straight blade, as defined in Eq. (52).

"Following the cross-flow principle (Hoerner and Borst, 1985), the drag force vector aligns with the 2-D sectional flow direction at the 1/4 chord point.
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2.7.1 Contribution of the non-circulatory force and moment

In previous work (Li et al., 2022c¢), it was shown that the airfoil sections of a prebent blade experience an effective torsional
motion and an effective mid-chord heaving acceleration due to the projection of the angular velocity and the centrifugal acceler-
ation, originating from the blade rotation. These effects will result in non-circulatory forces and moments, even when the rotor
is operating under steady-state conditions. For blades with only prebend and no sweep, it was demonstrated that non-circulatory
lift forces due to the effective torsion rate and the heaving acceleration approximately cancel each other under steady-state con-
ditions, resulting in negligible net contributions to thrust and power (Li et al., 2022¢c). However, the non-circulatory sectional
moment and non-circulatory torsion rate drag force, which could also contribute to the aerodynamic power, were not con-
sidered significant in that analysis. In this study, non-circulatory forces and moments for generalized curved blades under
steady-state conditions are derived. In addition, their contributions to the thrust and power coefficients are analyzed, with de-
tailed derivations provided in Appendix C. Results show that, under steady-state operational conditions, the total contribution of
non-circulatory loads to thrust and power is approximately zero. This also confirms that correctly implemented non-circulatory
effects do not artificially enhance the rotor’s performance or violate the Betz limit.

To validate this conclusion, numerical tests are performed using various curved blade configurations, including backward
swept blades, upwind prebent blades and blades combining both backward sweep and upwind prebend. The blade planforms
are presented in Sect. 4 and results are detailed in Appendix C.

These findings emphasize the importance of correctly including all non-circulatory terms in the 2-D unsteady aerodynamic
model. Otherwise, an incomplete implementation with a net contribution from the non-circulatory loads under steady-state
conditions could lead to incorrect results. Moreover, the non-circulatory forces and moments generally do not cancel out in
unsteady conditions. As a result, a complete implementation is necessary to ensure accurate computation of flutter speeds and

other aeroelastic properties.
2.7.2 Total local thrust and power coefficients

Combining the contributions from lift, drag and sectional moment, the total local thrust and power coefficients are derived. For
the local thrust coefficient, the approximation can be made when the ratio of C,/Cp (also known as the glide ratio) is large

and the inflow angle ¢ is small. This is typically satisfied for near-optimal operational conditions and near the blade tip.

Cy=Cixs+AC;,p = Cixy (67)
Cp=Cpoxi+AC, p+AC, i (68)

For blades with only prebend and no sweep, the local thrust and power coefficients simplify as follows:

T n C
oreend — ¢ (1 + C’Dtangocosn) ~ Ctxi, (69)
L

str
Cp 1 +C'Mctan/£>' (70)

rebend
cy =Cpxi—MCixi | —
Cpcosk  Cp r cosp
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For blades with only sweep and no prebend, the local thrust and power coefficients are:
Cp tangp
cVP = 1+— ~C 71
¢ tKI ( + . cosw*) tKJs (71)
sweep C’D *
Cp = Cp,KJ — )\TC’th— COSZ& . (72)

CL
For the special condition that the 1/4 chord line of the blade is straight, the local thrust and power coefficients are in the same
form as Cr and Cp derived by Lgnbzk et al. (2021):

C
Ci" =Cixa (1 +—2 tan @) ~ Crxi, "
Cr
C
C;tr _ Cp,KJ _ )\TCt’KJC—i. (74)

For cases where the lift coefficient is zero, such as in the root cylinder part of the blade, the above equations are not valid. In
such cases, thrust and power coefficients should be derived using projections, resulting in different expressions. However, this

special condition is of limited practical importance and is omitted for brevity.
2.8 Generalization: airfoil alignment and calculation point

In previous sections, the blade’s main axis was defined as the 1/4 chord line, with airfoils aligned perpendicularly to this axis.
Calculation points were also placed along the 1/4 chord line. These assumptions simplified the derivations and enabled direct
load calculations from velocities in different coordinate systems using vector operations, as detailed in Sect. 2.4. This is because
the lift force should be applied at the 1/4 chord point, perpendicular to the flow at this location (Bergami and Gaunaa, 2012;
Li et al., 2022c). However, practical implementations of the BEM method may use different definitions for the blade main axis
and calculation points. For example, in the aeroelastic code HAWC?2 (Larsen and Hansen, 2007), the main axis aligns along
the 1/2 chord line and the 3/4 chord point serves as the calculation point.

In this section, the previous derivations are generalized to accommodate different definitions of the blade’s main axis. The
airfoils are still assumed to be aligned perpendicular to the main axis, with the cross-flow principle (Hoerner and Borst, 1985)
applied. In this generalized approach, the main axis is defined as the xy,-chord line of the blade, which can vary along the
span. For example, airfoils may align with the 1/2 chord line in the blade root (cylinder) region and gradually transition to the
1/4 chord line toward the blade tip. This flexible representation allows for a more general representation of the actual 3-D blade
geometry. Additionally, the choice of the calculation point is also generalized. With a given blade planform, the choice of the

calculation point should ideally not influence the final aerodynamic results.
2.8.1 Choice of calculation point

For blades with prebend or coning, the airfoil sections experience an effective torsional motion, as discussed in Sect. 2.2. This
torsional motion causes the flow angle to vary along the chord. According to unsteady 2-D airfoil theory, flow information
at two locations along the chord should be used: the lift force magnitude is determined using the flow condition at the 3/4

chord point, while lift force should be applied at the 1/4 chord point, perpendicular to the flow at this location (Bergami and
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Gaunaa, 2012; Li et al., 2022c¢). In free-wake lifting-line (LL) methods, total velocities at both the 1/4 and 3/4 chord points can
be calculated directly (Li et al., 2022c¢). In the BEM method and other engineering aerodynamic models, however, a constant
induced velocity for each blade section is typically assumed, with a single chordwise position (the x,-chord point) chosen
as the calculation point. The angles of attack at the 1/4 and 3/4 chord points can be approximated from the angle of attack at
the calculation point (the x¢,-chord point), using the effective torsion rate. Numerical studies with the LL method show that
the magnitude of the 2-D relative velocity V. is nearly constant along the chord, even for blades with significant prebend and

coning (Li et al., 2022c¢). Therefore, the angle of attack at different chordwise positions can be related as follows:

- 3 Oc
Qzjg = Qge + (4 - xCp) E = Qe+ ACY3/47 (75)
~ 1\ fc
a4 = Qge — (xcp - 4) @ = Qgc — AO41/4~ (76)

For a given blade planform, the total aerodynamic force and moment at the 1/4 chord point should remain the same, irre-
spective of the choice of calculation point. Lift, drag and moment coefficients obtained from airfoil polars correspond to using
the 1/4 chord point as the calculation point. When a calculation point other than the 1/4 chord point is used, adjustments are
needed for the force and moment coefficients to ensure that the aerodynamic loads are correctly represented. These adjusted

aerodynamic coefficients corresponding to the calculation point at the xp-chord point are:

CL.ec = CpcosAay g — CpsinAay 4 ~ O, 77)
CD,mc =Cp COSAOQ/4 +Cy sinAa1/4 ~Cp+ CLAQ1/4, (78)

1
Crmze=Cum+ (mcp — 4> (Crcosag. + Cpsina,,)
1
~Cy + <$Cp4> Cr. (79)

The compositions of the force and moment with the calculation point at the 1/4 chord point and at the z,-chord point are

illustrated in Fig. 3.
2.8.2 Influence of airfoil alignment

In this section, different airfoil alignments are investigated. Since the choice of the calculation point does not affect the total
aerodynamic loads, the calculation points (z.,-chord points) are assumed to coincide with the main axis (at the zy,-chord line)
for simplicity. Consequently, velocity vectors and flow angles derived in Sect. 2.2 correspond to the z.,-chord point rather than
the 1/4 chord point. The angles of attack at the 1/4 and 3/4 chord points are calculated from the angle at the xp-chord point
using Egs. (75) and (76). Then, the 2-D force and moment coefficients corresponding to the xp-chord point are calculated
using Eqgs. (77) to (79). Substituting these coefficients into Eqs. (67) and (68) provides the local thrust and power coefficients.
This also implies that if the blade has prebend, the final equations for the local thrust and power coefficients will differ when

the blades are aligned other than the 1/4 chord line. Detailed derivations are omitted for brevity.
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Viel, 174

(a) (b)

Figure 3. Illustration of the projection of the aerodynamic force with respect to the flow direction at the 1/4 chord point (a) and the z,-
chord point (b). The total sectional force F'* on the airfoil remains the same. The sectional aerodynamic moment from the airfoil polars

corresponds to the total sectional moment M evaluated at the 1/4 chord point.

The relationships in chord and twist distributions derived in Sect. 2.6 with the main axis being the 1/4 chord line are also
generalized. As discussed in Sect. 2.8.1, the 2-D relative velocity magnitude V. is approximately constant along the chord.
According to Eq. (45), the relationship in chord length between the curved blade and its corresponding straight blade is then
identical to that derived in Sect. 2.6.

As shown in Eq. (75), the approximated angle of attack at the 3/4 chord point is calculated from the 2-D flow angle ¢ (at the

Tep-chord point), the twist angle 5* in S*-sys and the additional angle due to the torsion rate Az 4:
Gz = ¢ — 3"+ Aagy. (80)

where, the additional angle Aas 4 is the difference between the angle of attack at the 3/4 chord point and the zy-chord point.

For curved and straight blades, the values of Aas /4 are derived from Eq. (75).

) 3 éccur

rel
Aagh, =0 (82)
Since the value of &34 is the same for both blades, the twist angle difference in the S*-sys is derived:

AB* = g5 — B = arctan (Ctan @) — @ + Aagly. (83)

Furthermore, the twist angle difference in the S-sys can be calculated using Eq. (56). Assuming small 2-D flow angle ¢ and

inflow angle ¢ in Eq. (57), the twist angle difference is approximated as:

AB (¢ 1)+ Aash, — AD. (84)
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For the special condition of a blade with only prebend, the twist angle difference is derived, differing from the case when
using the 1/4 chord line as the main axis:

ApB =~ p(cosk — 1) — <i - :vcp) % sin k. (85)

In summary, when the airfoils are aligned differently than the 1/4 chord line, the chord distribution relationship between
curved and straight blades remains the same. However, the twist distribution relationship is affected by the choice of the airfoil
alignment, particularly when the blade has prebend or coning. Prebent blades with the same main axis geometry, chord and
twist distributions but different airfoil alignments (e.g., aligned to the 1/2 chord line versus the 1/4 chord line) will result
in different angles of attack and thus different loads. This difference may become significant for blades with large prebend
or coning, highlighting the importance of consistent airfoil alignment definitions in aerodynamic or aeroelastic analyses for

prebent or coned blades.
2.9 Summary: modifying chord and twist to remove projection effects

This section summarizes the final equations for determining the chord and twist distributions of a curved blade within the BEM
framework, ensuring the same bound circulation as that of a given straight baseline blade.

The approximations presented in Sect. 2.6.1, which assume a small inflow angle ¢, are applied here. These approximations
will be validated in Sect. 4 and shown to be sufficient. For reference, equations without these approximations are provided
in Sect. 2.6 and 2.8, following similar calculation steps. The procedure for determining the chord and twist distributions of a

curved blade, given its main axis geometry, consists of five steps:

Str

— Using the given chord and twist distributions of the baseline straight blade (¢ and 35"), solve for the converged induced

velocities using the BEM method.

— Compute the flow angles ¢ and ¢, along with their tangent ratio (, using Egs. (15), (19) and (48). Determine the 2-D
relative velocity of the straight blade V3" using Eq. (18).

rel
— Apply the approximation i = ¢ and calculate the chord length and the 2-D relative velocity of the curved blade (¢ and
V) using Egs. (58) and (50).

rel

— Compute the effective torsion rate 9 using Eq. (24), the change in angle of attack at the 3/4 chord point Aag‘% using

Eq. (81), and the additional twist angle A, using Eq. (11).

— Finally, determine the twist angle 3" using Eq. (84).

3 Models for comparison

In the present work, the high-fidelity Navier—Stokes solver EllipSys3D (Michelsen, 1992, 1994; Sgrensen, 1995) and the low-

fidelity BEM method are used for comparison. Key details regarding the model setups are provided below.
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3.1 Reynolds-averaged Navier-Stokes (RANS) solver

The incompressible, pressure-based, three-dimensional solver EllipSys3D is used to solve the Reynolds-averaged Navier—
Stokes (RANS) equations with finite volume discretization. The boundary conditions at the outer domain limit adopt an in-
let/outlet strategy, and the k—w SST model (Menter, 1994) is applied, assuming fully turbulent flow.

Rotor-resolved meshes are generated in two consecutive steps, fully scripted to maintain grid quality consistently. First, a
structured surface mesh of the blade is generated using the PGLW tool (Zahle, 2019), with 128 spanwise and 256 chordwise
cells. This surface mesh is then radially extruded into a volume grid using the hyperbolic mesh generator Hypgrid (Sgrensen,
1998). A total of 256 cells are used in this process, and the resulting outer domain size is approximately 11 rotor diameters.
Boundary layer clustering is applied, with an imposed first cell height of 1 x 10~% m, targeting y* values below one. The
resulting volume meshes account for a total of 14.2 million cells. The grid topology of the baseline straight blade is detailed in
(Li et al., 2022b).

Although a steady solver is employed, the solver struggles to converge the solution as it gets stuck in limit cycles, particularly
near the blade root and maximum chord where both the angle of attack and the airfoil’s relative thickness are high. Unlike
previous studies (Li et al., 2022b, d), which averaged CFD results over the last 350 iterations, the present work averages the
last 50 iterations, resulting in increased load variation near the root. It is possible to apply convergence enhancement methods
to the RANS CFD solver, such as the modified-BoostConv method (Dicholkar et al., 2022, 2024), to improve the convergence
in the root region. However, since the blade geometry at the tip region has negligible impact on the root region, the current

results are sufficient for the present study.
3.2 BEM method

The BEM method is used as the low-fidelity aerodynamic model, serving as the baseline for comparison. The BEM method
implemented in the standalone BEVC code (Li et al., 2022b) is used, which is based on the HAWC2 aerodynamic module
(Larsen and Hansen, 2007). The implementation uses a steady-state approach, meaning the polar-grid approach available in
the HAWC?2 code (Madsen et al., 2020a) for unsteady simulations or non-uniform inflow is not used. Detailed descriptions of
the coordinate systems and projections of velocities and loads are discussed in Sect. 2. The unsteady 2-D aerodynamic model
is also included, as the airfoil of prebent blades experience effective torsional motion and heaving acceleration, even at steady-
state operational conditions, as shown in Sect. 2.2. The complete implementation of the model is used, despite contributions
due to non-circulatory forces and moments approximately cancel out, as discussed in Appendix C. As described in Sect. 2.7,
only the lift force is used in the momentum balancing calculation. After the convergence is reached, the profile drag and the
sectional moment are also included in the load calculation. The relationship between the axial induction factor and the thrust
coefficient follows the polynomial relationship in Eq. (39) by Madsen et al. (2020a). Prandtl’s tip-loss correction (Glauert,
1935; Sgrensen, 2015) is applied to account for increased blade axial induction compared to the annulus-averaged value near
the tip, due to the effect of the finite number of blades. The airfoil data is from 2-D fully turbulent CFD results (Bortolotti et al.,

2019) and each blade is radially discretized into 80 sections for calculation.
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4 Results

This section presents numerical results using both the BEM method and the high-fidelity RANS CFD solver (referred to as
CFD). The primary objective is to numerically demonstrate that using the modified curved blades with adjusted chord and twist
distributions leads to more consistent and meaningful comparisons than previous setups. This study revisits previous work on
blades with only sweep (Li et al., 2022d) and only prebend (Li et al., 2022b) and extends the analysis to generalized curved

blades combining both sweep and prebend.
4.1 Rotor configuration for comparison

The numerical tests use blades based on the IEA-10.0-198 10 MW reference wind turbine (RWT) (Bortolotti et al., 2019),
consistent with previous studies (Li et al., 2022b, d). The main axis is defined as the half-chord line of the blade and the airfoils
are aligned perpendicular to this main axis. The baseline straight blade is obtained by removing the prebend and sweep from
the original RWT blade, resulting in a straight half-chord line. The blade length is 96.2 m with a hub radius of 2.8 m, giving a
total rotor radius of 99 m. For all test cases, the rotor operates under steady-state conditions with a zero cone angle and uniform
inflow perpendicular to the rotor plane, implying no yaw error or rotor tilt. The blades are assumed to be rigid, excluding elastic

deformation effects.
4.2 Operational conditions

The operational conditions used in this study align with previous work (Li et al., 2022b, d). Initially, an optimal operational
condition with high rotor thrust is used for comparison. The rotors operate under a uniform inflow of 8 ms~! with a constant
rotational speed of 0.855rads~! and zero blade pitch angle. For the rotor with baseline straight blades, the tip speed ratio is
10.58, the thrust coefficient is 0.90 and the rotor power coefficient is 0.46, as predicted by the BEM method. Additionally,
comparisons are made under operational conditions corresponding to lower thrust coefficients. Three lower-loading opera-
tional conditions defined in the IEA Wind TCP Task 37 report (Bortolotti et al., 2019) are used, with a rotational speed of
0.909 rad s~ !, wind speeds varying from 12.0 ms~! to 20.0 m s~ and the blade is pitched towards lower loadings. The opera-
tional conditions are summarized in Table 1, which also includes the rotor thrust and power coefficients predicted by the BEM
method for the baseline straight blade. For brevity, the operational conditions are represented by the wind speeds in subsequent

discussions.

4.3 Planform of curved blades

Two sets of curved blades are used for comparison: the original curved blades and the modified curved blades.
4.3.1 Original curved blades

The original curved blades follow the configurations used in previous studies (Li et al., 2022b, d), with the same chord and

twist distributions as the baseline straight blade for blade sections with the same zB-coordinates. The main axis geometries of
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Table 1. Operational conditions used in the comparison. C%fBEM and C’ﬁéfBEM are the thrust and power coefficients predicted by the BEM

method for the baseline straight blade.

Wind speed Uo [ms™']  Tip-speed-ratio A [-]  Pitchangle 0, [°]  C¥ppy [[1  CBpem [-]

8.0 10.58 0.00 0.90 0.46
12.0 7.50 5.98 0.42 0.32
15.0 6.00 11.77 0.21 0.17
20.0 4.50 18.51 0.09 0.07

these curved blades are modified from the baseline straight blade by adding x®-components for blade sweep and by adding
yB-components for blade prebend, while keeping the zB-coordinates unchanged. For blades with sweep (2B-component), the
radius will be increased compared to the baseline straight blade.

Following previous studies (Li et al., 2018, 2022b, d), the main axis geometry is defined using a modified Bézier curve

parameterized by the curve ratio 7, the curve magnitude Ad and the tip curve angle Ay, as illustrated in Fig. 4.

Figure 4. Parameterization of the curved blade with curve ratio 7., curve magnitude Ad and tip curve angle A;,, adapted from Li et al.

(2018).

For the optimal operational condition at 8 ms~! with high rotor loading and zero blade pitch, several blades were used
for comparison in previous studies. The study on swept blades (Li et al., 2022d) used four different backward swept blades,
labeled Blade-1 to Blade-4. In addition, four forward swept blades, labeled Blade-5 to Blade-8, with the same curve param-
eters as Blade-1 to Blade-4 but opposite sweep directions, were also introduced. These swept blades with different sweep
magnitudes and tip sweep angles were introduced to represent different possible swept blade shapes. In the present work, they
are abbreviated as B-1 to B-8 and referred to as the original swept blades. In the previous study on prebent blades (Li et al.,
2022b), the main axis geometries of the prebent blades (labeled W-1 to W-8) are identical to the swept blades (B-1 to B-8), but
with the curvature applied in the prebend direction (y8-direction) instead of sweep (zB-direction). The original prebent blades
W-1 to W-4 feature upwind prebend and W-5 to W-8 feature downwind prebend. The parameters of these curved blades are

summarized in Table 2.

In this study, the focus is on the first set of curved blades: swept blades B-1 and B-5; prebent blades W-1 and W-5. The front
view of the swept blades B-1 and B-5 is illustrated in Fig. 5. The top view of the prebent blades W-1 and W-5 is shown in
Fig. 6.
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Table 2. Parameters of the planforms of the curved blades. Only the first set of curved blades is used for comparison in the present study.

Swept blades  Prebent blades 7. Ad  Ayp

B-1/B-5 W-1/W-5 50% 10% 20°
B-2/B-6 W-2/W-6 50% 10% 40°
B-3/B-7 W-3/W-7 25% 5% 20°
B-4/B-8 W-4/W-8 25% 5% 40°

-10 ® Uy B-1 4‘8:/
5+
I I I 1
0 ; T | ] |
i s Nl

1 I 1 I | I 1 I 1 I

0 10 20 30 40 50 60 70 80 90 100

Figure 5. Front view of the backward swept blade B-1 and forward swept blade B-5, with main axes highlighted, in the blade root coordinate
system (B-sys). This corresponds to the front view of the rotor with the blade pointing east. The free-stream wind velocity vector is also

shown.

104y [m] [—w-1 —w]
sl
z[m]
0
5 T U
10h
0 10 20 30 40 50 60 70 80 90 100

Figure 6. Top view of the main axis geometries of upwind prebent blade W-1 and downwind prebent blade W-5, in the blade root coordinate

system (B-sys). This corresponds to the top view of the rotor with the blade pointing east. The free-stream wind velocity vector is also shown.

It has been tested that other swept and prebent blades with different main axis curved shapes exhibit similar behaviors to the
555 curved blades used in the present work. Including these additional results will not change the conclusions of the present work.
The results of other swept and prebent blades are summarized in an internet appendix (Li et al., 2025).

For operational conditions corresponding to lower thrust coefficients in Table 1, blade pitching effects are introduced as
an additional constant twist angle offset, rather than a rotation around the pitch axis (2®-axis). This approach maintains the
blade’s 3-D main axis coordinates in B-sys. For these lower-loading cases, the original swept blades based on B-b are labeled

560 as B-b-Uv, where b is the swept blade index and v is the wind speed in ms~!. Similarly, the original prebent blades based on

W-w are labeled as W-w-Uv, where w is the prebent blade index.
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4.3.2 Modified curved blades

The modified curved blades have their chord and twist distributions adjusted based on the original curved blades, following the
relationships derived in Sect. 2.6. These modifications ensure that the BEM method predicts these modified curved blades to
have the same circulation distribution as the corresponding baseline straight blades. Further, the loads due to the lift force will
also be identical between curved and straight blade; only negligible differences due to the drag force remain. These modified
blades are expected to allow for consistent comparisons by subtracting the projection effects, thereby highlighting the effects
of wake geometry on inductions and resulting loads. Since the main axis is defined along the half-chord line, the generalized
chord and twist distribution relationships derived in Sect. 2.8 with z., = 0.5 are applied. The approximations presented in
Sect. 2.8.2 are used, which will be shown to be sufficient for this study.

For the swept blades, two modifications are applied to the original swept blades. First, the main axis geometries are scaled
such that each blade section has the same radius as the corresponding section of the baseline straight blade. Second, the chord
lengths and twist angles are modified according to Egs. (60) and (61). Specifically, both the chord length and the twist angle
are increased. The original swept blades B-b are modified into mB-b, and the original swept blades B-b-Uv for lower loading
conditions are modified into mB-b-Uv.

For the prebent blades, since the radii are already identical to the baseline straight blade, scaling of the main axis geometry
as done for the swept cases is not necessary. Using the approximated relationship in Sect. 2.8.2, the chord distribution remains
unchanged from the original prebent blades. However, the twist angles are adjusted according to Eq. (85), with the condition
of zc, = 0.5 for the current setup. The original prebent blades W-w are modified into mW-w, and the original prebent blades

W-w-Uv for lower loading conditions are modified into mW-w-Uv.
4.3.3 Blades with sweep and prebend combined

Curved blades combining both sweep and prebend are also introduced to investigate generalized curved blade configurations.
First, curved blades that are generated using similar ideas as the original swept and prebent blades described in Sect. 4.3.1
are referred to as the original curved blades. The main axis geometry of the original curved blade is adjusted from the base-
line straight blade: the 2B- and y®B-coordinates are adjusted to allow sweep and prebend, while the zB-coordinate remains
unchanged. The chord, twist and relative thickness distributions remain the same as the baseline blade for blade sections with

the same 2B

-coordinates. In the present work, the original curved blades are generated by superimposing the main axis ge-
ometries of the original swept blades and the original prebent blades. These original combined curved blades are labeled as
C-bw, where b and w are the indices of the corresponding original swept blade B-b and prebent blade W-w. Four cases are used
for comparison in this study, which are C-11, C-55, C-15 and C-51, representing combinations of the swept blades B-1 and
B-5 and the prebent blades W-1 and W-5. Specifically, blade C-11 has backward sweep and upwind prebend; blade C-55 has
forward sweep and downwind prebend; blade C-15 has backward sweep and downwind prebend and blade C-51 has forward

sweep and upwind prebend.
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These four cases are representative, covering all possible combinations of sweep and prebend directions. Furthermore,
they correspond to different combinations of load redistribution effects observed in previous studies (Li et al., 2022b, d). For
example, the influences of backward sweep and upwind prebend have similar patterns for the spanwise load redistribution,
which are in opposite directions to the influence due to forward sweep and downwind prebend. Consequently, the influence of
wake geometry on loads is expected to be more pronounced for blades C-11 and C-55 due to the expected superpositioning of
load redistribution effects. In contrast, for blades C-15 and C-51, the influence of wake geometry on loads is expected to be
weaker, since the sweep and prebend effects oppose each other and are expected to partially cancel out.

The original curved blades are modified into the modified curved blades for a consistent comparison, where two modifica-
tions are necessary. First, the main axis geometry is scaled to match the radius of each section of the baseline straight blade.
Second, the chord and twist distributions are adjusted according to Egs. (52) and (83), with the condition x¢, = 0.5 applied. The
original curved blades C-bw are modified into mC-bw, and the original curved blades C-bw-Uv for lower loading conditions
are modified into mC-bw-Uv.

It has been tested that other combined curved blades with different main axis curved shapes exhibit similar behaviors to the

curved blades used in the present work. Their results are summarized in an internet appendix (Li et al., 2025).
4.4 Loads for comparison

In previous studies (Li et al., 2022b, d), aerodynamic loads were directly presented and compared using dimensioned values. In
the present work, non-dimensional loads are used to provide a clearer representation of the relative changes between curved and
straight blades. Different non-dimensional load definitions are used for the original and modified setups to ensure meaningful
comparisons. This distinction is made because, in the original setup, the 2B-coordinate length is fixed at 99 m, while in the
modified setup, the radius® is fixed at 99 m. Additionally, in previous studies involving blades with only sweep or prebend, the
original setup used loads in the y®- and xB-directions for comparison. For the modified setup, however, loads in the 3B"- and

aBL-directions are more physically meaningful, since the 2B-direction aligns with the tangential direction.
4.4.1 Comparison for original curved blades

In previous work on swept blades (Li et al., 2022d), loads in the yB— and zB-directions in the blade root coordinate system
(B-sys) were referred to as the out-of-plane and in-plane loads, respectively. In the present work, they are non-dimensionalized

into a local thrust coefficient and a simplified local power coefficient, defined as:

NpfBd
Cu(eP) = (86)
5pUG2m2Bdz
A QBN fBd
C, (%) = &ﬁ_ (87)
5pU52m2B dz

Here, the simplified local power coefficient ép represents the contribution of the in-plane force fE to the power, acknowl-

edging that the in-plane force is not perpendicular to the radial direction and that other loads also contribute to the power.

8Equivalent to the zBl-coordinate length.
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To highlight differences between the curved and straight blades, offsets in the non-dimensional loads are used for compari-
son. These offsets are the difference in loads between the original curved blade and the baseline straight blade, evaluated at the

same zB-coordinate:

AC;(2B) = O (2B) — O3 (2B), (88)
AC, (%) = C2(2P) — Coi(2B). (89)

4.4.2 Comparison for modified curved blades

In the present work, the axial and tangential loads are defined as the loads in the yBt- and 2Bl-directions in the blade local
coordinate system (BL-sys). With this definition, the axial load is normal to the rotor plane and the tangential load is perpen-
dicular to the radial direction at each blade section. These loads are non-dimensionalized into the local thrust coefficient and a

simplified local power coefficient:

NpfBLds
Colr) =150 (90)
50Uq2mrdr
~ QrNgfBds
Cylr) = IrNpleds. ©1)
5pUq2mrdr

The simplified power coefficient in Eq. (91) represents the contribution of the tangential force to power. Note that other
loads, such as sectional moments, also contribute to aerodynamic power. In the following sections, the local thrust coefficient
and the simplified local power coefficient are referred to as thrust coefficient and power coefficient for brevity.

While the thrust coefficients in Egs. (86) and (90) can be directly compared, the simplified power coefficients in Egs. (87)
and (91) correspond to loads in slightly different directions. For blades without sweep, where there is no 28-component in the
main axis, the blade root coordinate system (B-sys) will coincide with the blade local coordinate system (BL-sys). In this case,
Eqgs. (86) and (87) will be identical to Egs. (90) and (91).

To highlight the influence of curved blade geometry on the loads, the offsets of the non-dimensional loads are used for

comparison. They are the load differences between the modified curved blade and the baseline straight blade at the same radial

positions:
ACy(r) = C{™(r) — C3*(r), (92)
AC,(r) = é’;”r(r) - é’;"(r). (93)

4.4.3 Subtracting the projection effects in CFD results using BEM method

This section introduces a method to adjust the CFD results of the original curved blades by subtracting the projection effects
estimated using the BEM method. For the original curved blade, which has the same chord and twist distributions as the
baseline straight blade, the CFD results include contributions from both projection and wake-induced effects. In contrast, the

BEM results should only have the influence due to projections. Thus, the difference in loads between the original curved blade
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and the corresponding modified curved blade in the BEM results provides an estimation of the projection effects. Subsequently,

the CFD results of the original curved blades can be adjusted by subtracting the estimated projection effects:

ACh,crp-apem () = ACTER (") — (CTHM(=") — Ot (7)) 94)
ACycro-anem(=") = ACTER () — (Cra (") — Cha(1)) 95)

Since the modified curved blade has the same radius as the baseline straight blade, while the original curved blade has the
same zB-coordinate as the baseline, the subtraction is conducted for the corresponding abscissas.
The adjusted CFD results of the original curved blades are expected to closely match the CFD results of the modified curved

blades, effectively isolating the wake-induced effects for a more consistent comparison.

4.5 Baseline straight blade

Before comparing the curved blades, the thrust and power coefficients of the baseline straight blade operating at 8 ms™—!

predicted by the BEM method and the CFD solver are firstly shown in Fig. 7. These results correspond to Egs. (86) and (87)
or Egs. (90) and (91), as the blade root coordinate system (B-sys) and the blade local coordinate system (BL-sys) coincide for
the straight blade configuration.

Thrust coefficient [-]
Simplified power coefficient [-]

0 20 40 60 80 100 0 20 40 60 80 100
r(m] r(m]

Figure 7. Thrust coefficient C'; (panel a) and simplified power coefficient C’p (panel b) of the baseline straight blade, calculated using the
BEM method and the CFD solver, at a wind speed of 8 ms™!.

In the blade root region, the difference is relatively large for loads in both direction, primarily due to unsteady flow separation
effects in this region. Therefore, the focus of the comparison is on the region from a radius of 20 m to the blade tip.

For the thrust coefficient, the BEM and CFD predictions are in close agreement. According to the Kutta—Joukowski analysis
presented in Sect. 2.4, the similarity in thrust indicates that the bound circulation distributions predicted by both methods are
very similar. However, discrepancies are observed in the power coefficient, where the BEM method tends to over-predict the

tangential loads, especially from a radius of 60 m to the blade tip. This discrepancy is likely related to the empirical nature of
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the tip loss and high-thrust corrections implemented in the BEM method. Specifically, the BEM method relies on the empirical
Prandtl’s tip-loss correction that do not account for wake expansion and wake roll-up, which can significantly influence tip
flow behavior at high-loading conditions. Similarly, the empirical polynomial a — C relationship is used at this high-thrust
condition. In contrast, the CFD solver is modeling the tip effects with much higher fidelity, since the flow around the 3-D blade
geometry is fully resolved and does not require an empirical high-thrust correction.

For operational conditions with higher wind speeds and lower thrust coefficients, as listed in Table 1, the results are presented
in Appendix D1. As the wind speed increases and the rotor loading decreases, the agreement between the BEM and CFD results
generally improves for both thrust and power coefficients. This improvement is due to the reduced induction effects and lower

uncertainty in the a — C relationship in the lower-thrust region.
4.6 Revisit of the swept blade cases

This section revisits the previous study on blades with only sweep and no prebend (Li et al., 2022d). In that work, comparisons
were made using various aerodynamic models, including the BEM method, the CFD solver, the lifting-line method and a mid-
fidelity engineering model developed in that study to improve swept blade modeling. The primary objectives were to investigate
the impact of blade sweep on wake geometry and the consequent effects on loads and to demonstrate the improved agreement

of the new model with CFD and lifting-line methods in modeling blade sweep effects.
4.6.1 Optimal operational condition

The optimal operational condition with a uniform inflow velocity of 8 m s~ is firstly used for comparison. The offsets in thrust
and power coefficients for both the original and modified swept blades, compared to the baseline straight blade, are plotted in
Figs. 8 and 9. For the original swept blades B-1 and B-5, the load offsets AC; and Aé'p are calculated using Eqs. (88) and
(89) and plotted against the zB-coordinates. For the modified swept blades mB-1 and mB-5, the load offsets AC; and Aé’p are
calculated using Egs. (92) and (93) and plotted against the radius. In addition, the adjusted CFD results of the original swept
blades, obtained by subtracting the BEM thrust and power differences between original and modified blades, Egs. (94) and
(95), are included for comparison.

For the original swept blades, the load offsets predicted by the BEM method are due to the projection effects. Specifically,
the thrust coefficient offsets for B-1 and B-5 predicted by the BEM method show a small increase, both reaching a maximum
magnitude of only approximately 0.01 at the zB-coordinate of 94 m. The power coefficient offsets predicted by the BEM method
are approximately zero. This suggests that the projection effects are small for these original swept blades, indicating that they
operate under similar conditions to the baseline straight blade. For the modified swept blades mB-1 and mB-5, the offsets in
both thrust and power coefficients predicted by the BEM method are approximately zero throughout the span, confirming that
the projection effects are effectively subtracted. This validates the modifications to the chord and twist distributions derived in
Sect. 2.6.1 as well as the approximations made in Sect. 2.8.2.

The CFD results include the impact of changed wake geometries on the aerodynamics, as evidenced by the larger load

offsets between the modified swept blades (mB-1 and mB-5) and the baseline straight blade. For the inboard part of the swept
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Figure 8. Offset in thrust coefficient AC} (panel a) and simplified power coefficients Aé’p and Aép (panel b) of the original backward

swept blade B-1 and the modified backward swept blade mB-1, compared to the baseline straight blade, at a wind speed of § ms™*.
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Figure 9. Offset in thrust coefficient AC} (panel a) and simplified power coefficients Aép and Aé’p (panel b) of the original forward swept

blade B-5 and the modified forward swept blade mB-5, compared to the baseline straight blade, at a wind speed of 8 ms™*.

blade (radius less than 50 m), where the main axis is still straight, the loads are approximately identical to those of the baseline
straight blade. In the swept part of the blade (radius greater than 50 m), a distinctive spanwise load redistribution pattern is
observed. For the backward swept blade mB-1, when moving towards the blade tip, the load is initially lower compared to the
baseline straight blade until approximately halfway until the blade tip (radius of 80 m). Subsequently, when moving further
towards the tip, the load increases and becomes higher compared to the baseline straight blade until the blade tip. For the
forward swept blade mB-5, an opposite load redistribution pattern is observed. These load redistribution patterns for the swept
blades are consistent with observations from previous studies (Li et al., 2020, 2022d).

The performance of using the CFD results of the original swept blades (B-1 and B-5) to investigate the wake-induced effects
of the swept blade, as has been done in previous work (Li et al., 2022d), is also analyzed. As shown in Figs. 8 and 9, the

power coefficient offsets are almost identical between the original and modified setups. For the thrust coefficient, the offsets
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are slightly increased for both original swept blades due to projection effects. For the original backward swept blade B-1, a
load redistribution pattern is still observed, although it is slightly altered by the projection effects. In contrast, for the original
forward swept blade B-5, the load redistribution effect in the thrust coefficient is not observed. Instead, the thrust coefficient is
consistently increased from a radius of 50 m to the blade tip. The CFD results of the original swept blades adjusted using BEM
results according to Egs. (94) and (95) show good agreement with the CFD results of the modified swept blades. This indicates
that the projection effects in the CFD and BEM results are similar for swept blades and can be effectively subtracted using this

adjustment’.

4.6.2 Lower loading conditions

In the previous work (Li et al., 2022d), only the optimal operational condition at 8 ms™!

was considered. This study extends
the analysis to lower loading conditions, as listed in Table 1. Results for the backward swept blades B-1-Uv and mB-1-Uv
under these conditions are presented in Fig. 10. Similar conclusions apply to the forward swept blades B-5-Uv and mB-5-Uy,
which are therefore not shown in this study.

For the modified swept blades at lower loading conditions, the offsets in thrust and power coefficients predicted by the
BEM method are approximately zero, indicating negligible projection effects. For all tested lower loading conditions, the
CFD results of the modified swept blades show load redistribution effects, similar to those observed at the optimal condition.
This suggests that the wake-induced effects due to blade sweep geometry maintain similar patterns across both high and low
loading conditions. As wind speed increases and rotor loading decreases, the wake-induced effects diminish and projection
effects become more pronounced. This trend is evident from the CFD results: at higher wind speeds, the load offset of the
modified swept blade becomes less significant compared to that of the original swept blade.

The CFD results of the original swept blades are insufficient to correctly draw conclusions on the wake-induced effects of
swept blades for low loading conditions. The local thrust and power coefficients near the blade tip are overestimated due to
projection effects, especially at a wind speed of 20 ms~!. Once again, the adjusted CFD results of the original swept blades,
using BEM-based corrections in Egs. (94) and (95), show good agreement with the CFD results of the modified swept blades.
This demonstrates that the projection effects of swept blades can be effectively subtracted using this adjustment method, even

at lower loading conditions.
4.6.3 Summary

In summary, the original swept blade setup in the previous work (Li et al., 2022d) is sufficient to show the wake-induced
effects of swept blades at the optimal operational condition with high rotor loadings. However, for conditions with higher wind
speeds and lower rotor thrust coefficients, the wake-induced effects decrease while projection effects become dominant. Hence,
the original swept blades are insufficient to correctly draw conclusions at these lower loading conditions. In comparison, the
modified swept blades provide a consistent basis for comparison across all tested operational conditions. With the modified

swept blades, the impact of wake geometry on the load is isolated and can be directly visualized from the CFD results.

9This also suggests that the cross-flow principle used in the BEM method performs well for swept blades.
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Figure 10. Offset in thrust coefficient AC and simplified power coefficients Aé’p and Aé’p of the original and modified backward swept

blades B-1-Uv and mB-1-Uv compared to the baseline straight blade, for wind speeds at 12 ms™* (a), (b); 15 ms~! (c), (d); and 20 ms™*

(e), ().
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Additionally, it is demonstrated that the projection effects in the CFD results of the original swept blades can be effectively

subtracted using BEM-based adjustments.
4.7 Revisit of the prebent blade cases

This section revisits the previous study on blades with only prebend and no sweep (Li et al., 2022b). In that work, comparisons
were performed using the BEM method, the CFD solver and a mid-fidelity engineering aerodynamic model developed within
that study to improve prebent blade modeling. The primary objectives were to investigate the impact of blade prebend on wake
geometry and the resulting effects on loads and to demonstrate the improved agreement between the CFD solver and the newly

developed model compared to the BEM method in predicting the prebend effects.
4.7.1 Optimal operation condition

The optimal operational condition with a uniform inflow velocity of 8 ms~! is first used for comparison. The load offsets of
the original and modified prebent blades compared to the baseline straight blade are calculated using Eqgs. (92) and (93) and
are plotted against the radius. Since B-sys coincides with BL-sys for blades without sweep, the thrust coefficients Cy(r) and
C;(2B) in Egs. (88) and (92), and the simplified power coefficients C'p(r) and C’p(zB) in Egs. (89) and (93) are identical.
Results of the original and modified upwind prebent blades (W-1 and mW-1) are shown in Fig. 11. Results of the downwind
prebent blades (W-5 and mW-5) are shown in Fig. 12. In addition, the adjusted CFD results of the original prebent blades,
obtained by subtracting the projection effects predicted by the BEM method using Egs. (94) and (95), are also included for

comparison.
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Figure 11. Offset in thrust coefficient AC' (panel a) and simplified power coefficient Aé’p (panel b) of the original upwind prebent blade

W-1 and the modified upwind prebent blade mW-1, compared to the baseline straight blade, at a wind speed of 8 ms 1.

For the original upwind prebent blade W-1, the BEM method predicts a decrease in the thrust coefficient in the prebent region
of the blade due to projection effects, with a maximum offset magnitude of approximately 0.017 at a radius of 88 m. This offset

is slightly larger than that observed for the original backward swept blade B-1 (value of approximately 0.01), which has the
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Figure 12. Offset in thrust coefficient AC; (panel a) and simplified power coefficient Aép (panel b) of the original downwind prebent blade

W-5 and the modified downwind prebent blade mW-5, compared to the baseline straight blade, at a wind speed of § ms™*.

same curved main axis shape. For the original downwind prebent blade W-5, the BEM method predicts a smaller decrease in
the thrust coefficient, which is also due to the projection effects, with a maximum offset magnitude of approximately 0.01 at a
radius of 95 m. These findings suggest that projection effects remain relatively small for the original prebent blades, indicating
that they operate under conditions similar to the baseline straight blade. For the modified prebent blades mW-1 and mW-5, the
thrust coefficient offsets predicted by the BEM method are approximately zero throughout the span, confirming that projection
effects are effectively subtracted. This outcome validates the modifications to the chord and twist distributions derived in
Sect. 2.8 as well as the approximations in Sect. 2.8.2. The BEM method predicts very similar results for the simplified power
coefficient for both the original and modified prebent blades. A slight increase in power is predicted for the upwind prebent
blades (W-1 and mW-1) and a slight decrease for the downwind prebent blades (W-5 and mW-5). These differences arise
because the main axis used in the comparison is the half-chord line rather than the 1/4 chord line, as discussed in Sect. 2.8.2.

The CFD results include the aerodynamic effects of changed wake geometries due to blade prebend, as indicated by the load
offsets between the modified prebent blades and the baseline straight blade. The load offsets predicted by the CFD solver show
a spanwise redistribution pattern, consistent with previous observations (Li et al., 2022b). For the modified upwind prebent
blade mW-1, the loads are initially lower than those of the baseline straight blade in the inboard part of the blade, where the
main axis is still straight (radius less than 50 m). When moving from the spanwise location where the blade starts to dihedral
towards halfway to the blade tip (radius of 75 m), loads gradually increase but remain lower compared to the baseline. Moving
further towards the tip, loads increase further and become higher compared to the baseline. For the modified downwind prebent
blade mW-5, an opposite load redistribution pattern is observed.

Notably, load redistribution patterns differ between prebent and swept blades. For prebent blades, the blade dihedral at the
outboard part of the blade influences the entire blade span. In contrast, as shown in Sect. 4.6, blade sweep primarily affects

the swept portion of the blade with minimal impact on the inboard part of the blade that remains straight. This distinction
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implies that blade sweep and prebend have different mechanisms affecting the wake geometries and consequently the loads.
As aresult, different engineering wake modeling techniques are necessary to correctly model these two effects.

The performance of using CFD results of the original prebent blades (W-1 and W-5) to investigate the impact of the wake
geometry of the blade prebend, as has been done in the previous work (Li et al., 2022b), is also analyzed. As shown in Figs. 11
and 12, the power coefficient offsets are almost identical for the original and modified setups. However, the thrust coefficient
offsets of the original prebent blades are slightly decreased due to the projection effects. Since the differences between the CFD
results of the original and modified prebent blades are minimal, the projection effect is thus of little significance compared to
the wake-induced effect. As a result, it is still sufficient to correctly draw conclusions using the original prebent blades, despite
small projection errors.

The adjusted CFD results of the original prebent blades, using BEM-based corrections according to Egs. (94) and (95) show
very good agreement with the CFD results of the modified prebent blades. This indicates that projection effects in the CFD and
BEM results are similar for prebent blades and can be effectively subtracted using this adjustment. Moreover, as with swept

blades in Sect. 4.6, this suggests that the cross-flow principle used in the BEM method performs well also for prebent blades.
4.7.2 Lower loading conditions

Comparisons are also performed for the upwind prebent blades W-1-Uv and mW-1-Uy, at operational conditions corresponding
to lower thrust coefficients listed in Table 1. The offsets in thrust and simplified power coefficients are shown in Fig. 13. Similar
conclusions apply to the downwind prebent blades W-5-Uv and mW-5-Uv, which are then not shown in this study.

For the modified prebent blades at lower loading conditions, the thrust coefficient offsets predicted by the BEM method
are approximately zero, indicating the projection effects are effectively removed. The power coefficient offsets have small
values, primarily due to the torsion rate drag force, as discussed earlier. The CFD results of the modified prebent blades can
directly show the impact of wake geometry due to blade prebend on the loads. Similar to the high-loading case, a spanwise
load redistribution pattern can be observed for all cases. This means the wake-induced effects due to blade prebend maintain
similar patterns across both high and low loading conditions.

The projection effect can be characterized by the load difference between the original and modified prebent blades, for both
BEM and CFD results. Comparing the CFD results of the original and modified prebent blades, it is visualized that as the wind
speed increases, the load offset of the modified prebent blade becomes less significant compared to the original prebent blade.
This indicates that as rotor loading decreases, the wake-induced effects diminish and the projection effects become dominant.

Due to the dominating projection effects at lower loading conditions, the spanwise load redistribution pattern is not observed
in the CFD results of the original prebent blades. Instead, both the BEM method and the CFD solver predict that the loads of
the original prebent blades are consistently lower compared to the baseline throughout the span for all tested lower loading
conditions. The projection effects in the original prebent blades are more pronounced compared to the original swept blades
discussed in Sect. 4.6.2. Nevertheless, the original prebent blades still operate under conditions close to those of the baseline
straight blade, with maximum thrust coefficient differences due to projection effects being relatively small (approximately
0.015).
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Figure 13. Offset in thrust coefficient AC; and simplified power coefficient Aép of the original and modified upwind prebent blades W-1-
Uv and mW-1-Uv compared to the baseline straight blade, for wind speeds at 12 m s71(a), (b); 15ms™? (¢), (d); and 20 ms™* (e), (f).
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The CFD results of the original prebent blade, after the adjustment of subtracting the projection effects based on the BEM
results using Eqgs. (94) and (95), show very good agreement with the CFD results of the modified prebent blades. This demon-
strates that the projection effects in the CFD results of the original prebent blades can be effectively subtracted using this

BEM-based adjustment, even at lower loading conditions.
4.7.3 Summary

In summary, while the original prebent blade setup in the previous study (Li et al., 2022b) is sufficient to correctly show the
wake-induced effects at the optimal operational condition, it becomes insufficient at lower loading conditions where projection
effects dominate. In contrast, the modified prebent blades provide a consistent basis for comparison across all tested operational
conditions, enabling the wake-induced effects to be highlighted and directly visualized from the CFD results. Additionally, the

projection effects in the CFD results of the original prebent blades can be effectively subtracted using BEM-based adjustments.
4.8 Blades with sweep and prebend combined

In this section, generalized curved blades with both sweep and prebend combined are investigated. The primary objective is
to demonstrate that the modified curved blades are necessary to correctly show the wake-induced effects on loads and thus
are necessary for a consistent aerodynamic comparison. The results in this section provide insights for future aerodynamic

comparisons involving such generalized curved blade configurations.
4.8.1 Optimal operational condition

First, comparisons are performed at the optimal operational condition with a uniform inflow velocity of 8 ms~!. The load
offsets of both the original and modified curved blades, compared to the baseline straight blade, are calculated. For the original
curved blades, the load offsets AC} and Aé’p are computed using Eqs. (88) and (89) and plotted against the 2B-coordinates.
For the modified curved blades, the load offsets AC; and Aép are calculated using Eqgs. (92) and (93) and plotted against
the radius. Results for the curved blades based on C-11 (backward sweep and upwind prebend) and C-55 (forward sweep and
downwind prebend) are depicted in Figs. 14 and 15, respectively. Results for the curved blades based on C-15 (backward sweep
and downwind prebend) and C-51 (forward sweep and upwind prebend) are shown in Figs. 16 and 17. In addition, the adjusted
CFD results of the original curved blades, obtained by subtracting the projection effects predicted by the BEM method using
Egs. (94) and (95), are included for comparison.

For the original curved blades, the load offsets predicted by the BEM method are primarily due to projection effects. The
thrust coefficient offsets are significantly larger compared to those observed for blades with only sweep or only prebend.
Specifically, for original curved blades C-11 and C-55, the maximum thrust coefficient decrease is around 0.09 at the zB-
coordinate of 94 m, while for C-15 and C-51, a maximum increase of approximately 0.09 is reached at the same spanwise
location. Compared to the original swept blades B-1 and B-5, and the original prebent blades W-1 and W-5, the thrust coefficient

offsets are approximately 5 to 10 times larger. Regarding the simplified power coefficient, the BEM method predicts even larger
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Figure 14. Offset in thrust coefficient AC (panel a) and simplified power coefficients Aép and Aép (panel b) of the original and modified

curved blades C-11 and mC-11, both with backward sweep and upwind prebend combined, compared to the baseline straight blade, at a wind

speed of 8 ms™*.
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Figure 15. Offset in thrust coefficient ACY (panel a) and simplified power coefficients AC‘,, and Aé’p (panel b) of the original and modified

curved blades C-55 and mC-55, both with forward sweep and downwind prebend combined, compared to the baseline straight blade, at a

wind speed of 8 ms ™.
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Figure 16. Offset in thrust coefficient AC; (panel a) and simplified power coefficients AC, and Aép (panel b) of the original and modified

curved blades C-15 and mC-15, both with backward sweep and downwind prebend combined, compared to the baseline straight blade, at a

wind speed of § ms™?!.
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Figure 17. Offset in thrust coefficient AC' (panel a) and simplified power coefficients AC‘,, and AC‘F (panel b) of the original and modified
curved blades C-51 and mC-51, both with forward sweep and upwind prebend combined, compared to the baseline straight blade, at a wind

speed of 8 ms ™!,
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offsets for these original curved blades. For C-11 and C-55, a maximum decrease of approximately 0.2 is observed at the zB-
coordinate of 94 m, while for C-15 and C-51, a maximum increase of approximately 0.23 is reached at the same spanwise
location. These considerable offsets indicate that the original curved blades with both sweep and prebend combined operate
under different conditions compared to the baseline straight blade, primarily due to significant projection effects. This contrasts
with the blades with only sweep or only prebend in Sects. 4.6 and 4.7, where projection effects were relatively small.

Conversely, for the modified curved blades, the thrust coefficient offsets predicted by the BEM method are approximately
zero across the span, indicating that projection effects have been effectively subtracted. This validates the modifications to
the chord and twist distributions derived in Sect. 2.8 as well as the approximations in Sect. 2.8.2. In terms of the simplified
power coefficient, the BEM method predicts slight increases for the modified curved blades with upwind prebend components
(mC-11 and mC-51) and slight decreases for those with downwind prebend components (mC-55 and mC-15). These variations
are mostly due to the torsion rate drag in Eq. (78), originating from the main axis being the half-chord line instead of the 1/4
chord line, as also observed for the blades with only prebend in Sect. 4.7.

The CFD solver accurately models the effect of changed wake geometries on the aerodynamics, which is quantified by the
load offsets between the modified curved blades and the baseline straight blade. A spanwise load redistribution pattern is also
observed from the CFD results of the modified curved blades with both sweep and prebend combined, similar to the cases of
blades with only sweep in Sect. 4.6 and with only prebend in Sect. 4.7. For mC-11 and mC-51, the loads initially decrease and
then increase compared to the baseline straight blade, when moving from the blade root towards the blade tip. For mC-55 and
mC-15, the opposite pattern is observed, where the loads initially increase and then decrease compared to the baseline straight
blade, when moving from the blade root to the blade tip.

The performance of using the CFD results of the original curved blades (C-bw) to investigate the wake-induced effects for
blades with both sweep and prebend combined is also analyzed. Due to strong projection effects, the load offsets of C-11 and
C-55 are substantially underestimated, while the load offsets of C-15 and C-51 are significantly overestimated. Consequently,
the spanwise load redistribution effect is not evident from the CFD results of the original curved blades. For example, the loads
of the original curved blade C-11 are consistently lower compared to the baseline straight blade, except at the very blade tip.
For the original curved blade C-55, load redistribution patterns can still be visualized, but the load offsets at the z-coordinate
of 90 m are overestimated by a factor of two.

Moreover, the CFD results of the original curved blades adjusted using the BEM results according to Egs. (94) and (95)
show satisfactory agreement with the CFD results of the modified curved blades. This indicates that the projection effects in
the CFD and BEM results of the original curved blades are similar, which can be effectively subtracted using this BEM-based
adjustment. This also suggests that the cross-flow principle used in the BEM method performs well for generalized curved
blades. Additionally, this suggests that BEM and CFD can be integrated into a multi-fidelity optimization framework. In such
a framework, BEM could be used for small variations of chord and twist while CFD would be needed for changes to the main

axis geometry.
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4.8.2 Lower loading conditions

Further comparisons are made for the original and modified curved blades C-bw-Uv and mC-bw-Uv, at lower loading con-
ditions, as listed in Table 1. Results for the blades C-11-Uv and mC-11-Uv, which are based on C-11, are shown in Fig. 18.
Results for the other curved blades based on C-55, C-15 and C-51 are provided in Appendix D2.

For the modified curved blades at lower loading conditions, the BEM method predicts approximately zero thrust coefficient
offsets throughout the span, confirming that the projection effect is sufficiently subtracted. For the power coefficient, the small
non-zero offset is due to the torsion rate drag force, as previously discussed. The CFD results of the modified curved blades
directly show the impact of wake geometry on loads. For all lower loading conditions, a spanwise load redistribution pattern
can be observed, similar to that at the optimal condition with high loadings. This indicates the wake-induced effects, which are
due to blade curved geometry, have similar patterns across different loading conditions.

In contrast, the CFD results of the original curved blades do not show this pattern. Both BEM and CFD results show that
the loads of the original curved blades C-11-Uv and C-55-Uv are lower compared to the baseline throughout the span, while
the loads of C-15-Uv and C-51-Uv are higher. The load difference between the original and modified curved blades represents
the projection effects for both BEM and CFD results. Projection effects are already strong at 12 ms~!, compared to the wake-
induced effect. As wind speed increases and rotor loading decreases, the wake-induced effects diminish and the projection
effects further dominate.

The CFD results of the original curved blades, after subtracting the BEM-predicted projection effects using Eqs. (94) and
(95), show satisfactory agreement with the CFD results of the modified curved blades. This demonstrates that the projec-
tion effects in the original curved blades, despite their complex combined sweep and prebend geometries, can be effectively

subtracted using this adjustment, even at lower loading conditions.
4.8.3 Summary

In summary, for the tested curved blades combining both sweep and prebend, using the original setup with the same chord and
twist distributions as the baseline straight blade is inadequate for investigating the wake-induced effects on loads. The projec-
tion effect is significant and dominates the wake-induced effect, leading to misinterpretations of the aerodynamic behavior. In
contrast, the curved blades with modified chord and twist distributions enable consistent comparisons across all tested opera-
tional conditions. The impact of wake geometry on the load is isolated and can be directly visualized from the CFD results,
showing a spanwise load redistribution pattern. Furthermore, it is demonstrated that for the CFD results of the original setup,

the projection effects can be effectively subtracted using BEM-based adjustments.
4.9 Feasibility of superimposing separately modeled sweep and prebend

This section examines whether the wake-induced effects of curved blades with both sweep and prebend combined can be
effectively taken into account by modeling the sweep and prebend effects separately and then superimposing them. This

approach is tested by comparing the load offsets of a blade with combined sweep and prebend to the summed load offsets of
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Figure 18. Offset in thrust coefficient AC: and simplified power coefficients Aé’p and AC‘F of the original and modified curved blades

C-11-Uv and mC-11-Uv with backward sweep and upwind prebend combined, compared to the baseline straight blade: at 12 ms™! (a), (b);
15ms™" (c), (d); and 20 ms™" (e), (f).
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two corresponding blades: one with only sweep and one with only prebend. The main axes of these two projected blades are
derived directly from the geometry of the combined curved blade.

For a modified curved blade mC-bw, there are two corresponding projected blades mB-b and mW-w, with either only sweep
or only prebend. The main axis geometry of the swept blade mB-b is obtained by removing the prebend component (y®) from
the main axis of mC-bw. Similarly, the main axis geometry of the prebent blade mW-w is obtained by removing the sweep
component (zP) from the main axis of mC-bw. The main axis of mW-w is further scaled so that each blade section has the
same radius as in mC-bw. The chord and twist distributions of mB-b and mW-w are modified according to Sect. 2.8 to ensure
that the BEM method predicts the same circulation distribution and inductions as the combined curved blade. For example, for
the modified curved blade mC-15 with backward sweep and downwind prebend combined, the corresponding projected blades

are the modified backward swept blade mB-1 and the modified downwind prebent blade mW-5.
4.9.1 Optimal operational condition

First, comparisons are performed at the optimal operational condition with a uniform inflow velocity of 8 ms~!. For each
modified curved blade mC-bw, load offsets are compared with those of the corresponding modified swept blade mB-b, the
modified prebent blade mW-w and the superposition of both offsets (i.e., the sum of the load offsets from mB-b and mW-w).
The results for the modified curved blades mC-11, mC-55, mC-15 and mC-51 are shown in Figs. 19 to 22.

0.1 T T T T 0.2 T T T T T
(a) CFD, Sweep (b) CFD, Sweep
CFD, Prebend CFD, Prebend
—_ CFD, Gombined — 015 GFD, Gombined S
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Figure 19. Offset in thrust coefficient AC' (panel a) and simplified power coefficient Aép (panel b) between the modified backward swept

blade mB-1, the modified upwind prebent blade mW-1, the modified curved blade mC-11 with both backward sweep and upwind prebend
1

combined and the superposition of the sweep and prebend offsets, compared to the baseline straight blade, at a wind speed of 8 ms™ .

For all tested modified curved blades, the load offsets are well approximated using the superposition of the load offsets of
the two corresponding modified swept and prebent blades. For mC-11 and mC-55, the spanwise load redistribution effects of
the corresponding swept and prebent blades are in the same direction. After the superposition, the load redistribution effect

of the combined curved blade becomes more significant. For mC-15 and mC-51, the spanwise load redistribution effects of
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Figure 20. Offset in thrust coefficient AC} (panel a) and simplified power coefficient Aép (panel b) between the modified forward swept

blade mB-5, the modified downwind prebent blade mW-5, the modified curved blade mC-55 with both forward sweep and downwind prebend

combined and the superposition of the sweep and prebend offsets, compared to the baseline straight blade, at a wind speed of 8 ms™*.
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Figure 21. Offset in thrust coefficient AC' (panel a) and simplified power coefficient AC’p (panel b) between the modified backward swept
blade mB-1, the modified downwind prebent blade mW-5, the modified curved blade mC-15 with both backward sweep and downwind

prebend combined and the superposition of the sweep and prebend offsets, compared to the baseline straight blade, at a wind speed of 8

ms~ L.
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Figure 22. Offset in thrust coefficient AC} (panel a) and simplified power coefficient Aép (panel b) between the modified forward swept

blade mB-5, the modified upwind prebent blade mW-1, the modified curved blade mC-51 with both forward sweep and upwind prebend

combined and the superposition of the sweep and prebend offsets, compared to the baseline straight blade, at a wind speed of 8 ms™*.

the corresponding swept and prebent blades are in opposite directions. After the superposition, the load redistribution effects

partially cancel out, resulting in less significant effects.
4.9.2 Lower loading conditions

Further comparisons are performed for the modified curved blades mC-bw-Uv at lower loading conditions, as listed in Table 1.
Results for mC-11-Uv are shown in Fig. 23. Results for the other curved blades based on mC-55, mC-15 and mC-51 are
provided in Appendix D3.

For all four cases, the load offsets estimated using the superposition of the CFD results of the two corresponding projected
blades show satisfactory agreement with the load offsets of the modified combined curved blades. As wind speed increases
and rotor loading decreases, the agreement slightly worsens for the blade tip region (radius greater than 75 m), suggesting that
the superposition assumption is less valid. However, since the wake-induced effect decreases as rotor loading decreases, the
absolute error of the prediction using the superposition remains small. Overall, the general trends of the load offsets are well

captured using this superposition approach.
4.9.3 Summary

In summary, the findings demonstrate that for general curved blades combining both sweep and prebend, the wake-induced
effects can be effectively approximated by modeling the sweep and prebend effects separately and then linearly superimposing
the results. This approach is confirmed using CFD results, showing promising agreement for different curved blade configura-
tions across various operational conditions. These results provide valuable insights and guidelines for the future development

of engineering aerodynamic models for generalized curved blades. For example, they suggest the possibility of directly su-

955 perimposing the inductions from the coupled near and far wake model (Li et al., 2022d), which models only the blade sweep
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Figure 23. Offset in thrust coefficient AC; and simplified power coefficient Aép of the modified backward swept blades mB-1-Uv, the
modified upwind prebent blades mW-1-Uv, the modified curved blade mC-11-Uv with both backward sweep and upwind prebend combined
and the superposition of the sweep and prebend offsets, compared to the baseline straight blade: at 12 m s~ (a), (b); 15 ms™! (¢), (d); and
20ms™" (e), (0.
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effect with those from the vortex cylinder model (Li et al., 2022b), which models only the blade prebend effect, to model a

generalized curved blade.

5 Conclusions

This study establishes a framework for consistent aerodynamic comparisons of blades with different curved geometries, ef-
fectively isolating wake-induced effects from projection effects arising from velocity and load projections. This framework
employs modified curved blades, with chord and twist distributions adjusted based on the blade’s curved geometry, ensuring
they operate under the same angles of attack and local thrust coefficients as the baseline straight blade, as predicted by the blade
element momentum (BEM) method. Revisiting previous comparisons for blades with either sweep or prebend shows that, un-
der optimal operational conditions with high rotor loadings, the original setup with the same chord and twist distributions
is sufficient to show the wake-induced effects. However, under lower loading conditions, projection effects becomes domi-
nant over wake geometry effects, leading to inconsistent comparisons. For blades with both sweep and prebend combined,
the original setup consistently exhibits significant projection effects across all operational conditions, making it insufficient
for consistent comparisons. Using the modified curved blades, more consistent comparisons are achieved. Results from the
Reynolds-averaged Navier—Stokes (RANS) CFD solver with the 3-D rotor geometry fully resolved show spanwise load redis-
tribution patterns, similar to those observed in blades with only sweep or only prebend. Additionally, it is shown that projection
effects in the CFD results can be effectively subtracted using BEM-based adjustments, confirming the validity of the modified
blade setup for more consistent comparisons.

Another key finding of this study is that for blades combining both sweep and prebend, the wake-induced effects can be
accurately approximated by linearly superimposing the wake-induced effects from the two corresponding blades, with only
sweep and only prebend. This finding supports the approach of modeling sweep and prebend effects on inductions separately
and then combining them, offering valuable guidance for the development of future mid-fidelity engineering aerodynamic

models for general curved blade geometries.
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Table A1. Variables used in the present work.

Symbol

Description

Riot
R«,Ry, R,
s

t, t*

T

To

Uo

\%

Viel

axial induction factor; axial induction factor at the blade
tangential induction factor

centrifugal acceleration vector

chord length

2-D lift, drag and sectional moment coefficients

local thrust coefficient

simplified local power coefficient from: the tangential force; the in-plane force
Prandtl’s tip-loss factor

normalized bound circulation of all blades

number of blades

radius of a blade section

radius of the rotor

rotation matrix around z-axis, y-axis and z-axis

curved blade length

tangent vector; modified tangent vector

transformation matrix

time constant in unsteady 2-D aerodynamic model

free wind speed

3-D relative velocity magnitude

2-D relative velocity magnitude
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Table A2. Variables in Greek letters used in the present work.

Symbol  Description

o angle of attack

twist angle, positive value with airfoil nose down

0 position angle

A0, rotational angle between the sectional and modified sectional coordinate systems
r bound vorticity of a blade section

5 mid-chord heaving acceleration of the 2-D airfoil

0p pitch angle; additional twist angle offset

0 airfoil torsion rate

Ky K dihedral angle; effective dihedral angle

P, Pp* sweep angle; effective sweep angle

tip-speed-ratio of the rotor

local speed ratio at a blade section

3

density of air
2-D sectional flow angle, in modified sectional coordinate system

inflow angle

D6 S

rotational speed

Table A3. Subscripts used in the present work.

Symbol Description

1/4 at the 1/4 chord point
3/4 at the 3/4 chord point
T, Y, 2 in the x-, y- and z-directions

L, D, M due to lift force; drag force; sectional moment

N in normal direction

ma main axis

xc at the z¢p-chord point

cp at the calculation point

NC non-circulatory term

BEM from the BEM method

CFD from the CFD solver

KJ from the Kutta—Joukowski analysis
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Table A4. Superscripts used in the present work.

Symbol  Description

B in blade root coordinate system

BL in blade local coordinate system

S in sectional coordinate system

S* in modified sectional coordinate system
str straight blade

cur curved blade

prebend  blade with only prebend and no sweep

sweep blade with only sweep and no prebend
origin original curved blade

mod modified curved blade

acc due to mid-chord heaving acceleration
tor due to torsion rate

Appendix B: BEM inductions for prescribed circulation

This section shows that, for a given spanwise circulation distribution, the blade element momentum (BEM) method converges
to unique induction factors that are independent of the blade geometry (such as sweep or prebend).

First, consider a prescribed spanwise circulation distribution I', which is then non-dimensionalized into k4 using Eq. (32).
As shown in Eq. (38), the tangential induction factor a’ is directly related to k. Substituting this expression into Eq. (34), the
Kutta—Joukowski thrust coefficient C; x; (excluding radial induction) is obtained as:

Cirr =ks (1+ks) . B1)
4N2

This shows that C; k;y is fully determined by k. and the local speed ratio A, with no direct dependence on blade geometry.

Despite the circulation distribution being prescribed, the BEM method still requires iteration to reach a converged solution,
due to the application of the tip-loss correction to the axial induction. According to Eq. (36), the blade axial induction factor

ap depends on the Kutta—Joukowski thrust coefficient C ky and the inflow angle ¢:

ap = fl(k5790)~ (B2)

Here, we express ap as a function of k5 and , noting that C; xy depends entirely on k.
Next, consider the inflow angle . By substituting the expression for a’ in Eq. (38) into the definition of the inflow angle ¢

in Eq. (15), we find that ¢ can be represented as a function of ag and k;:

¢ = fa(ks,ap). (B3)
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Substituting ¢ from Eq. (B3) back into Eq. (B2), we arrive at:
ap = fi (ks, f2(ks,ap)). (B4)

This results in an implicit equation for ap, which can be solved iteratively where k; is the only prescribed parameter. As a
result, once k; is fixed, the iterative procedure converges to a unique ap that is independent of geometric modifications to the
blade (e.g., sweep or prebend), providing these changes do not affect the blade radius.

In conclusion, given a prescribed circulation distribution, the BEM method will converge to the same inductions and also

the same Kutta—Joukowski thrust and power coefficients, regardless of the blade geometry.

Appendix C: Contribution of non-circulatory force and moment

In this section, we derive the total contribution of non-circulatory forces and moments to the local thrust and power coefficients
under steady-state operational conditions. Although the 1/4 chord line is chosen as the main reference axis for simplicity, the
conclusions presented here are general and can be extended to other main axis definitions as discussed in Sect. 2.8.2.

Non-circulatory forces and moments arise when the airfoil experiences effective motions, specifically: a mid-chord heaving
acceleration (€) perpendicular to the chord line and a torsion rate (9). Under steady-state conditions, these effective motions
are only due to the projection of the rotor’s angular velocity and centrifugal acceleration originating from rotor rotation. The
mid-chord heaving acceleration € is defined to be positive when directed from the pressure side to the suction side of the airfoil.
The torsion rate 6 is defined to be positive in the nose-up direction. The expressions for £ and 6 are given in Egs. (26) and (24),
respectively.

First, there are non-circulatory normal forces perpendicular to the airfoil arise due to mid-chord heaving acceleration and

torsion rate. The corresponding force coefficients are given by:

TCE £

C¥Nne=—=> = —7Tp—, (CD)

N,NC 2‘/;61 0 ‘/;e]
wch ,

CY e = — =7T0. C2
N,NC Wt Lo (C2)
Here, the time constant Tj, is introduced, following literature (Hansen et al., 2004; Bergami and Gaunaa, 2012).

c

To = C3

0= 5y (C3)

Additionally, there are sectional moments due to mid-chord acceleration and torsion rate, with corresponding moment coef-

ficients at the 1/4 chord point being:

meg 1 € 1
Cine =gz =30y, =1 -
wch 1 ; 1
Clline = =gy, = 3100 = 3N -
re
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Summing these components, the total non-circulatory normal force and moment coefficients are:

Cnne = Cie + Cne = 7T (é - 6> : (C6)

’ ’ erel
1 1 :

CM’NC = C?\SIC’NC + C}S;,NC - _ZCN’NC - Z’/TTOG (C7)

Additionally, a non-circulatory drag force due to the torsion rate (Li et al., 2022c) is accounted for:
262 1 .

CB¥ne = — g = — =15 0°. C8
D\NC §V2 5740 (C8)
The non-circulatory lift and drag coefficients at the 1/4 chord point are:

CrL.Nc = CnNeceosay g, (C9)

Cpne = C’N,Ncsinal/4+CgNC. (C10)
These lift and drag increments, together with the moment term, are incorporated into the thrust and power coefficient for-

mulations in Egs. (64) to (66) to determine their net effects:

C
AC L ne = Crxs é,’NC7 (C11)
L
Cpne 1 tang
AC, =C : t *t * C12
t,D,NC LKITE e \cos2 o +tany*tank™ |, (C12)
C
ACy L xe = \Cr éLNC tan g, (C13)
1 1
ACp pNnec=—MCiii Cp.xe + tanptan k™ tany™ |, (C14)
. O ||| \ cos?k*
C strt *
ACy e = —ArC g —=RC ¢ A (C15)

Cr rcosp

It can be further concluded that the non-circulatory lift and drag contribute to both thrust and power, while the non-circulatory
moment only contributes to power. Further, the contribution of the non-circulatory torsion rate drag in Eq. (C8) to thrust is
negligible since its magnitude is much smaller than the lift force. Nevertheless, its contribution to power is still considered in
this study. In addition, approximations are applied, assuming small sweep, prebend and inflow angles. The total contribution

of non-circulatory forces and moments to the local thrust and power coefficients is approximated as:

AC¢nc = AC 1,ne + ACy pNe

_Cix
~ CnNe
Cr

cosav /g +

sina1/4 tanp N N
t t Cl6
2] <cos2w+ e “)] 10

ACyne = AC, e +AC, p e + AC) wrnNe

Cixr
Cr

~ A,

Cn Nesin o1/4+ CtDOiNC B CM,NCCStr tank* ) . (C17)

(CN’NC cosan/4tany - |lt* || cos? Kk* T COS
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C1 Straight blades forming a planar rotor

For the special case where the blade is straight and forms a planar rotor, both the effective sweep angle ¢* and the effective
prebend angle x* are zero. Consequently, the projected effective mid-chord heaving acceleration ¢ and effective torsion rate 0
are also zero. As a result, the contributions of non-circulatory forces and moments to the local thrust and power coefficients are

zero. This is also confirmed numerically in the following sections.

ACS e =0 (C18)
AC =0 (C19)

C2 Blades with only sweep

For the special condition where the blade has sweep but no prebend (x* = 0), the effective torsion rate and the mid-chord
heaving acceleration, given in Eqs. (24) and (26), are simplified assuming both the effective sweep angle y* and the twist
angle (3 are small:

6=0, (C20)
¢ =—0?rsiny*sin B ~ 0. (C21)

Therefore, the total contributions of non-circulatory forces and moments to the thrust and power coefficients are approxi-

mately zero:

ACTRS ~ 0, (C22)
ACSR® 2 0. (C23)

Numerical simulations were performed using the backward swept blades mB-1 to mB-4, whose parameters are listed in
Table 2. Comparisons across different operational conditions, listed in Table 1, confirm these approximations. In addition, the
baseline straight blade is included as a reference. The results for the non-circulatory force and moment contributions to the
local thrust and power coefficients are shown in Fig. C1.

For the baseline straight blade, the total contributions of non-circulatory forces and moments to thrust and power are zero. For
the four backward swept blades, the maximum magnitude of the local thrust and power coefficients due to the non-circulatory

forces and moments is only 5.1 x 10~ and 4.6 x 10~*, respectively, which are negligible.
C3 Blades with only prebend

For the special condition where the blade has prebend but no sweep (¢¥* = 0), the effective torsion rate and the mid-chord

heaving acceleration are:

6 = —Qsink, (C24)
£ =—0’rsinkcosf. (C25)
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Figure C1. Contributions of the non-circulatory forces (a) and moments (b) to the local thrust and power coefficients of the baseline straight

blade and the modified backward swept blades mB-1 to mB-4, at different wind speeds.

Substituting these into Eq. (C6), the non-circulatory normal force coefficient becomes:

Q
Cnxe = —mToQsink (1 - TVCOSB) . (C26)
rel
Assuming that the tangential induction factor a’ is much smaller than 1, the following approximation can be made:
Qr~Qr(l+ad)=Vcosep. (C27)

Further, inserting Eq. (21) and assuming the inflow angle ¢ and the twist angle (3 are both small angles, the non-circulatory

normal force is then approximately zero.

Cnne ~ —mTofdsink (1 — cospcos3) ~ 0 (C28)
Inserting Eq. (C28) into Egs. (C16) and (C17), the contributions to the thrust and power coefficients are approximately zero:
rebend
ACE’NC ~0, (C29)
Cixs [ Chine | Cunectank
Acprebend ~ _)\r , 5 > . C30
pNC CL COSK + 7 COS( (€30)
Inserting Eq. (C28) into Eq. (C7), the non-circulatory moment coefficient is approximated as:
1 .
CuNe = —Zﬂ'Toa. (C31)
Further, inserting Eqgs. (C8) and (C31) into Eq. (C30), the equation is further manipulated to be:
1 - Cigg —Qc ol
ACPRM ~ Z TN, —2 ¢ : C32
pNc ¥ ymlofAr =7 T tank | + reosg (C32)

53



1095

1100

1105

https://doi.org/10.5194/wes-2025-30 WIND
Preprint. Discussion started: 4 March 2025

~
© Author(s) 2025. CC BY 4.0 License. e We \ EZ:EEIT\I%YE

With further substitutions from Eqgs. (62) and (C27) and assuming small inflow angle ¢, the total contribution to the local

power coefficient from non-circulatory forces and moments is approximately zero.

1 - Cixg Qctank 1
A prebend ~——xT 9)\7‘ t,KJ 1— ~ C33
Cpne g o CL % cosZp 0 (©33)

To confirm this numerically, the upwind prebent blades mW-1 to mW-4, with parameters listed in Table 2, at different
operational conditions listed in Table 1 are used for comparison. The contribution of the non-circulatory force and moment to

the local thrust and power coefficients is shown in Fig. C2.

x10° x10°

@ ®)

Acir]

0 20 40 60 80 100 0 20 40 60 80 100
r[m] r[m]

Figure C2. Contributions of the non-circulatory forces (a) and moments (b) to the local thrust and power coefficients of the baseline straight

blade and the modified upwind prebent blades mW-1 to mW-4, at different wind speeds.

For these four upwind prebent blades, the maximum contributions of non-circulatory forces and moments to the local thrust

and power coefficients are only 1.5 x 10~%, which are negligible.
C4 Blades with sweep and prebend combined

For the generalized case where the blade has both sweep and prebend combined, the expression for the mid-chord heaving
acceleration becomes more complex. To simplify the derivation, approximations are firstly applied. Given that both the effective

sweep angle ¢* and the modified twist angle 5* are small, Eq. (26) can be approximated as:
g~ —Q%rsink* cos 3*. (C34)

Substituting Egs. (24) and (C34) into Eq. (C6), the non-circulatory normal force coefficient becomes:

(C35)

Qrcos 3* cosk™
Cnne = —mToQtank* ( s ) .

el Veer

By inserting Eq. (21) and applying the approximation in Eq. (C27), further simplifications are made. Further, assume ",

k*, 0 and the inflow angle ¢ are all small angles for the region where the blade has sweep or prebend, the non-circulatory
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normal force is then approximately zero.

* 1 *
Cnne =~ —mTp{dtank e —pcospcosG* | =0 (C36)

Substituting Eq. (C36) into Egs. (C16) and (C17), the total contributions to the local thrust and power coefficients are:

ACiNnc =0, (C37)
Cixs CP'ne Crrnec™ tank*

AC N =N — : : . C38

PNC Cr <||t*||cos2/-@* T Cos €38

Inserting Eq. (C36) into Eq. (C7), the approximated non-circulatory moment coefficient takes the same form as for the

special case with prebend only:

1
CM,NC ~ _ET‘-TOG. (C39)

Next, substituting Egs. (C8) and (C39) into Eq. (C38), we manipulate the expression further:

1 . Ct KJ Qc CStr
AC, ~——mloN, ——t * — . C40
p.NC qTro Cr, ank Viel||t*]|2 cos? 6*  rcosp (C40)

By assuming ¢* is small and inserting Eq. (7), the norm can be approximated as:

1
cos? k* '

[t*]|? = 14 tan® k* +tan?y* ~ 1 +tan® K" = (C41)

Inserting Egs. (50), (52) and (C27) and assuming the 2-D flow angle ¢ is similar to the inflow angle ¢, so i ~ 1. Furthermore,
assuming «* and ¢ are small angles, the total contribution of the non-circulatory forces and moments to the local power

coefficient becomes approximately zero.

1 . Cixy Q" tan k* 2 1
AC ~ ——mlpfN.— — ~0 C42
PNC 4o CL v cos?k*  cos?p (C42)

To validate these derivations, numerical comparisons were conducted using blades mC-11, mC-55, mC-15 and mC-51 with
sweep and prebend combined. Operational conditions are detailed in Table 1. The contributions of the non-circulatory forces
and moments to the local thrust and power coefficients are shown in Fig. C3.

For these four combined curved blades, the maximum magnitude of contributions of non-circulatory forces and moments to

the local thrust and power coefficients are 7.2 x 10~* and 5.5 x 10~4, respectively, which are negligible.
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Figure C3. Contributions of non-circulatory forces (a) and moments (b) to the local thrust and power coefficients of the baseline straight

blade and the modified curved blades mC-11, mC-55, mC-15, mC-51, at different wind speeds.
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Appendix D: Results of the distributed loads

D1 Straight blades
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Figure D1. Thrust coefficient C; and simplified power coefficient C’p of the baseline straight blade, for wind speeds at 12 ms™* (a), (b); 15
ms~" (¢), (d); and 20 ms ™" (e), (f).
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D2 Blades combining sweep and prebend
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Figure D2. Offset in thrust coefficient AC; and simplified power coefficients Aé'p and AC’p of the original and modified curved blades
C-55-Uv and mC-55-Uv with forward sweep and downwind prebend combined, compared to the baseline straight blade: at 12 ms™* (a), (b);
15ms™? (c), (d); and 20 ms™?! (e), ().
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Figure D3. Offset in thrust coefficient AC, and simplified power coefficients AC), and Aép of the original and modified blades C-15-Uv
and mC-15-Uv with backward sweep and downwind prebend combined, compared to the baseline straight blade: at 12 ms™* (a), (b); 15

ms~?! (c), (d); and 20 ms~? (e), (f).
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Figure D4. Offset in thrust coefficient AC, and simplified power coefficients AC, and Aé’p of the original and modified curved blades

C-51-Uv and mC-51-Uv with forward sweep and upwind prebend combined, compared to the baseline straight blade: at 12 ms™* (a), (b);
15ms™" (c), (d); and 20 ms ™" (e), (f).
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Figure D5. Offset in thrust coefficient AC; and simplified power coefficient Aép of the modified forward swept blades mB-5-Uyv, the

modified downwind prebent blades mW-5-Uyv, the modified curved blade mC-55-Uv with both forward sweep and downwind prebend

combined and the superposition of the sweep and prebend offsets, compared to the baseline straight blade: at 12 ms~! (a), (b); 15 ms™* (c),

(d); and 20 ms™?! (e), ().
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Figure D6. Offset in thrust coefficient AC; and simplified power coefficient Aé’p of the modified backward swept blades mB-1-Uyv, the
modified downwind prebent blades mW-5-Uyv, the modified curved blade mC-15-Uv with both backward sweep and downwind prebend
combined and the superposition of the sweep and prebend offsets, compared to the baseline straight blade: at 12 ms~! (a), (b); 15 ms™* (c),
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Figure D7. Offset in thrust coefficient AC; and simplified power coefficient Aép of the modified forward swept blades mB-5-Uyv, the

modified upwind prebent blades mW-1-Uv, the modified curved blade mC-51-Uv with both forward sweep and upwind prebend combined

and the superposition of the sweep and prebend offsets, compared to the baseline straight blade: at 12 m s7!(a), (b); 15 ms™ ! (¢), (d); and

20ms~? (e), (f).
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