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Abstract. Accurate characterization of anisotropic turbulence in wind-turbine wakes requires spectral models that retain both

directional information and its variation across scales. Although one-dimensional spectra are widely used to compare mea-

sured and simulated wake turbulence, they collapse the underlying wavevector structure and therefore cannot fully describe

the geometry of anisotropic energy organization. We propose a two-dimensional spectral framework based on a bidirectional,

scale-dependent tensorial remapping of the planar wavenumber domain. The model represents the strong anisotropy observed5

at energy-containing scales and its gradual relaxation toward smaller-scale isotropic behavior. This transition is described by

two directional stretch factors that depend jointly on the streamwise and spanwise wavenumbers. The corresponding Jaco-

bian correction ensures that the spectral density is transformed consistently under wavevector mapping. The scale dependence

of the directional stretching is represented by using constrained Bernstein polynomial surfaces. A cumulative softplus pa-

rameterization guaranties boundedness, smoothness, and monotonic decay throughout the optimization. The model is applied10

independently to large-eddy simulation datasets representing wind-turbine wakes under high- and low-turbulence inflow con-

ditions, together with a reference atmospheric boundary-layer case without turbine forcing. Parameters are estimated using a

staged, coarse-to-fine constrained optimization of the planar spectra of the streamwise and wall-normal velocity components.

Component-energy constraints, Jacobian admissibility, and surface-smoothness regularization are included to maintain physi-

cal consistency and numerical robustness. The fitted spectra are also used to generate statistically equivalent synthetic turbulent15

fields to evaluate spatial correlations, integral scales, structure functions, and one-point statistics. The resulting framework pro-

vides an interpretable and computationally practical method for quantifying how turbine wakes and inflow turbulence intensity

modify the directional, scale-dependent organization of turbulent energy.

1 Introduction

Understanding the complex behavior of wind-turbine wakes is essential for improving the performance and productivity of20

wind farms. Wake development governs power losses, turbine–turbine interactions, structural loading, and the rate at which

momentum is transported from the atmospheric boundary layer (ABL) into the wake (Cal et al., 2010). These processes are

strongly influenced by atmospheric turbulence, which is intrinsically anisotropic, inhomogeneous, and scale dependent. In
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turbine-affected flows, the organization of turbulence is further modified by rotor induction, wake rotation, shear production,

tip-vortex dynamics, wake meandering, and stability-dependent recovery. Consequently, a physically meaningful description of25

turbulence must account not only for its intensity, but also for how turbulent energy is distributed among velocity components,

spatial directions, and scales (Ali et al., 2016, 2019).

Spectral analysis provides a natural framework for this purpose because it connects turbulent energy with characteristic

length scales, coherent structures, and dynamical processes across wavenumber or frequency space (Favre, 1965). Atmo-

spheric wind variability extends over a broad range of scales, from synoptic and mesoscale motions to microscale turbulence.30

Early observations established that different scale ranges can exhibit distinct power-law behavior (Vinnichenko, 1970). From

a theoretical perspective, two-dimensional turbulence admits an inverse energy cascade associated with a k−5/3 spectrum,

where k denotes wavenumber, and a forward enstrophy cascade associated with a k−3 spectrum (Kraichnan, 1967). However,

Lindborg (1999) showed that, although the k−3 range may be interpreted consistently in terms of a two-dimensional enstrophy

cascade, the atmospheric k−5/3 range cannot generally be explained as a two-dimensional inverse energy cascade. Related35

scale transitions have also been observed in offshore and boundary-layer wind records. Measurements over water indicate that

mesoscale wind spectra may follow an approximately f−5/3 scaling, where f denotes frequency, before transitioning toward

f−3 behavior at synoptic and planetary scales (Larsén et al., 2013). Cheynet et al. (2018) and Larsén et al. (2016) demonstrated

the usefulness of spectral models for identifying characteristic slopes, transitions, and possible spectral gaps across atmospheric

scales (Syed and Mann, 2024a).40

Most atmospheric and wind-energy spectral analyses nevertheless rely on one-dimensional spectra obtained from temporal

measurements, often through Taylor’s frozen-turbulence hypothesis (Tennekes and Lumley, 1972; Ali and Cal, 2019). Although

convenient, a one-dimensional spectrum collapses the underlying multidimensional wavevector field onto a single coordinate.

Contributions from motions with different lateral or vertical wavenumbers are therefore combined within the same streamwise

spectrum. This projection can obscure spectral peaks, integral scales, and the geometric organization of energy-containing45

structures, particularly at low streamwise wavenumbers (Kelly and Wyngaard, 2006). One-dimensional power-law behavior

may also result from the integration of a more complex two-dimensional spectral distribution and does not, by itself, uniquely

identify the geometry or dynamics of the underlying turbulent structures (Chung et al., 2015). Planar two-dimensional spectra

provide additional information by retaining the joint dependence of spectral energy on two wavevector components and thereby

distinguishing streamwise organization from transverse or wall-normal structure. The need for multidimensional spectral de-50

scriptions is especially pronounced in wind-turbine wakes. Turbine-induced turbulence is not simply an amplified form of the

incoming ABL turbulence. Rotor loading, wake rotation, velocity-deficit shear, coherent tip vortices, and wake meandering

redistribute energy across both scales and directions. The induction region may modify low-wavenumber fluctuations, while

downstream shear-layer growth and enhanced mixing progressively alter the spatial organization of the wake (Placidi et al.,

2023). Wake recovery and coherent-structure evolution also depend strongly on ambient turbulence intensity, atmospheric55

stability, wind shear, veer, and inflow organization (Gouder et al., 2024; Kosović et al., 2026). A streamwise-only spectral

representation cannot determine whether enhanced low-wavenumber energy originates from long streamwise structures, trans-

verse wake motion, wake meandering, or projection of cross-flow fluctuations.
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Modal analyses provide further evidence that wake dynamics are intrinsically multidirectional. Spectral proper orthogonal

decomposition and related coherent-structure methods have identified coupled streamwise, radial, and azimuthal motions in60

turbine wakes, particularly under stability-dependent conditions and active wake control (Yalla et al., 2025). These structures

cannot be fully characterized through one-dimensional spectra alone. At the same time, measurements that resolve turbulent

fluctuations simultaneously in space and time remain limited in field-scale wind-energy applications (de Kat and Ganapathisub-

ramani, 2015). Practical models must therefore balance two competing requirements that they should be sufficiently compact

for use with limited observations and reduced-order descriptions, while retaining enough directional information to repre-65

sent the scale-dependent geometry of anisotropic turbulence (Syed and Mann, 2024a). Recent two-dimensional spectral-tensor

models for marine-atmospheric winds and spectral reconstruction of neutral ABL turbulence demonstrate that this balance is

achievable (Syed and Mann, 2024b; Alreweny et al., 2024).

The interpretation of scale-dependent anisotropy is also connected to long-standing questions concerning the organization

of wall-bounded turbulence. Attached-eddy theories predict self-similar populations of energy-containing structures and char-70

acteristic inertial-range scaling in the logarithmic region (Townsend, 1976; Perry and Chong, 1982; Hunt and Morrison, 2000).

Experimental and particle-image-velocimetry studies have reported evidence of structural self-similarity (Morrison and Kro-

nauer, 1969; Tomkins and Adrian, 2005), whereas other investigations suggest that the streamwise length and transverse width

of energetic structures may not obey strict geometric similarity (Del Álamo and Jiménez, 2009). Part of this ambiguity arises

because one-dimensional spectra can mix contributions from structures with different aspect ratios and orientations (Rosen-75

berg et al., 2013; Davidson et al., 2006). These issues become even more important in turbine wakes, where rotor-induced

shear, rotation, and meandering may modify both the scale and directional organization of the energetic motions. Despite these

considerations, planar two-dimensional spectra remain comparatively underused in wall-bounded turbulence and turbine-wake

analysis (Chandran et al., 2017). Moreover, many existing anisotropic spectral models employ a constant directional stretching

factor, implicitly assuming that the same anisotropy applies across the entire wavenumber domain. Such a representation is re-80

strictive because large energy-containing motions may remain strongly anisotropic while smaller scales progressively approach

a more isotropic state. The rate of this relaxation may also differ between the streamwise and spanwise spectral directions.

A suitable model must therefore permit the anisotropy to evolve across the full planar wavevector domain while preserving

spectral density and maintaining a physically admissible coordinate transformation. The present study addresses this gap by

introducing a bidirectional, scale-dependent tensorial remapping for planar two-dimensional spectra of turbine-affected ABL85

turbulence. The principal contributions of the study are fourfold. First, we formulate a two-dimensional wavevector remapping

that allows anisotropy to vary jointly along both spectral directions rather than through a single constant stretching parameter.

Second, we introduce a physically constrained Bernstein representation that guarantees admissible, smooth, and monotonically

decaying anisotropy surfaces throughout the optimization. Third, the model parameters are estimated using a staged, coarse-to-

fine nonlinear optimization and surface-smoothness regularization. Finally, the fitted spectra are used to generate statistically90

equivalent synthetic turbulent fields, enabling additional assessment through one-point statistics.

The remainder of the paper is organized as follows. Section 2 introduces the two-dimensional wavevector-anisotropy for-

mulation and the scale-dependent spectral remapping. Section 3 presents the parameter-estimation and optimization strategy.
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Section 4 describes the generation and validation of synthetic turbulent fields from the fitted spectra. Section 5 presents the

LES cases, turbine configuration, inflow conditions, and relevant flow parameters. Section 6 evaluates the ability of the model95

to capture directional energy organization, scale-dependent anisotropy. Finally, Section 7 summarizes the main conclusions

and outlines directions for future work.

2 Theory: Two-dimensional wavenumber spectrum model

For a statistically homogeneous flow, let u′i(x) denote velocity fluctuations and the two-point correlation tensor presented as

(Pope, 2000)100

Rij(r) = ⟨u′i(x)u′j(x+ r)⟩, (1)

The three-dimensional (3-D) spectral density tensor Φij(k) is defined by the Fourier pair as

Φij(k) =
1

(2π)3

∫︂

R3

Rij(r)e
−ik·rd3r, Rij(r) =

∫︂

R3

Φij(k)e
ik·rd3k. (2)

The two-dimensional (2-D) spectral tensor on a plane spanned by wavenumber coordinates kp and kq is obtained by integrating

the 3-D tensor over the remaining coordinate ks as105

Φ2D
mn(kp,kq) =

∞∫︂

−∞

Φmn(kp,kq,ks)dks, {p,q,s}= {1,2,3}, m,n ∈ {1,2,3}. (3)

Summing the diagonal yields the 2-D energy spectrum on that plane as

E2D(kp,kq) =
1

2

3∑︂

m=1

Φ2D
mm(kp,kq), (4)

which conserves total energy under planar integration:

∫︂

R2

E2D(kp,kq)dkpdkq =
1

2

3∑︂

m=1

⟨︁
u′2m

⟩︁
. (5)110

When an in-plane radial representation is useful, define kr =
√︂
k2p + k2q and the azimuthally averaged 2-D spectrum as

Er(kr) =
1

2π

2π∫︂

0

E2D(kr,φ)dφ, (6)

where φ is the polar angle in the spectral plane. For anisotropic flows, it is preferable to work with the component-wise planar

variance spectra

E2D
mm(kp,kq) = Φ2D

mm(kp,kq), (7)115
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which satisfy
∫︂

R2

E2D
mm(kp,kq)dkpdkq =

⟨︁
u′2m

⟩︁
. (8)

These component spectra retain directional information and form the basis for the elliptic, scale-dependent anisotropy mod-

eling used later. A practical way to characterize wavevector anisotropy is to introduce a coordinate transform that maps the

measured wavevector coordinates to a baseline coordinate system. Because anisotropy is unlikely to be uniform across the120

inertial subrange—from the outer to the inner scales—we introduce direction-specific, scale-dependent stretch factors µℓ(k)

that measure the departure from the no-remapping limit.

Studies on atmospheric turbulence have revealed distinct behaviors of streamwise velocity at various scales Cheng et al.

(2020). These observations indicate that the statistical properties of eddies vary with direction and thereby violate the axisym-

metric assumption of the spectrum of the horizontal plane. To investigate the characteristics of convective boundary layer flows125

more comprehensively, it is necessary to develop anisotropic models for the wavenumber spectrum. By adopting the notion of

directional anisotropy, it is possible to develop a quantitative model for the anisotropic spectrum that pertains to the streamwise

velocity. The directional anisotropy can be determined by means of a scale-by-scale analysis of the ratio of the second-order

moments (Narita, 2017). The spectral moment method allows for the automatic determination of the ratio of the major to minor

axis anisotropy through consideration of the second-order moment. In contrast to conventional anisotropic models based on130

a single constant stretching factor, we introduce a bidirectional scale-dependent tensorial remapping in spectral space. The

central idea is that turbulence is strongly anisotropic at large scales and gradually approaches isotropy toward smaller scales,

but this relaxation need not occur only along the streamwise direction. Instead, the anisotropy may vary across the full planar

spectral domain, and therefore the remapping must depend on both wavenumber components. Let the planar wavenumber

vector be135

k= (k1,k2)
⊤, (9)

where k1 = kx denotes the streamwise wavenumber and k2 = ky the spanwise wavenumber on the horizontal measurement

plane. We define a transformed spectral coordinate

κ=T(k), (10)

such that the measured anisotropic spectrum is represented as a remapped version of baseline component spectra in transformed140

coordinates, derived from an isotropic spectral-tensor form. To describe the gradual return to isotropy along both spectral

directions, we introduce the normalized logarithmic scale variables as

ˆ︁qi(ki) =

⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

0, 0< ki ≤ kf,i,

ln(ki/kf,i)

ln(ks,i/kf,i)
, kf,i < ki < ks,i,

1, ki ≥ ks,i,

i ∈ {1,2}, (11)
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where kf,i = 2π/Lf,i denotes the forcing wavenumber associated with the large energy-containing scale in direction i, and

ks,i is the wavenumber beyond which the turbulence is assumed to be effectively isotropic in that direction. Thus, ˆ︁qi = 0145

corresponds to the largest dynamically active scales, while ˆ︁qi = 1 corresponds to the onset of effective isotropy. For each

principal direction ℓ ∈ {1,2}, we define the anisotropy factor by

µℓ(k) = 1+ (µℓ,max − 1)Ψℓ(ˆ︁q1(k1),ˆ︁q2(k2)) , (12)

where µℓ,max > 1 denotes the large-scale anisotropy level in principal direction ℓ, and Ψℓ : [0,1]
2 → [0,1] is a bivariate decay

function satisfying150

∂Ψℓ

∂q1
≤ 0,

∂Ψℓ

∂q2
≤ 0, (q1, q2) ∈ [0,1]2. (13)

Hence, the anisotropy is strongest at the large-scale corner (q1, q2) = (0,0) and decreases monotonically as either coordinate

moves toward the small-scale regime. The full isotropic no-remapping limit is attained at the corner (q1, q2) = (1,1), where

µ1 = µ2 = 1, without requiring the anisotropy to vanish identically along the edges q1 = 1 or q2 = 1. Thus, residual anisotropy

may persist when one spectral direction has reached the small-scale regime while the other has not. We represent Ψℓ using a155

low-order bivariate Bernstein polynomial family,

Ψℓ(q1, q2) =

N1∑︂

i=0

N2∑︂

j=0

c
(ℓ)
ij B

(N1)
i (q1)B

(N2)
j (q2), (14)

where

B
(N1)
i (q1) =

(︃
N1

i

)︃
qi1(1− q1)

N1−i, B
(N2)
j (q2) =

(︃
N2

j

)︃
qj2(1− q2)

N2−j . (15)

To guarantee physical admissibility, we impose the coefficient constraints160

c
(ℓ)
00 = 1, c

(ℓ)
N1,N2

= 0, (16)

and

0≤ c
(ℓ)
ij ≤ 1, c

(ℓ)
i+1,j ≤ c

(ℓ)
ij , c

(ℓ)
i,j+1 ≤ c

(ℓ)
ij . (17)

These conditions ensure that Ψℓ decays monotonically in both spectral directions while satisfying the corner conditions

Ψℓ(0,0) = 1 and Ψℓ(1,1) = 0. In contrast to the more restrictive edge-vanishing formulation, this allows residual anisotropy165

when one spectral direction has reached the small-scale regime while the other has not. The partial derivatives of Ψℓ are

∂Ψℓ

∂q1
=N1

N1−1∑︂

i=0

N2∑︂

j=0

(︂
c
(ℓ)
i+1,j − c

(ℓ)
ij

)︂
B

(N1−1)
i (q1)B

(N2)
j (q2), (18)

∂Ψℓ

∂q2
=N2

N1∑︂

i=0

N2−1∑︂

j=0

(︂
c
(ℓ)
i,j+1 − c

(ℓ)
ij

)︂
B

(N1)
i (q1)B

(N2−1)
j (q2). (19)
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Because the Bernstein basis functions are non-negative and the coefficient increments are non-positive by Eq. (17), it follows170

that

∂Ψℓ

∂q1
≤ 0,

∂Ψℓ

∂q2
≤ 0. (20)

The derivatives of the normalized logarithmic scale variables are

∂ˆ︁qi
∂ki

=

⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

0, 0< ki ≤ kf,i,

1

ki ln(ks,i/kf,i)
, kf,i < ki < ks,i,

0, ki ≥ ks,i,

i ∈ {1,2}. (21)

Therefore, by the chain rule,175

∂µℓ

∂k1
= (µℓ,max − 1)

∂Ψℓ

∂q1
(ˆ︁q1(k1),ˆ︁q2(k2))

∂ˆ︁q1
∂k1

, (22)

∂µℓ

∂k2
= (µℓ,max − 1)

∂Ψℓ

∂q2
(ˆ︁q1(k1),ˆ︁q2(k2))

∂ˆ︁q2
∂k2

. (23)

Within the transition region kf,1 < k1 < ks,1 and kf,2 < k2 < ks,2, these reduce to

∂µℓ

∂k1
=

µℓ,max − 1

k1 ln(ks,1/kf,1)

∂Ψℓ

∂q1
, (24)180

∂µℓ

∂k2
=

µℓ,max − 1

k2 ln(ks,2/kf,2)

∂Ψℓ

∂q2
. (25)

Hence,

∂µℓ

∂k1
≤ 0,

∂µℓ

∂k2
≤ 0, (26)

which means that anisotropy weakens monotonically as either spectral coordinate increases. The anisotropy is described by the185

positive-definite stretch tensor

A(k) =R(θ)

⎛
⎝µ1(k) 0

0 µ2(k)

⎞
⎠R⊤(θ), (27)

where R(θ) is the planar rotation matrix. If the principal axes of anisotropy are aligned with the (k1,k2) axes, then θ = 0 and

Eq. (27) reduces to

A(k) =

⎛
⎝µ1(k) 0

0 µ2(k)

⎞
⎠ . (28)190
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In the applications considered here, the spectral axes are taken to coincide with the streamwise and spanwise directions.

Accordingly, θ = 0 is fixed rather than estimated; the rotated form in Eq. (27) is retained as a general extension for datasets

with tilted spectral principal axes. The associated metric tensor is

G(k) =A⊤(k)A(k), (29)

which is symmetric positive-definite by construction. In the aligned case, the metric tensor is written as195

G(k) =

⎛
⎝µ

2
1(k) 0

0 µ2
2(k)

⎞
⎠ . (30)

The directional stretch formulation above can be rewritten in invariant form by separating isotropic dilation from anisotropic

shape. Define

a(k) =
√︁
µ1(k)µ2(k), γ(k) =

1

2
ln

(︃
µ1(k)

µ2(k)

)︃
. (31)

Then200

µ1(k) = a(k)eγ(k), µ2(k) = a(k)e−γ(k), (32)

and the stretch tensor may be written equivalently as

A(k) = a(k)R(θ)

⎛
⎝e

γ(k) 0

0 e−γ(k)

⎞
⎠R⊤(θ). (33)

This decomposition shows that the original remapping contains three distinct ingredients, including an isotropic dilation field

a(k), an anisotropy magnitude field γ(k), and an orientation angle θ. Substituting Eq. (33) into Eq. (29) yields205

G(k) = a2(k)R(θ)

⎛
⎝e

2γ(k) 0

0 e−2γ(k)

⎞
⎠R⊤(θ). (34)

Normalizing by the determinant removes the isotropic scale and isolates the pure anisotropic shape as

B(k) =
G(k)

det(G(k))1/2
=R(θ)

⎛
⎝e

2γ(k) 0

0 e−2γ(k)

⎞
⎠R⊤(θ). (35)

Thus, γ(k) provides an invariant measure of anisotropy, while a(k) captures the isotropic part of the remapping. An invariant

scalar anisotropy measure is defined as210

I2(k) =
1

2
tr
[︂(︁

logB(k)
)︁2]︂

= 4γ2(k). (36)

Hence, γ(k) = 0, or equivalently µ1(k) = µ2(k), corresponds to an isotropic shape of the remapping. The full isotropic no-

remapping limit is recovered only when, in addition, a(k) = 1, so that µ1(k) = µ2(k) = 1. We then define the transformed

wavevector by

8
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κ(k) =A(k)k. (37)215

In the aligned case, the components of the wavevector is presented as

κ1 = µ1(k)k1, κ2 = µ2(k)k2. (38)

Thus, the transformed magnitude becomes

κ= ∥κ∥=
√︂
k⊤G(k)k=

√︂
µ2
1(k)k

2
1 +µ2

2(k)k
2
2. (39)

Because the remapping depends on both k1 and k2, the Jacobian of the transformation must be computed with respect to the220

full planar wavevector. In compact form,

∇kT(k) =A(k)+

[︃
∂A

∂k1
k,
∂A

∂k2
k

]︃
, (40)

and therefore

Js(k) = det(∇kT(k)) , (41)

where Js denotes the signed determinant. In the aligned case θ = 0, the Jacobian matrix becomes225

∂(κ1,κ2)

∂(k1,k2)
=

⎛
⎜⎜⎝
µ1(k)+ k1

∂µ1

∂k1
k1
∂µ1

∂k2

k2
∂µ2

∂k1
µ2(k)+ k2

∂µ2

∂k2

⎞
⎟⎟⎠ , (42)

so that

Js(k1,k2) =

(︃
µ1 + k1

∂µ1

∂k1

)︃(︃
µ2 + k2

∂µ2

∂k2

)︃
− k1k2

∂µ1

∂k2

∂µ2

∂k1
. (43)

The non-negative density-transformation factor used in the modeled spectra is

J(k1,k2) = |Js(k1,k2)| . (44)230

This is the key extension relative to the one-dimensional model that the Jacobian is no longer triangular, and a genuine cross-

coupling term appears through the mixed directional dependence of the anisotropy factors. The remapping k ↦→ κ(k) is locally

one-to-one and orientation-preserving under the following conditions

µ1(k)> 0, µ2(k)> 0, det(∇kT(k))> 0 (45)
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for all k in the fitting domain. In the aligned case, a sufficient set of conditions is235

µ1 + k1
∂µ1

∂k1
> 0, µ2 + k2

∂µ2

∂k2
> 0, (46)

together with
(︃
µ1 + k1

∂µ1

∂k1

)︃(︃
µ2 + k2

∂µ2

∂k2

)︃
> k1k2

∂µ1

∂k2

∂µ2

∂k1
. (47)

These conditions prevent folding of the spectral map. Now, let ˜︁Eu(κ) and ˜︁Ew(κ) denote baseline component spectra in the

transformed coordinates. We adopt von Kármán-type component forms, derived from an isotropic spectral-tensor baseline and240

supplemented by a dissipation-range correction, as (Glegg and Devenport, 2017)

˜︁Eu(κ) =
Au

18π

u′2

k2e

3+3(κ1/ke)
2 +11(κ2/ke)

2

[1+ (κ/ke)2]
7/3+β

D(κ), (48)

˜︁Ew(κ) =
4Aw

9π

w′2

k2e

(κ/ke)
2

[1+ (κ/ke)2]
7/3+β

D(κ), (49)

where245

D(κ) = exp
{︂
−ξ

(︂[︁
(κη)4 + c4η

]︁1/4 − cη

)︂}︂
. (50)

For admissible remappings satisfying Js(k)> 0, the anisotropic planar spectra are defined by evaluating the baseline compo-

nent spectra at the transformed coordinates and multiplying by the non-negative density factor J(k) = |Js(k)| as

EM
u (k1,k2) = ˜︁Eu(κ(k1,k2)) J(k1,k2), (51)

250

EM
w (k1,k2) = ˜︁Ew(κ(k1,k2)) J(k1,k2). (52)

Eqs. (51)–(52) preserve the full bidirectional scale dependence of the anisotropy inside the spectrum and eliminate the need

for any centroid-based reduction to a single effective parameter. Let ED
u and ED

w denote the measured planar spectra, and EM
u ,

EM
w the corresponding model spectra. For the implementation used in this study, the active parameter vector is

Θ=
{︂
Au,Aw,ke,β,η,ξ,cη,µ1,max,µ2,max,ϑ

(1),ϑ(2),kf,1,ks,1,kf,2,ks,2

}︂
, (53)255

where the admissible Bernstein matrices are derived as C(ℓ) = C(ϑ(ℓ)) from unconstrained raw variables through the cumulative-

softplus construction described below. The rotation angle is fixed at θ = 0 for all reported fits. We define the joint objective

function

L(Θ) = λuLu +λwLw +λELE +λJLJ +λSLS . (54)
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The spectral mismatch terms are measured in logarithmic space as260

Lu =

Nk1∑︂

m=1

Nk2∑︂

n=1

Wmn

[︁
log

(︁
ED

u (k1,m,k2,n)+ ε
)︁
− log

(︁
EM

u (k1,m,k2,n)+ ε
)︁]︁2

, (55)

Lw =

Nk1∑︂

m=1

Nk2∑︂

n=1

Wmn

[︁
log

(︁
ED

w (k1,m,k2,n)+ ε
)︁
− log

(︁
EM

w (k1,m,k2,n)+ ε
)︁]︁2

. (56)

Here, ε > 0 is a small regularization constant and Wmn are optional spectral weights. In the implementation, the energy targets

are the discrete integrals of the measured, windowed spectra,265

σ2
u,D =

∑︂

m,n

ED
u (k1,m,k2,n)∆k1∆k2, σ2

w,D =
∑︂

m,n

ED
w (k1,m,k2,n)∆k1∆k2. (57)

To enforce consistency with these measured spectral variances, we add the energy constraint

LE =

[︄∑︁
m,nE

M
u (k1,m,k2,n)∆k1∆k2 −σ2

u,D

σ2
u,D

]︄2

+

[︄∑︁
m,nE

M
w (k1,m,k2,n)∆k1∆k2 −σ2

w,D

σ2
w,D

]︄2

. (58)

The admissibility of the remapping is enforced through the Jacobian penalty as

LJ =
∑︂

m,n

[min(0, det(∇kT(kmn)))]
2
. (59)270

Here the penalty is applied to the signed determinant rather than to its absolute value, since local admissibility requires the

remapping to be orientation-preserving. In the aligned case, Eq. (59) becomes

LJ =
∑︂

m,n

[︃
min

(︃
0,

(︃
µ1 + k1

∂µ1

∂k1

)︃(︃
µ2 + k2

∂µ2

∂k2

)︃
− k1k2

∂µ1

∂k2

∂µ2

∂k1

)︃]︃2
. (60)

To avoid overfitting of the anisotropy surface, we regularize the bivariate Bernstein coefficients using a two-dimensional

smoothness penalty as275

LS =

2∑︂

ℓ=1

(︂
L(ℓ)
11 +L(ℓ)

22 +2L(ℓ)
12

)︂
, (61)

where

L(ℓ)
11 =

N1−2∑︂

i=0

N2∑︂

j=0

(︂
c
(ℓ)
i+2,j − 2c

(ℓ)
i+1,j + c

(ℓ)
ij

)︂2

, (62)

L(ℓ)
22 =

N1∑︂

i=0

N2−2∑︂

j=0

(︂
c
(ℓ)
i,j+2 − 2c

(ℓ)
i,j+1 + c

(ℓ)
i,j

)︂2

, (63)280
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L(ℓ)
12 =

N1−1∑︂

i=0

N2−1∑︂

j=0

(︂
c
(ℓ)
i+1,j+1 − c

(ℓ)
i+1,j − c

(ℓ)
i,j+1 + c

(ℓ)
i,j

)︂2

. (64)

The resulting optimization problem is defined as

Θ⋆ = argmin
Θ

L(Θ), (65)

subject to285

Au > 0, Aw > 0, ke > 0, η > 0, ξ > 0, cη > 0, µ1,max > 1, µ2,max > 1, (66)

and the coefficient constraints in Eqs. (16)–(17). In the numerical implementation, the coefficient inequalities in Eqs. (16)–(17)

are not imposed directly on the optimizer. Instead, the Bernstein matrices are generated from unconstrained raw variables using

a doubly cumulative softplus parameterization. This construction enforces the corner-only isotropic limit and coordinatewise

monotonicity at every optimizer iteration while still allowing residual anisotropy along the edges q1 = 1 or q2 = 1.290

3 Parameter estimation and optimization strategy

The proposed anisotropic spectral model is estimated independently for the WT–HTI, WT–LTI, and ABL datasets as a con-

strained nonlinear inverse problem. LetED
u (k1,k2) andED

w (k1,k2) denote the measured one-sided, quadrant-folded spectra of

the streamwise and wall-normal velocity fluctuations, respectively. In the implementation, the first spatial coordinate is cropped

to 120 points, the temporal mean is removed at every spatial location, and the data are permuted to the streamwise–spanwise295

plane. A periodic Hann window is then applied in both spatial directions, followed by a two-dimensional Fourier transform,

exact folding of all reflected modes into the positive quadrant, window-power correction, time averaging, and normalization

by ∆k1∆k2. The resulting spectra are therefore finite-window, locally homogeneous descriptions of the selected LES planes

rather than spectra of a globally homogeneous wake. The corresponding model spectra are denoted by EM
u (k1,k2;Θ) and

EM
w (k1,k2;Θ), where Θ is the vector of active model parameters. They are obtained by applying the bidirectional anisotropic300

remapping to baseline component spectra in the transformed coordinates and multiplying by J = |Js|, so that the spectral

density is transformed consistently in wavenumber space. The parameter vector is divided into physically interpretable blocks,

Θ= {Θamp,Θiso,Θaniso,Θgeom}, (67)

where305

Θamp = {Au,Aw} , (68)

contains the component-wise amplitude parameters. The baseline component spectra are controlled by

Θiso = {ke,β,η,ξ,cη} . (69)
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The anisotropic part of the model is controlled by

Θaniso =
{︂
µ1,max,µ2,max,ϑ

(1),ϑ(2)
}︂
, (70)310

where the Bernstein coefficient matrices are derived from the unconstrained raw vectors ϑ(ℓ). Finally,

Θgeom = {kf,1,ks,1,kf,2,ks,2,} (71)

contains the active geometric parameters of the remapping. The rotation angle is fixed at θ = 0 and is therefore not included

in Θ. Thus, the block representation above is identical to the active parameter vector in Eq. (53). The same model structure,

parameter bounds, and fitting workflow are applied separately to the three datasets.315

The parameters are estimated by minimizing the composite objective function in Eq. (54). The spectral-shape mismatch

is measured in logarithmic space because the spectra vary over several orders of magnitude. Forty logarithmic radial bands

are assigned equal total weight, preventing the much larger number of high-wavenumber Cartesian cells from dominating the

objective. The energy-consistency term constrains the modeled spectra to preserve the discrete spectral variances defined in

Eq. (57). The Jacobian penalty enforces physical admissibility of the spectral remapping. A negative signed determinant Js320

would indicate a locally folded or orientation-reversing transformation; therefore, only negative values of Js are penalized as

LJ =
∑︂

m,n

[min(Js,mn,0)]
2
. (72)

This term does not penalize large positive Jacobian directly. Instead, it specifically discourages nonphysical mappings that

violate local orientation preservation. The final term regularizes the Bernstein coefficient surfaces that define the anisotropy-

decay functions. For each principal direction ℓ ∈ {1,2}, second differences in the two coordinate directions and the mixed325

second difference are penalized as

LS =
2∑︂

ℓ=1

[︃⃦⃦
⃦∆11C

(ℓ)
⃦⃦
⃦
2

F
+
⃦⃦
⃦∆22C

(ℓ)
⃦⃦
⃦
2

F
+2

⃦⃦
⃦∆12C

(ℓ)
⃦⃦
⃦
2

F

]︃
. (73)

Here, (| · |F ) denotes the Frobenius norm. This smoothness penalty suppresses spurious oscillations in the fitted anisotropy

surfaces and improves identifiability by discouraging overly irregular scale-dependent corrections that may fit noise rather than

physical structure. All physical constraints are imposed through smooth reparameterizations rather than by directly imposing330

hard constraints on the numerical optimizer. Positive parameters are optimized in logarithmic form. For example, a positive

scalar parameter p > 0 is represented as

p= exp(x), (74)

where x ∈ R is the unconstrained optimization variable. Bounded parameters are mapped through a sigmoid transformation,

p= pmin +
pmax − pmin

1+ exp(−x) , (75)335

which guarantees pmin < p < pmax. The large-scale anisotropy levels are represented so that µℓ,max > 1, ensuring that the

remapping corresponds to an anisotropic stretching relative to the isotropic limit. The Bernstein coefficient matrices are also not
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optimized directly. Instead, unconstrained variables are transformed through a cumulative softplus construction. Let ϑ(ℓ)ij ∈ R

be unconstrained raw variables and define non-negative increments

d
(ℓ)
ij = softplus

(︂
ϑ
(ℓ)
ij

)︂
= log

(︂
1+ exp

(︂
ϑ
(ℓ)
ij

)︂)︂
≥ 0, (76)340

with the corner increment fixed as d(ℓ)00 = 0. A cumulative surface is then formed as

Q
(ℓ)
ij =

i∑︂

p=0

j∑︂

q=0

d(ℓ)pq . (77)

The admissible Bernstein coefficients are obtained from

c
(ℓ)
ij = 1−

Q
(ℓ)
ij

Q
(ℓ)
N1,N2

. (78)

This construction guarantees the conditions in Eqs. (16)–(17). Thus, every iterate of the optimizer corresponds to a physi-345

cally admissible monotone anisotropy-decay surface. This is advantageous because the optimizer searches in an unconstrained

Euclidean parameter space while the transformed parameters always satisfy the theoretical constraints of the model. The op-

timization itself is performed hierarchically using a staged multi-resolution strategy. In the first stage, the isotropic backbone

is fitted with the anisotropic remapping disabled. This stage estimates the amplitude parameters and the isotropic spectral roll-

off before directional spectral distortions are introduced. A variance-matching warm start is used for the amplitudes Au and350

Aw, which improves the initial scaling of the model spectra and reduces the burden on the subsequent nonlinear optimiza-

tion. In the second stage, the baseline backbone is frozen and the anisotropic and active geometric parameters are optimized.

This includes the large-scale anisotropy levels µ1,max and µ2,max, the raw Bernstein variables that generate C(1) and C(2),

and the four transition wavenumbers. The rotation angle remains fixed at θ = 0. This stage identifies the bidirectional, scale-

dependent deformation of the spectral coordinates while avoiding simultaneous compensation between the baseline spectral355

shape and the anisotropic remapping. In the third stage, all active parameters are jointly refined. This final refinement allows

the isotropic backbone and the anisotropic correction to adjust consistently after the dominant anisotropic structure has already

been identified.

The staged procedure therefore improves robustness relative to a single all-at-once optimization, which is more sensitive

to local minima and parameter degeneracy. Each optimization stage is solved using the coarse-to-fine decimation sequence.360

The procedure begins on a block-averaged spectral grid, which captures the dominant large-scale spectral structure at reduced

computational cost while approximately preserving the integrated spectral energy. The resulting parameter estimate is then

used as the initialization for progressively finer grids, allowing the model to refine the anisotropy field and high-wavenumber

behavior. This strategy improves numerical stability, reduces sensitivity to noise in the measured spectra, and helps avoid

poor local minima. At each resolution level, the objective function is minimized using the L-BFGS-B algorithm. Although365

the physical constraints are already enforced by reparameterization, L-BFGS-B provides an efficient quasi-Newton update

for the resulting nonlinear least-squares problem. If the L-BFGS-B step fails or produces an objective value worse than the

starting point, a Nelder–Mead fallback is used as a derivative-free recovery step. After the staged and multi-resolution fitting

is complete, the final parameter set is evaluated on the full spectral grid.
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4 From fitted spectra to synthetic turbulence370

The fitted planar spectra provide more than a compact description of the LES data in wavenumber space. They can also be used

directly to generate synthetic velocity fields with prescribed spatial organization (Ali et al., 2024). Let c ∈ {u,w} denote either

the streamwise or wall-normal velocity fluctuation; throughout this section, the prime is suppressed in the generic symbol c. Let

EM
c (k1,k2) be its fitted two-dimensional spectrum. Because the present model contains only the two component auto-spectra

and no uw cross-spectrum, the u′ andw′ fields are synthesized independently; consequently, the synthetic Reynolds shear stress375

⟨u′w′⟩ is zero by construction. Under the assumptions of statistical homogeneity and Gaussianity, this spectrum completely

determines the second-order spatial statistics and, consequently, the joint probability law of the corresponding random field.

This connection makes it possible to evaluate the spectral model in physical space. Synthetic realizations generated from EM
c

can be compared with the LES using statistics that were not included explicitly in the fitting objective, such as two-point

correlations, integral length scales, and structure functions. These comparisons therefore provide an out-of-sample assessment380

of whether the fitted anisotropy reproduces the spatial dimensions and directional organization of the turbulent structures. A

Gaussian spectral construction, however, cannot reproduce the skewness, heavy tails, or intermittency observed in the LES

velocity distributions. To address this limitation, the Gaussian field is subsequently transformed using a monotone translation

process. Two alternatives are considered, including a low-order Hermite transformation that matches prescribed skewness

and kurtosis, and an empirical rank transformation that reproduces the complete one-point distribution. Because a nonlinear385

pointwise transformation modifies spatial correlations, the Gaussian spectrum is pre-distorted before the transformation is

applied. This correction allows the final non-Gaussian field to retain the fitted spectrum to a controlled numerical accuracy.

4.1 Gaussian synthesis from the fitted spectrum

4.1.1 Unfolding the quadrant spectrum

The measured and modeled spectra use a one-sided, quadrant-folded convention. Under this convention, all distinct Fourier390

modes related by reflection are accumulated in the same positive-quadrant cell (|k1|, |k2|). Synthetic field generation, by con-

trast, requires a spectral density over the complete discrete wavenumber plane. The fitted spectrum must therefore be unfolded

before the Fourier coefficients are generated. Let Sc(k), with k= (k1,k2), denote the full-plane spectral density, and define

the set of distinct reflected modes

O(k1,k2) = {(s1k1,s2k2) : s1,s2 ∈ {−1,1}} .395

The corresponding folded spectrum is

EM
c (k1,k2) =

∑︂

k′∈O(k1,k2)

Sc(k
′), k1,k2 ≥ 0, (79)

where repeated points on the coordinate axes, the origin, and Nyquist lines are counted only once. For a real-valued field,

the full-plane density satisfies the Hermitian symmetry implied by Sc(−k) = Sc(k). The present model is also reflection
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symmetric with respect to the coordinate axes. Consequently, an interior positive-quadrant mode represents four distinct full-400

plane modes, whereas a mode on one coordinate axis represents only two. The origin, as well as a discrete Nyquist mode, is

its own reflection image. Consider a spatial grid containing N1 ×N2 points with spacings ∆x1 and ∆x2. The corresponding

wavenumber increments and Nyquist wavenumbers are

∆ki =
2π

Ni∆xi
, kNyq,i =

π

∆xi
, i ∈ {1,2}. (80)

The full-plane density is then recovered from the fitted quadrant spectrum as405

Sc(k) =
EM

c

(︁
|k1|, |k2|

)︁

m1(k1)m2(k2)
, mi(ki) =

⎧
⎪⎨
⎪⎩
1, ki = 0 or ki = kNyq,i,

2, otherwise,
(81)

where Sc(0) is set to zero to enforce a zero-mean fluctuation field. Correct treatment of the axis and Nyquist modes is necessary

for discrete energy conservation. With the multiplicities in Eq. (81), the full-plane Parseval sum reproduces the energy contained

in the folded spectrum without introducing a boundary-counting error.

4.1.2 Spectral filtering of Gaussian white noise410

We adopt the discrete Fourier-transform convention

ˆ︁c(k) =
∑︂

x

c(x)e−ik·x, c(x) =
1

N1N2

∑︂

k

ˆ︁c(k)eik·x. (82)

For this normalization, Parseval’s identity gives

c2 ≡ 1

N1N2

∑︂

x

c2(x) =
1

(N1N2)2

∑︂

k

|ˆ︁c(k)|2 . (83)

Let z(x) be a field of independent standard normal random variables, and let ˆ︁Z(k) denote its discrete Fourier transform. Its415

Fourier coefficients satisfy

E
[︂
ˆ︁Z(k) ˆ︁Z∗(k′)

]︂
=N1N2 δkk′ . (84)

A realization with the target spectral density Sc(k) is obtained by filtering these coefficients according to

ˆ︁c(k) = ˆ︁Z(k)Hc(k), Hc(k) =
√︁
N1N2Sc(k)∆k1∆k2, c= F−1 [ˆ︁c] . (85)

It follows that420

E
[︂
|ˆ︁c(k)|2

]︂
= (N1N2)

2Sc(k)∆k1∆k2. (86)

Substitution into Eq. (83) yields

E
[︂
c2
]︂
=
∑︂

k

Sc(k)∆k1∆k2, (87)
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showing that the ensemble variance of the synthetic field is equal to the discrete integral of the fitted spectrum. Because the

filter is applied to a real Gaussian noise field, the Fourier coefficients inherit the required Hermitian symmetry. The inverse425

transform is therefore real to numerical precision, without discarding an independently generated imaginary component. The

resulting field is also exactly Gaussian because it is obtained through a linear transformation of Gaussian random variables.

For non-self-conjugate modes, the filtered Fourier coefficient is a circularly symmetric complex Gaussian variable. Its phase

is uniformly distributed and its amplitude follows a Rayleigh distribution. The procedure is therefore equivalent to a spectral-

representation method with random amplitudes and phases (Shinozuka and Deodatis, 1991). In contrast to fixed-amplitude430

spectral constructions, Gaussianity is retained for any finite number of Fourier modes rather than only in an asymptotic sense.

The target spectrum is recovered exactly in the ensemble mean, but the periodogram of an individual realization fluctuates

around that mean. For a Gaussian field, the modal energy |ˆ︁c(k)|2 is exponentially distributed and consequently has a relative

standard deviation of 100% for an individual mode. This sampling variability decreases when spectra are averaged over neigh-

boring modes, wavenumber rings, or independent realizations. Synthetic fields should therefore be processed using the same435

windowing, folding, and averaging operations applied to the LES. Because the underlying spectrum of the synthetic field is

known, this comparison also helps distinguish spectral-estimator bias from deficiencies in the fitted model itself.

4.1.3 Physical-space validation

The spectral fitting procedure minimizes a weighted mismatch in wavenumber space. Correlations, integral scales, and structure

functions are not fitted independently and can therefore be used to assess the physical-space implications of the model. Under440

the periodic and homogeneous assumptions used for synthesis, the normalized two-point correlation is obtained from the

full-plane density through the discrete Wiener–Khinchin relation,

ρc(r) =
1

c2

∑︂

k

Sc(k)e
ik·r∆k1∆k2. (88)

Directional integral length scales can then be defined as

L(i)
c =

r0,i∫︂

0

ρc(rei)dr, i ∈ {1,2}, (89)445

where r0,i is the first zero crossing of the correlation in direction ei. The integration is restricted to separations smaller than half

the domain length to prevent contamination by periodic wrap-around. For a homogeneous field, the directional second-order

structure function is directly related to the correlation:

D
(i)
2,c(r) =

⟨︂
[c(x+ rei)− c(x)]

2
⟩︂
= 2c2 [1− ρc(rei)] . (90)

Applying identical estimators to the LES and synthetic ensembles provides a consistent comparison at small and intermediate450

separations, even though the LES planes are not perfectly homogeneous or periodic. Agreement in the ratio L(1)
c /L

(2)
c , together

with agreement in the directional decay of ρc, indicates that the fitted anisotropy reproduces the physical elongation and

orientation of the turbulent structures. Differences at the largest separations are expected to be more sensitive to finite-domain

effects, spatial inhomogeneity, and the low-wavenumber axis modes excluded from the spectral fit.
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4.2 Non-Gaussian synthesis by translation processes455

The Gaussian construction reproduces the fitted second-order statistics but cannot represent non-Gaussian one-point behav-

ior. LES velocity fluctuations may exhibit skewness, sharp central peaks, heavy tails, and intermittent extreme events. These

characteristics can be introduced through a translation process (Grigoriu, 1998), in which an underlying Gaussian field is

transformed pointwise as

c(x) = σch(g(x)) , g ∼N (0,1), (91)460

where the transformation h is selected such that

E[h(g)] = 0, Var[h(g)] = 1. (92)

The map is required to be non-decreasing so that the ordering of the Gaussian samples is preserved and the transformation

defines a valid correspondence between Gaussian and target quantiles. The function h controls the one-point probability dis-

tribution, whereas the correlation structure of g controls the spatial dependence. These two properties cannot be prescribed465

independently without correction. A nonlinear pointwise transformation changes the correlation function and therefore mod-

ifies the spectrum. The correlation distortion can be quantified explicitly using a Hermite expansion, which then provides a

practical means of pre-distorting the Gaussian field before applying the transformation.

4.2.1 Correlation distortion and spectral pre-distortion

Expand the standardized transformation in the orthonormal probabilists’ Hermite basis470

ψn(g) =
Hen(g)√

n!
, E[ψn(g)ψm(g)] = δnm, (93)

so that

h(g) =

∞∑︂

n=0

αnψn(g), αn = E[h(g)ψn(g)] . (94)

For two jointly Gaussian variables g and g′ with correlation ρg , Mehler’s identity gives

E[ψn(g)ψm(g′)] = δnmρ
n
g . (95)475

The correlation-transfer function associated with h is therefore

Th(ρg) =
∞∑︂

n=1

ωnρ
n
g , ωn =

α2
n

∞∑︂

m=1

α2
m

, ωn ≥ 0,

∞∑︂

n=1

ωn = 1. (96)

Several useful properties follow from this representation. First, Th(1) = 1, so perfect positive correlation is preserved. Second,

the mapping is monotone on the positive-correlation interval and can therefore be inverted. Third,

Th(ρg)≤ ρg, 0≤ ρg ≤ 1, (97)480
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which shows that a nonlinear pointwise transformation generally weakens positive correlations. For negative correlations, the

attainable lower limit is

Th(−1) =

∞∑︂

n=1

ωn(−1)n >−1. (98)

A target correlation below this limit cannot be generated by the selected translation map. This is the classical correlation bound

associated with translation processes. To preserve the fitted target spectrum, the correlation distortion is removed through485

spectral pre-distortion. Let ρtarc (r) be the target correlation obtained from the fitted spectrum using Eq. (88). At each spatial

lag, the required Gaussian correlation is found by solving

ρtarc (r) =

nmax∑︂

n=1

ωn [ρg(r)]
n
. (99)

The complete synthesis procedure begins by constructing the transformation h and computing its Hermite coefficients αn

up to the prescribed order nmax, while recording the fraction of transformation variance omitted by the truncation. The target490

correlation field, ρtarc (r), is then obtained from the unfolded fitted spectrum through an inverse Fourier transform. Eq. (96)

is subsequently inverted independently at each spatial lag to determine the corresponding Gaussian correlation ρg(r). For

the cubic Hermite transformation, this inversion is performed using Newton iteration, whereas bisection is employed for a

general empirical transformation. Any target correlations falling below the attainable limit defined by Eq. (98) are clipped to

that bound. The resulting Gaussian correlation field is then converted into a Gaussian spectral density using a forward Fourier495

transform. Small negative spectral values arising from numerical discretization or correlation inversion are set to zero, and the

associated removed energy fraction, denoted by εclip, is recorded. The remaining spectrum is subsequently renormalized to

unit variance. Finally, the Gaussian substrate g(x) is generated according to Eq. (85), after which the pointwise transformation

in Eq. (91) is applied. The resulting field is then rescaled using the variance obtained by integrating the fitted model spectrum.

The accuracy of the resulting second-order statistics is controlled by the Hermite-series truncation, the negative-spectrum500

clipping fraction εclip, and the attainable negative-correlation bound. In the present calculations, εclip is of order 10−4, while

truncation at nmax = 40 leaves less than 10−5 of the transformation variance unresolved. Moreover, the lower correlation

bound is approximately Th(−1)≲−0.94, which is below the minimum correlations encountered in the fitted fields. These

errors are therefore small compared with the uncertainty associated with finite-sample spectral estimation.

4.2.2 Moment-matched cubic Hermite transformation505

The Gaussian spectral synthesis described above reproduces the prescribed second-order spatial statistics, but it cannot repre-

sent the asymmetric or heavy-tailed one-point distributions that may arise in atmospheric-boundary-layer and wind-turbine-

wake turbulence. To introduce controlled non-Gaussianity, the standardized Gaussian field is passed through a pointwise cu-

bic Hermite transformation. Moment-based Hermite transformations have been used extensively to construct non-Gaussian

stochastic processes from an underlying Gaussian process while retaining a compact parametric description (Grigoriu, 1995).510

Let g(x) denote a zero-mean, unit-variance Gaussian random field. The standardized non-Gaussian field is defined as

h(g) = Λ
[︁
g+h3

(︁
g2 − 1

)︁
+h4

(︁
g3 − 3g

)︁]︁
, (100)
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where

Λ =
(︁
1+2h23 +6h24

)︁−1/2
. (101)

The quantities He1 = g,He2 = g2−1,He3 = g3−3g are the first three non-constant probabilists’ Hermite polynomials. Their515

orthogonality under the standard Gaussian measure gives

E [Hem(g)Hen(g)] = n!δmn, (102)

and therefore

Var[h(g)] = Λ2
(︁
1+2h23 +6h24

)︁
= 1. (103)

Thus, the transformation changes the shape of the marginal distribution without altering its prescribed variance. The dimen-520

sional synthetic fluctuation is subsequently obtained as

cNG(x) = σch(g(x)) , (104)

where σ2
c is the variance obtained by integrating the corresponding fitted two-dimensional spectrum. The coefficient h3 pri-

marily controls distributional asymmetry, whereas h4 controls the departure of the tails and central peak from the Gaussian

form. Their effects are not completely independent, however, because both parameters contribute to the third and fourth stan-525

dardized moments of the transformed variable. Rather than relying directly on approximate moment relations, the present

implementation determines h3 and h4 by solving

S(h3,h4) =
E
[︁
h(g)3

]︁

E [h(g)2]
3/2

= Star,

K(h3,h4) =
E
[︁
h(g)4

]︁

E [h(g)2]
2 =Ktar,

(105)

where Star and Ktar are the skewness and kurtosis measured from the LES data. The classical moment-based expressions of

Wint´erstein (1988) are used only to provide an initial estimate. The expectations in Eq. (105) are then evaluated by an 80-point530

Gauss–Hermite quadrature, which is effectively exact for the polynomial moments involved here, and the resulting nonlinear

system is solved by a damped Newton iteration. For a translation process, the mapping should be non-decreasing so that the

ordering of the underlying Gaussian samples is preserved. Differentiating Eq. (100) gives

h′(g) = Λ
[︁
3h4g

2 +2h3g+(1− 3h4)
]︁
. (106)

Since the expression inside the brackets is quadratic in g, global monotonicity is obtained when535

0≤ 3h4 < 1, h23 ≤ 3h4 (1− 3h4) . (107)

These inequalities define the feasible parameter region of the monotone cubic model. During the Newton iteration, each update

is projected back into this region. Consequently, when a prescribed skewness–kurtosis pair cannot be represented exactly by a
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monotone cubic transformation, the algorithm returns the closest attainable solution encountered at the feasibility boundary and

reports both the requested and achieved moments. This limitation is particularly relevant for strongly platykurtic distributions540

and for distributions whose skewness is too large relative to their kurtosis. A nonlinear pointwise transformation generally

changes not only the marginal distribution but also the two-point correlation. Let g1 and g2 be jointly Gaussian standard

variables with ρg = E[g1g2]. Hermite orthogonality gives the exact transformed correlation

ρh = Λ2
(︁
ρg +2h23ρ

2
g +6h24ρ

3
g

)︁
. (108)

The relation terminates at third order because the transformation contains only the first three non-constant Hermite modes.545

Directly applying Eq. (100) to a Gaussian field having the target spectrum would therefore distort the prescribed second-order

spatial structure. To compensate for this effect, the Gaussian correlation is pre-distorted before the random field is synthesized.

For a desired target correlation ρtarc (r), the required Gaussian correlation is obtained from

ρg(r) = T −1
H

[︁
ρtarc (r)

]︁
, (109)

where550

TH(ρ) = Λ2
(︁
ρ+2h23ρ

2 +6h24ρ
3
)︁
. (110)

In the implementation, this inverse is evaluated pointwise by a bounded Newton iteration on [−1,1]. The pre-distorted Gaussian

spectral density is then computed by Fourier transformation of ρg . Small negative values may appear because the inverse

correlation is not guaranteed to be positive definite on a finite discrete grid. These values are set to zero, and the remaining

spectrum is renormalized to unit Gaussian variance. The fraction of negative spectral mass removed in this step is reported555

as a measure of the second-order inconsistency introduced by the projection. The moment-matched Hermite representation

is therefore attractive when only skewness and kurtosis are available or when a compact two-parameter model is required. It

provides transparent control of the leading non-Gaussian moments and admits an analytical correlation-transformation relation.

Its principal limitation is that agreement in the third and fourth moments does not imply agreement with the complete marginal

distribution. In particular, multimodal behavior, sharp central peaks, intermittent mixtures, and complex asymmetric tails may560

remain unresolved even when the prescribed skewness and kurtosis are matched accurately.

4.2.3 Empirical quantile transformation

The full sampled one-point distribution can be retained without imposing a low-order parametric form. This is achieved through

a translation-process or quantile transformation, in which a Gaussian variable is mapped onto the empirical LES distribution

(Grigoriu, 1998; Yamazaki and Shinozuka, 1988). Such transformations provide a general framework for simulating non-565

Gaussian stochastic fields with prescribed marginal and correlation properties. Let FN denote the standard-normal cumulative

distribution function and let ˆ︁FLES denote the empirical cumulative distribution function of the standardized LES fluctuations.

The transformation is

h(g) = ˆ︁F−1
LES [FN (g)] . (111)
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Since FN (g) is uniformly distributed on (0,1), the probability integral transform gives570

P [h(g)≤ x] = P
[︂
ˆ︁F−1
LES (FN (g))≤ x

]︂

= P
[︂
FN (g)≤ ˆ︁FLES(x)

]︂

= ˆ︁FLES(x).

(112)

The transformed variable therefore follows the empirical LES marginal distribution, apart from interpolation and finite-sample

effects. In the present implementation, the LES fluctuations are first centered and standardized using their sample mean and

standard deviation. Because the full space–time LES archive may contain substantially more values than are required to resolve

the marginal distribution, the empirical map is constructed from a random subsample of approximately Nsamp ≃ 2× 106.575

The data are processed in temporal chunks, and each value is retained with a sampling probability selected to achieve the

requested sample size. This procedure limits the additional memory requirement while preserving samples from the complete

LES record rather than from a small set of selected snapshots. After sorting the standardized samples, x(1) ≤ x(2) ≤ ·· · ≤ x(N)

the empirical probability assigned to x(j) is

pj =
j− 1

2

N
, j = 1, . . . ,N. (113)580

The inverse empirical distribution in Eq. (111) is then represented by piecewise-linear interpolation between the pairs (pj ,x(j)).

The normal probability is restricted to

FN (g) ∈
[︃

1

2N
,1− 1

2N

]︃
. (114)

Consequently, values outside the empirically resolved probability range are mapped to the smallest or largest sampled LES

fluctuation. This bounded extension avoids unsupported extrapolation beyond the observed data range. It should nevertheless be585

recognized that the synthetic extremes are then limited by the available LES record. When rare-event extrapolation is required,

the central empirical distribution could instead be joined continuously to a parametric extreme-value tail model. As with the

cubic transformation, applying the empirical map directly to a Gaussian field modifies its correlation and spectrum. Since

the empirical quantile map has no simple finite-order analytical correlation relation, it is expanded in the same orthonormal

probabilists’ Hermite basis ψn introduced above,590

h(g) = α0 +

∞∑︂

n=1

αnψn(g), (115)

with

αn = E [h(g)ψn(g)] . (116)

For numerical evaluation, the orthonormal polynomials are generated recursively as

ψ0(g) = 1, ψ1(g) = g, (117)595
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and

ψn+1(g) =
gψn(g)−

√
nψn−1(g)√

n+1
. (118)

For two standard Gaussian variables with correlation ρg , Mehler’s identity gives

E [ψn(g1)ψm(g2)] = ρng δmn. (119)

It follows that the covariance of the transformed variables is600

Cov[h(g1),h(g2)] =

∞∑︂

n=1

α2
nρ

n
g . (120)

After normalization by the transformed variance,

σ2
h =

∞∑︂

n=1

α2
n, (121)

the correlation relation becomes

ρh = TR(ρg) =
∞∑︂

n=1

ωnρ
n
g , ωn =

α2
n

∞∑︂

m=1

α2
m

. (122)605

The coefficients satisfy ωn ≥ 0 and
∑︁∞

n=1ωn = 1. Eq. (122) generalizes the finite cubic relation in Eq. (108) to an arbitrary

monotone marginal transformation. The numerical implementation truncates the expansion at

nmax = 40. (123)

The Hermite coefficients are evaluated using a Gaussian-weighted trapezoidal quadrature on

−9≤ g ≤ 9. (124)610

A dense trapezoidal rule is used instead of very-high-order Gauss–Hermite quadrature because the latter can become poorly

conditioned when evaluating many high-order polynomial terms with extremely small quadrature weights. The bounded em-

pirical transformation and the rapidly decaying Gaussian density make the finite interval sufficient for the expansion orders

considered here. The unresolved fraction of the transformed variance is monitored through

εH =max

⎡
⎢⎢⎢⎢⎣
0,1−

nmax∑︂

n=1

α2
n

Var[h(g)]

⎤
⎥⎥⎥⎥⎦
. (125)615

This quantity provides a direct diagnostic of whether the selected expansion order adequately represents the empirical map. A

small value of εH indicates that nearly all marginal variance is contained in the retained Hermite modes. For each spatial lag,

the target correlation is converted to the corresponding Gaussian correlation by solving

TR (ρg) = ρtarc . (126)
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The truncated map is checked numerically for monotonicity over [−1,1], and Eq. (126) is inverted by bisection. This approach620

is slower than the Newton inversion used for the cubic map but is robust and requires no analytical derivative. When a target

negative correlation lies below the minimum attainable value TR(−1), it is clipped to that limit, reflecting a known restriction of

translation-process models. The pre-distorted Gaussian correlation is subsequently Fourier transformed to obtain the Gaussian

spectral density used by the random-field generator. As in the cubic formulation, small negative spectral values may arise if

the pre-distorted correlation is not positive definite on the discrete periodic grid. These values are removed, and the spectral625

density is renormalized. The discarded negative spectral fraction,

εclip =

−
∑︂

k:Sg(k)<0

Sg(k)

∑︂

k

|Sg(k)|
, (127)

is reported together with εH. The former measures the incompatibility between the target correlation, the selected marginal

distribution, and the finite spectral grid, whereas the latter measures only the truncation of the Hermite representation. Finally,

the transformed field is centered and scaled according to630

crank(x) =

(︃
σ2
c

σ2
h

)︃1/2

[h(g(x))−α0] , (128)

where σ2
c is obtained by integrating the fitted two-dimensional spectrum. The final field therefore combines the empirical

marginal shape with the variance and scale-dependent directional structure of the fitted spectral model. The Hermite and rank

transformations serve complementary purposes. The Hermite method gives a compact moment-based representation and is

appropriate when skewness and kurtosis are the primary non-Gaussian quantities of interest. The rank method uses more635

information from the LES and reproduces the complete sampled marginal distribution, including its central peak and resolved

tails. In both cases, spectral pre-distortion separates the specification of the one-point distribution from the specification of the

second-order spatial structure. The resulting synthetic fields can therefore retain the scale-dependent anisotropy encoded by

the fitted two-dimensional spectrum while also reproducing the non-Gaussian amplitude statistics of the underlying turbulent

flow.640

5 Simulations and test cases

We evaluate the method using open-access large-eddy simulation (LES) datasets that provide two single-wake cases under

low and high ambient turbulence intensities (Van der Laan and Andersen, 2018). The reference turbine is the NREL 5-MW

machine. The rotor is modeled with an actuator-disk (AD) using a time-independent body-force distribution and a constant

thrust coefficient CT = 0.79 in a neutral atmospheric surface layer. The hub-height wind speed is established as Uh = 8 ms−1,645

the rotor diameter is D = 126 m, and the hub height is zh = 90 m. The flow is solved with ELLIPSYS3D, which supports

both Reynolds-Averaged Navier-Stokes (RANS) and LES (Michelsen, 1994). Ambient turbulence is generated with the Mann

model and imposed on a plane 1.5D upstream of the AD. A slip-wall boundary condition allows the inflow profile and Mann

24

https://doi.org/10.5194/wes-2026-152
Preprint. Discussion started: 30 October 2026
c© Author(s) 2026. CC BY 4.0 License.



turbulence to evolve downstream; the adjustments remain small, so the wake is representative of a near-equilibrium turbulent

shear flow. Coordinates (x,y,z) denote the streamwise, lateral, and wall-normal directions. LES fields are sampled on the hub-650

height plane over x ∈ [−1D,8.5D] and y ∈ [−2D,2D]. The AD is located at (x,y,z) = (0,0,90 m). Each case covers one hour

of simulation, which is sufficient for converged low-order statistics. Two wind-turbine wake-flow cases are considered, cor-

responding to low and high turbulence-intensity conditions. The low-turbulence-intensity (LTI) and high-turbulence-intensity

(HTI) cases have incoming turbulence intensities of 4% and 12.8%, respectively. Both cases use the same spatial and temporal

discretization. The flow field is resolved using Nx = 286 grid points in the streamwise direction and Ny = 121 grid points in655

the spanwise direction, with spatial resolutions of ∆x =∆y = 4.2 m. For each case, a total of Nt = 15,500 temporal snap-

shots are available, sampled at a temporal resolution of ∆t = 0.24 s. In addition, an atmospheric boundary-layer (ABL) case

is included as a reference to support and contextualize the framework developed in the present study. The ABL case has the

same turbulence intensity, spatial and temporal resolutions, grid dimensions, and number of snapshots as the HTI case. For full

details on the simulations and data, the reader is referred to Van der Laan and Andersen (2018).660

6 Results

The results are organized to assess the proposed framework from four complementary perspectives. First, the fitted parameters

are presented based on different stages of optimization. Second, the ability of the model to reconstruct the measured planar

spectra is examined for the ABL, WT-HTI, and WT-LTI cases. Third, the fitted anisotropy fields are then analyzed to determine

how the strength and directional dependence of the spectral deformation vary across scales and operating conditions. Finally,665

the non-Gaussian synthesis results are evaluated to establish whether the fitted second-order spectral structure can be combined

with realistic one-point velocity statistics. Together, these comparisons provide a systematic assessment of the model in terms

of spectral accuracy, physical interpretability, and its suitability for generating statistically representative turbulent flow fields.

6.1 Fitted bidirectional anisotropic spectrum model

This section presents the fitted bidirectional anisotropic spectral model for three flow configurations. Figure 1 summarizes670

the complete workflow of the proposed bidirectional, scale-dependent anisotropic spectral modeling framework, from the

estimation of planar component spectra to constrained parameter optimization, physical interpretation, and validation. The

complete set of fitted parameters is reported in Tables 1–4, with each table comparing the three cases side by side. Table 1 lists

the isotropic backbone and dissipation-correction parameters. The WT-LTI case exhibits by far the largest energy-containing

wavenumber ke and the steepest roll-off exponent 7/3+β, whereas the ABL and WT-HTI cases share nearly identical values675

of ke, consistent with larger energy-containing scales in these flows. The LTI case also carries the largest backbone amplitudes

Au and Aw together with the smallest streamwise variance, so its spectrum is both weaker in total energy and concentrated

at smaller scales. Table 2 reports the large-scale anisotropy amplitudes and the logarithmic transition-scale factors entering

the Jacobian. In all three cases, µ2,max − 1≃ 1× 10−6, i.e. the fitted second-direction deformation is at its lower bound;
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Figure 1. Structure of the proposed bidirectional, scale-dependent anisotropic spectral modeling framework.

Table 1. Fitted isotropic-backbone and dissipation-correction parameters, together with the fixed component variances used for normaliza-

tion, for the three cases.

Parameter ABL WT-HTI WT-LTI

Au 5.486821 3.874298 9.324611

u′2 1.715212 2.478961 0.885407

Aw 8.557059 5.397274 11.956553

w′2 0.442797 0.980732 0.494869

ke 0.021467 0.020496 0.052611

β 0.260088 0.048742 0.398589

η 2.354735 2.124564 2.054015

ξ 6.579217 4.835759 6.825476

cη 1.112203 0.892787 1.314424

the physically meaningful anisotropy is therefore carried almost entirely by µ1 and Ψ1. The weights used in all runs are680

λu = λw = λE = λJ = 1 and λS = 0.01.

The transition scales in Table 2 are remarkably consistent across the three cases, where the first-direction band spans kf,1 =

0.01 rad m−1 to ks,1 ≈ 0.57–0.65 rad m−1 (R1 ≈ 4.0–4.2), and the second-direction band is identical in all three fits (kf,2 =

0.1 rad m−1, ks,2 = 0.65 rad m−1, R2 = 1.8718). Because kf,1, kf,2, and ks,2 coincide with the edges of the admissible search
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Table 2. Fitted large-scale anisotropy amplitudes, transition wavenumbers, and logarithmic transition-scale factors Ri = ln(ks,i/kf,i).

Wavenumbers are in rad m−1.

Parameter ABL WT-HTI WT-LTI

µ1,max − 1 0.559531 0.421193 0.496102

µ2,max − 1 1× 10−6 1× 10−6 1× 10−6

kf,1 0.010000 0.010000 0.010000

ks,1 0.569028 0.649960 0.618619

kf,2 0.100000 0.100000 0.100000

ks,2 0.650000 0.650000 0.650000

R1 4.041344 4.174325 4.124904

R2 1.871802 1.871802 1.871802

Table 3. Power-basis coefficients p
(1)
mn of the first anisotropy-decay surface Ψ1(ˆ︁q1,ˆ︁q2). The constant term is p

(1)
00 = 1 in all cases; entries

equal to zero correspond to monomials absent from the fitted expansion.

Monomial ABL WT-HTI WT-LTI

ˆ︁q2 −3.2× 10−6 −0.383322 −0.391238

ˆ︁q 2
2 −0.999988 −0.616677 −0.608761

ˆ︁q1 −2.3× 10−13 0 −2.5× 10−13

ˆ︁q1 ˆ︁q2 −1.6× 10−9 −1.1× 10−9 −1.9× 10−10

ˆ︁q1 ˆ︁q 2
2 −1.8× 10−5 −1.7× 10−6 −2.6× 10−6

ˆ︁q 2
1 +1.2× 10−13 0 +1.2× 10−13

ˆ︁q 2
1 ˆ︁q2 +7.8× 10−10 +5.6× 10−10 +9.5× 10−11

ˆ︁q 2
1 ˆ︁q 2

2 +9.2× 10−6 +8.2× 10−7 +1.3× 10−6

interval in every case, these three quantities should be read as bound-limited rather than as independently resolved features685

of the data; only ks,1 is fitted in the interior, and it is largest for the WT-HTI case, indicating that the deformation persists to

slightly smaller scales there.

Tables 3 and 4 report the power-basis coefficients p(ℓ)mn of the two anisotropy-decay surfaces. In all three cases Ψ1 is, to

within a few parts in 105, a function of ˆ︁q2 alone, where every monomial containing ˆ︁q1 carries a coefficient of order 10−5 or

smaller, so the relaxation of the dominant anisotropy is controlled entirely by the second spectral coordinate. The coefficients690

of each surface sum with the constant term to zero, so that Ψℓ → 0 at the upper corner of the normalized band and the mapping

returns smoothly to the isotropic backbone beyond ks,i. The three cases differ in how that relaxation is distributed between

the linear and quadratic terms. For the ABL the decay is almost purely quadratic (p(1)02 =−1.000 with a negligible linear

coefficient), so the large-scale anisotropy is retained over most of the transition band and then collapses rapidly near ks,2.
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Table 4. Power-basis coefficients p(2)mn of the second anisotropy-decay surface Ψ2(ˆ︁q1,ˆ︁q2). The constant term is p(2)00 = 1 in all cases.

Monomial ABL WT-HTI WT-LTI

ˆ︁q2 −0.898611 −0.689284 −0.757750

ˆ︁q 2
2 −0.000444 +0.001376 −0.003814

ˆ︁q1 −0.098624 −0.316602 −0.235479

ˆ︁q1 ˆ︁q2 −1.4× 10−5 −3.1× 10−6 −7.2× 10−6

ˆ︁q1 ˆ︁q 2
2 −0.001311 −2.8× 10−5 −0.000145

ˆ︁q 2
1 +0.000744 +0.004543 −0.002373

ˆ︁q 2
1 ˆ︁q2 −0.002730 −1.4× 10−5 −0.000624

ˆ︁q 2
1 ˆ︁q 2

2 +0.000989 +1.2× 10−5 +0.000192

The two wake cases share a nearly identical mixed profile (roughly −0.39ˆ︁q2 − 0.61ˆ︁q 22 ), giving an earlier and more gradual695

isotropization. The Ψ2 surfaces retain genuine dependence on both coordinates, with a dominant ˆ︁q2 term and a secondary

linear ˆ︁q1 term that is strongest for WT-HTI (−0.317) and weakest for the ABL (−0.099). Their contribution to the physical

mapping is nevertheless multiplied by µ2,max − 1≃ 10−6, which sits at its lower bound in all three fits, so the detailed shape

of Ψ2 is weakly influential and effectively unidentifiable; it is reported for completeness rather than for physical interpretation.

Comparing the three columns of Tables 1–4 directly reveals the physical trends discussed in Sect. 6. Within the two wake700

cases, the LTI wake retains the stronger large-scale anisotropy amplitude (µ1,max − 1 = 0.496) while the HTI wake exhibits

the weaker deformation (µ1,max − 1 = 0.421), consistent with enhanced ambient mixing under high inflow turbulence. The

ABL reference carries the largest amplitude overall (µ1,max − 1 = 0.560), although its anisotropy is associated primarily with

boundary-layer shear rather than turbine-generated wake dynamics, and it is distinguished from the wake cases less by its

magnitude than by its purely quadratic decay profile, which keeps the deformation active across the full energy-containing705

range.

Two structural properties of the objective explain why the second stretch amplitude settles at its lower bound. The first

concerns the energy constraint. Because the cumulative-softplus construction keeps each decay function between zero and

one, the stretch factors are bounded between unity and their large-scale maxima, and the remapping is consequently a smooth,

orientation-preserving, one-to-one transformation of the positive wavenumber quadrant onto itself. Any such transformation710

conserves the integral of the spectral density, because the Jacobian factor multiplying the remapped baseline is exactly the

volume element demanded by the change of variables. The component-variance term is therefore insensitive to the deformation

by construction, where it fixes the backbone amplitudes and nothing more, apart from a negligible contribution from the spectral

flux across the outer edge of the fitted band. The second property concerns the identifiability of the anisotropy. If the stretch

factors are independent of scale, their effect on the azimuthally averaged spectrum would reduce to a constant multiplicative715

factor and would therefore be indistinguishable from a rescaling of the backbone amplitude. Scale-independent anisotropy is

thus exactly degenerate with amplitude in any radially averaged measurement. This is the spectral analogue of the cancellation
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Figure 2. Training-loss for the WT-HTI, WT-LTI, and ABL cases. The curves show the total objective, L, as a function of the L-BFGS-B

optimizer iteration.

described by Zhai (2020), who showed that an anisotropy factor calibrated using a scalar propagation observable cancels from

the resulting prediction. In the present formulation, both degeneracies are broken. First, the objective is evaluated over the

complete planar spectrum rather than its radial projection, thereby retaining the directional information lost through azimuthal720

averaging. Second, when the stretch factors vary with scale, their angular signature also changes with wavenumber. This scale-

dependent deformation modifies the curvature of the radial spectrum in a manner that cannot be reproduced by adjusting the

component amplitudes alone.

Fig. 2 compares the convergence of the total objective, (L), for the WT-HTI, WT-LTI, and ABL cases across the three-stage

optimization procedure. In each stage, the objective decreases rapidly during the initial L-BFGS-B iterations and subsequently725

approaches a plateau, indicating stable numerical convergence. The different curve lengths arise from case-dependent termi-

nation once the optimizer satisfies its convergence criterion. During the isotropic stage, WT-HTI reaches the lowest objective,

followed by WT-LTI, whereas the ABL case converges to a substantially higher value. This result indicates that the isotropic

backbone alone provides a better representation of the two wake-flow spectra than of the ABL spectrum, although appreciable

unresolved structure remains in all three cases. Introducing the scale-dependent anisotropic correction in stage 2 produces a730

further reduction in the objective. The WT-HTI and WT-LTI cases converge to nearly identical values, while the ABL ob-

jective remains higher, consistent with a more complex directional and scale-dependent spectral organization. The strongest

additional improvement occurs during the joint-refinement stage, where the isotropic and anisotropic parameter blocks are

optimized simultaneously. All three objectives decrease further, with WT-LTI attaining the lowest final value, followed by WT-

HTI and ABL. The continued reduction during this stage demonstrates that the isotropic backbone and anisotropic remapping735

are coupled and benefit from simultaneous adjustment rather than being optimized independently.

6.2 Reconstruction of the planar velocity spectra

Figs. 3, 4, and 5 compare the planar wavenumber spectra obtained from the LES with the corresponding fitted anisotropic

spectra for the ABL reference, WT-HTI, and WT-LTI cases, respectively. Each figure shows, for the streamwise and the wall-
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normal component, the LES planar spectrum and the modeled planar spectrum in the (ky,kx) plane, colored by the base-ten740

logarithm of the spectral density, together with the corresponding radially averaged spectra. In all three configurations, the

planar spectral energy is concentrated near the origin and decreases continuously toward the small scales. The decay is faster in

the streamwise wavenumber kx than in the spanwise wavenumber ky , so that the isolines of the spectral density are elongated

along the ky axis, consistent with streamwise-elongated structures. The model reproduces both this broadband decay and

the directional spreading of the spectral density in the (ky,kx) plane, and the modeled and LES contour patterns remain745

comparable over the full plotted dynamic range. The similarity between the LES and modeled contour patterns is important

because the model was fitted to the full planar spectrum rather than only to its radial projection. The radially averaged spectra

provide a complementary comparison of the overall distribution of energy across scales, where kr =
√︁
k21 + k22 denotes the

physical radial wavenumber. For both the streamwise and wall-normal velocity components, the modeled spectra follow the

LES spectral envelope over the entire resolved wavenumber interval, kr ≈ 5×10−3–1radm−1, and across six to seven orders750

of magnitude in spectral density.

In particular, the model captures the transition from the energy-containing range to the steep high-wavenumber attenuation.

This behavior demonstrates that the anisotropic coordinate transformation and the dissipative correction can be combined

without introducing an artificial discontinuity between the large- and small-scale portions of the spectrum. The main differences

occur at the lowest resolved wavenumbers, where the LES radial spectra contain a sequence of narrow peaks and troughs that755

is not reproduced by the smooth parametric model. These fluctuations are especially visible in the streamwise spectra and

are associated with the small number of Fourier modes available at the largest scales, together with coherent and spatially

inhomogeneous motions in the ABL and wake fields. A second, much weaker difference is visible in the wall-normal spectra,

where the modeled curve falls slightly below the LES envelope over the last part of the roll-off before both collapse at the

highest resolved bins. The model represents the average spectral envelope and is not intended to reproduce individual low-760

wavenumber peaks. The use of ring-based spectral weighting also prevents a small number of energetic modes from dominating

the complete planar fit.

For the ABL case in Fig. 3, the modeled streamwise spectrum closely reproduces the broad low-wavenumber energy con-

centration and the subsequent spectral roll-off. The model smooths the local oscillations of the LES radial spectrum but follows

its mean level over the intermediate and high wavenumbers. A similarly close agreement is obtained for the wall-normal com-765

ponent, although the modeled curve lies slightly above the LES spectrum in the first radial bins, kr ≲ 2× 10−2 radm−1, and

slightly below it during the final part of the roll-off. The agreement for both components shows that a common anisotropic

mapping can describe the dominant directional organization of the ABL spectra while allowing the two reference component

spectra to retain different spectral shapes; the wall-normal planar spectrum is visibly less elongated than the streamwise one,

and this difference is recovered by the fit. The WT-HTI results in Fig. 4 show similarly good agreement. The model reproduces770

the shape and extent of the energetic region in both component spectra and closely follows the LES decay at intermediate

and high wavenumbers, remaining marginally above the LES streamwise spectrum over the roll-off. In the streamwise com-

ponent, the LES spectrum contains an isolated peak near kr ≈ 10−2 radm−1 that rises about one order of magnitude above

the local envelope and is not reproduced by the smooth model. The strongest remaining discrepancy is again located in the
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Figure 3. ABL case: comparison of the wavenumber spectra obtained from ABL LES data and the anisotropic spectrum model for (a) the

streamwise and (b) the wall-normal velocity components.

low-wavenumber wall-normal spectrum, where the modeled curve is smoother and roughly a factor of two higher than the first775

LES bins. At these scales, the measured spectrum is strongly influenced by wake-scale motions and by the finite spatial extent

of the sampled plane. In the WT-LTI case shown in Fig. 5, the low-wavenumber peaks are more pronounced, particularly in the

streamwise component, where an isolated maximum appears near kr ≈ 1.3×10−2 radm−1. The model does not reproduce this

individual peak, but it captures the surrounding spectral level and the subsequent decay. The wall-normal spectrum of this case

differs qualitatively from the other two configurations: its maximum occurs at a finite wavenumber, kr ≈ 3× 10−2 radm−1,780

and the LES spectrum decreases again toward the largest resolved scales. The model reproduces this non-monotonic shape and

the position of the maximum, with a mild overestimation of its level and a slightly steeper decay over the last bins. Small de-

viations near the final wavenumber bins should be interpreted cautiously because this region is affected by the LES numerical

dissipation, the finite grid resolution, and the explicit dissipative correction used in the model.
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Figure 4. WT-HTI case: comparison of the wavenumber spectra obtained from LES data and the anisotropic spectrum model for (a) the

streamwise and (b) the wall-normal velocity components.

6.3 Scale-dependent anisotropy and mapping admissibility785

Figs. 6, 7, and 8 show the fitted principal stretching factors µ1(k) and µ2(k), the invariant anisotropy measure γ(k), the signed

Jacobian determinant Js(k), and the two Bernstein decay surfaces Ψ1(ˆ︁q1,ˆ︁q2) and Ψ2(ˆ︁q1,ˆ︁q2). The first four fields are displayed

in the physical (ky,kx) plane, where k1 denotes the streamwise wavenumber kx and k2 the spanwise wavenumber ky , while the

Bernstein surfaces are shown in the normalized coordinates (ˆ︁q1,ˆ︁q2) associated with these two directions. These fields provide

a more direct physical interpretation of the fitted spectral deformation than the radially averaged spectra alone. A consistent790

result across the three cases is that the dominant deformation is associated with µ1, whereas µ2 remains very close to unity.

The fitted departure of µ2 from unity does not exceed about 10−6 in any of the displayed cases. Consequently, the invariant

γ(k) =
1

2
ln

[︃
µ1(k)

µ2(k)

]︃
(129)

is controlled almost entirely by the first principal stretching direction, and the numerical values of γ follow 1
2 lnµ1 to within

the plotting accuracy. Thus, although the formulation permits a fully bidirectional deformation, the present data support an795
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Figure 5. WT-LTI case: comparison of the wavenumber spectra obtained from LES data and the anisotropic spectrum model for (a) the

streamwise and (b) the wall-normal velocity components.

effectively one-dominant-direction anisotropy. This is a useful data-driven result, where the optimization does not impose a

second deformation when it is not required by the measured spectra.

A second feature common to the three configurations is the orientation of the fitted deformation. In all cases µ1, γ, and Js are

essentially independent of kx and vary only with ky , so that their isolines are straight lines of constant spanwise wavenumber

rather than circular arcs. The anisotropy is largest in a band at low ky , relaxes monotonically as ky increases, and reaches the800

isotropic limit µ1 = 1, γ = 0 at the upper end of the displayed range. Anisotropy therefore remains finite when k1 is large but

k2 remains small, which is precisely the residual edge anisotropy permitted by the bivariate formulation. This behavior could

not be represented by a purely radial decay function depending only on
√︁
k21 + k22 .

The ABL reference case exhibits the strongest deformation of the three configurations. Its first stretching factor decreases ap-

proximately from 1.58 at the most anisotropic scales to unity near ky ≈ 0.6radm−1, and the corresponding invariant anisotropy805

spans approximately 0 to 0.23. The plateau of maximum stretching extends to ky ≈ 0.15radm−1, beyond which the transition

toward isotropy is smooth and monotone. The fitted surface Ψ1 changes almost exclusively with q2 and is nearly independent of

q1, so that the relaxation of the anisotropy is governed by the second wavenumber coordinate alone. The WT-HTI case, shown
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Figure 6. ABL case: Fitted scale-dependent anisotropy diagnostics, including the principal stretching factors, the invariant anisotropy mea-

sure, the signed Jacobian determinant, and the Bernstein decay surfaces.

in Fig. 7, exhibits the weakest anisotropy among the three displayed cases. Its first stretching factor varies approximately from

1.43 down to unity, while γ reaches at most about 0.18, and the departure from the isotropic state begins at a slightly smaller810

spanwise wavenumber, ky ≈ 0.1radm−1, than in the ABL case. The surface Ψ1 again depends predominantly on q2, with only

a slight tilt indicating a weak residual dependence on q1. The reduced magnitude of γ relative to the WT-LTI case is consistent

with stronger ambient turbulence promoting wake mixing and weakening the persistence of directionally organized large-scale

motions.

The WT-LTI case retains a stronger deformation than WT-HTI, with µ1 reaching values close to 1.48 and γ approaching815

approximately 0.20 at the most anisotropic scales, so that the three configurations are ordered as ABL, WT-LTI, and WT-HTI

by decreasing anisotropy amplitude. The two wake cases also differ from the ABL reference in the structure of the secondary

fields. Whereas the ABL Ψ2 surface varies mainly with q2, the WT-HTI and WT-LTI Ψ2 surfaces display clearly anti-diagonal

isolines and therefore depend jointly on q1 and q2; the same coupling appears in the corner-shaped structure of µ2 near small

ky and small kx in both wake cases. This suggests that wake-generated structures retain a coupled streamwise–spanwise scale820

dependence that is absent from the shear-driven ABL reference. The fitted Ψ2 surfaces should nevertheless be interpreted with

care. Although they show smooth and monotone variation in normalized wavenumber space, their contribution to the physical

mapping is multiplied by µ2,max−1, which is of order 10−6 in all three cases. Their detailed shape is therefore weakly influen-
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Figure 7. WT-HTI case: Fitted scale-dependent anisotropy diagnostics, including the principal stretching factors, the invariant anisotropy

measure, the signed Jacobian determinant, and the Bernstein decay surfaces.

tial and potentially weakly identifiable, and the coupling described above should not be read as a dynamically significant effect.

The physically meaningful anisotropy in the present fits is primarily contained in µ1, Ψ1, and the resulting γ field. The signed825

Jacobian remains positive throughout the displayed wavenumber domain for all three configurations, with values bounded

between unity in the isotropic limit and the maximum of µ1 at the largest scales. Hence, the fitted spectral transformation is

locally orientation preserving and does not fold the wavenumber plane. The spatial variation of Js(k) coincides with that of µ1

to within the resolution of the colorbars, because µ2 is nearly unity, and the transition of Js toward its isotropic value is smooth

and monotone in ky in every case. This confirms that the additional scale dependence and cross-coordinate coupling have been830

introduced without violating the local invertibility of the spectral mapping. The comparison between the WT-HTI and WT-LTI

cases therefore indicates that ambient turbulence intensity affects not only the total spectral energy, but also the geometry of

its distribution in wavenumber space. The WT-HTI case is closer to an isotropic state, whereas the WT-LTI case preserves a

stronger large-scale anisotropy. The ABL reference exhibits the largest anisotropy of the three, although its physical origin is

associated mainly with boundary-layer shear and large-scale organization rather than turbine-generated wake dynamics.835

Next, we compare three model formulations to assess the contribution of the anisotropy representation, including an isotropic

baseline, a prescribed constant-anisotropy model, and the proposed scale-dependent anisotropy model. The three models are
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Figure 8. WT-LTI case: Fitted scale-dependent anisotropy diagnostics, including the principal stretching factors, the invariant anisotropy

measure, the signed Jacobian determinant, and the Bernstein decay surfaces.

defined as

C1 : µ1 = µ2 = 1, (130)

C2 : µ1 = 1.5, µ2 = 1.2, (131)840

C3 : µ1 = µ1(k1,k2), µ2 = µ2(k1,k2). (132)

The models are evaluated using the combined log-spectral root-mean-square error (log-RMSE) of the u- andw-velocity spectra,

with lower values indicating better agreement with the reference spectra. The results are summarized in Table 5. Introducing a

fixed anisotropy (C2) already produces a substantial improvement over the isotropic model for all three data sets, reducing the

log-RMSE from 1.655 to 0.850 for ABL, from 0.931 to 0.422 for WT–HTI, and from 1.097 to 0.507 for WT–LTI. Allowing845

the anisotropy to vary with (k1,k2) further reduces the error to 0.455, 0.335, and 0.270, respectively. Relative to the isotropic

baseline, C3 therefore reduces the spectral error by approximately 73% for ABL, 64% for WT–HTI, and 75% for WT–LTI.

The additional improvement over the fixed-anisotropy model is particularly pronounced for ABL and WT–LTI, indicating that

their anisotropy cannot be represented adequately by a single scale-independent correction. For WT–HTI, the improvement is

more moderate, suggesting that a larger fraction of its anisotropic structure can already be captured by the prescribed constant850

scaling.
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Table 5. Comparison of the isotropic, fixed-anisotropy, and scale-dependent anisotropy models based on the combined log-RMSE of the u

and w spectra.

Model Anisotropy Params. ABL WT–HTI WT–LTI

C1 Isotropic 7 1.655 0.931 1.097

C2 Fixed 7 0.850 0.422 0.507

C3 Scale-dependent 29 0.455 0.335 0.270

6.4 Non-Gaussian synthetic velocity fields

Figs. 9–11 compare the normalized LES probability density functions with Gaussian, moment-matched Hermite, and rank-

based synthetic fields. These comparisons assess a statistical property that is not represented by the fitted spectrum alone. The

planar spectrum determines the second-order spatial statistics, but it does not uniquely determine the one-point probability855

distribution unless Gaussianity is assumed. The Gaussian realizations reproduce the central part of distributions that are close

to normal, but they systematically underestimate probabilities in the far tails whenever the LES fluctuations are intermittent.

This discrepancy is expected because the Gaussian synthesis contains no independent control of skewness or kurtosis. The

Hermite transformation substantially improves the tail representation by matching the LES skewness and kurtosis, while the

rank-based transformation additionally incorporates the complete empirical marginal distribution.860

For the ABL case in Fig. 9, the streamwise velocity distribution is relatively close to Gaussian over its central range, although

departures become visible in the low-probability tails. The wall-normal fluctuations show a sharper central peak and heavier

tails, indicating a stronger departure from Gaussianity. The Hermite and rank-based realizations reproduce these features more

accurately than the Gaussian realization. Minor differences remain near the sharp PDF maximum and at the most extreme

sampled amplitudes, where histogram estimation is sensitive to the finite number of realizations. The WT-HTI distributions865

in Fig. 10 remain moderately non-Gaussian. The Gaussian model captures the dominant core of both components but decays

too rapidly in the outer tails. Both non-Gaussian transformations follow the LES more closely over the resolved probability

range. The relatively moderate departure from Gaussianity is consistent with enhanced turbulent mixing in the WT-HTI, which

reduces the persistence of isolated coherent events and produces more statistically mixed fluctuations.

The strongest non-Gaussian behavior is observed for the WT-LTI in Fig. 11. The streamwise component exhibits proba-870

bilities well above the standard normal distribution at large normalized amplitudes. The wall-normal distribution combines a

pronounced central peak with broad tails, providing a clear signature of intermittency. The Gaussian realization cannot rep-

resent this simultaneous peakedness and heavy-tailed behavior. The Hermite model gives a major improvement, while the

rank-based realization follows the LES distribution over nearly the complete plotted range. This result is consistent with a

low-turbulence wake in which coherent shear-generated structures and localized strong fluctuations remain less disrupted by875

the surrounding turbulence. The close agreement of the rank-based curves with the LES PDFs should be interpreted as a con-

sistency check rather than an independent prediction of the marginal distribution. The empirical LES distribution is used to
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Figure 9. ABL case: Probability density functions of the normalized streamwise and wall-normal velocity fluctuations, u′/σu and w′/σw,

comparing LES data with Gaussian, Hermite, and rank-based synthetic realizations. The right panels show representative rank-based synthetic

snapshots of the generated ABL flow fields for u′ and w′.

construct the rank transformation, and close PDF agreement is therefore expected by design. The significant result is that this

marginal transformation can be combined with the fitted spatial spectrum, allowing the generated fields to reproduce both the

prescribed second-order organization and the observed one-point non-Gaussianity. By contrast, the Hermite model uses only880

two non-Gaussian moments, so its agreement with the remaining shape of the PDF provides a more restrictive assessment of

the low-order translation approximation. The representative snapshots in the right panels contain spatially correlated patches

rather than uncorrelated pointwise noise. Their characteristic dimensions and directional organization are inherited from the

fitted planar spectra, whereas the occurrence and amplitude of the extreme values are controlled by the non-Gaussian marginal

transformation. The snapshots therefore demonstrate the practical connection between the spectral model and synthetic turbu-885

lence generation, where the spectral fit determines where spatial coherence occurs, while the translation process determines

how frequently unusually large positive or negative fluctuations occur.

Figure 12 provides a representative physical-space comparison between the LES velocity fluctuations and the rank-based

synthetic fields at two wake-centerline locations for the WT–HTI case. At x/D = 1, the LES streamwise fluctuation exhibits

pronounced, slowly varying excursions that persist over hundreds of samples, indicative of energetic, temporally coherent890
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Figure 10. WT-HTI case: Probability density functions of the normalized streamwise and wall-normal velocity fluctuations, u′/σu and

w′/σw, comparing LES data with Gaussian, Hermite, and rank-based synthetic realizations. The right panels show representative rank-based

synthetic snapshots of the generated wake flow fields for u′ and w′.

motions in the near wake. Farther downstream, at x/D = 5, the streamwise signal varies more rapidly, attains smaller ampli-

tudes, and contains fewer sustained positive or negative excursions, consistent with the progressive disruption of the near-wake

structures and stronger turbulent mixing. The wall-normal component displays weaker low-frequency organization than the

streamwise component at both stations; in the displayed segment its fluctuations become more intermittent at x/D = 5, where

several relatively strong events are observed, including a large negative excursion near the end of the record. The rank-based895

realizations reproduce the overall order of magnitude and the resolved range of the LES fluctuations for both velocity compo-

nents. This follows from the empirical quantile transformation, which maps the underlying Gaussian field onto the sampled

LES marginal distribution, so that any departure from Gaussianity present in that distribution is inherited by the synthetic

field by construction rather than being imposed a posteriori. The gray sequences, however, show no correlation between suc-

cessive displayed samples. This is a direct consequence of the construction, where each displayed value is extracted from an900

independent spatial realization, and the fitted two-dimensional spectrum prescribes spatial rather than temporal correlations.

The comparison therefore constrains the amplitude and marginal statistics of the synthetic field, not its temporal organization,

which the present model does not attempt to represent. The synthetic envelope is also nearly identical at the two downstream
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Figure 11. WT-LTI case: Probability density functions of the normalized streamwise and wall-normal velocity fluctuations, u′/σu and

w′/σw, comparing LES data with Gaussian, Hermite, and rank-based synthetic realizations. The right panels show representative rank-based

synthetic snapshots of the generated wake flow fields for u′ and w′.

positions, whereas the LES amplitude varies appreciably between them. As a result, the synthetic spread is somewhat too

broad relative to the local LES signal for w′ at x/D = 1, while the largest near-wake streamwise excursions at the same station905

lie outside the synthetic range. Both discrepancies arise from the same source that the empirical rank transformation and the

fitted spectrum are constructed from the complete analyzed LES plane rather than from the local statistics at each downstream

position.

7 Discussion and conclusions

This study introduced a physically constrained framework for modeling two-dimensional wavenumber spectra in atmospheric910

boundary-layer and wind-turbine wake turbulence. The proposed formulation represents anisotropy through a bidirectional,

scale-dependent tensorial remapping of spectral space. Unlike models based on a constant stretching factor or a correction ap-

plied along only one wavenumber direction, the present approach allows the spectral deformation to vary continuously across

the full (k1,k2) plane. It can therefore describe strong anisotropy at the energy-containing scales and its progressive relaxation
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Figure 12. Comparison of the streamwise and wall-normal velocity fluctuations, u′ and w′, obtained from the LES and the rank-based

synthetic turbulence at the wake-centerline locations x/D = 1 and x/D = 5 for the WT–HTI case.

toward isotropy at smaller scales. The scale dependence of the remapping is represented by monotone bivariate Bernstein915

surfaces, which provide a smooth and physically admissible description of the anisotropy decay. Because the stretching fac-

tors may depend on both wavenumber coordinates, the complete two-dimensional Jacobian contains cross-coordinate coupling

terms that do not appear in simpler one-dimensional transformations. Including this Jacobian is essential for consistently trans-

forming the spectral density and preventing nonphysical folding of the wavenumber plane. In all investigated cases, the fitted

signed Jacobian remained positive over the modeled spectral domain, confirming that the resulting transformations were lo-920

cally orientation preserving. The model parameters were identified through a staged, multi-resolution optimization procedure

that separates the estimation of the isotropic spectral backbone from the anisotropic deformation before performing a final

joint refinement. The logarithmic spectral mismatch constrains the spectral shape over several orders of magnitude, while the

energy-consistency term preserves the measured spectral variances. The Jacobian and Bernstein-surface penalties further en-

sure admissibility and suppress nonphysical or excessively irregular anisotropy fields. Comparisons with the LES data show925

that the model reproduces the dominant directional organization and broadband decay of the streamwise and wall-normal spec-

tra for the ABL reference, high-turbulence-intensity wake, and low-turbulence-intensity wake cases, following the measured

spectral envelope over the full resolved wavenumber interval and across six to seven orders of magnitude in spectral density.

Agreement across the complete two-dimensional spectral distributions provides stronger evidence of model performance than

radial agreement alone, since radial averaging removes the directional information that the model is intended to recover. The930
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remaining differences occur mainly at the lowest resolved wavenumbers, where the LES spectra contain narrow peaks and

troughs associated with a limited number of Fourier modes, coherent structures, and spatial inhomogeneity. The smooth para-

metric formulation should therefore be interpreted as a model of the statistical spectral envelope rather than a deterministic

reconstruction of individual coherent spectral peaks. Although the formulation permits fully bidirectional deformation, the

fitted results indicate that the dominant anisotropy in the present cases is carried almost entirely by a single principal stretch-935

ing direction. The second stretching factor remained at its lower bound in all three fits, and the associated decay surface is

consequently weakly identifiable. The relaxation toward isotropy is likewise governed almost exclusively by the second spec-

tral coordinate, so that the fitted anisotropy fields vary with the spanwise wavenumber and remain nearly independent of the

streamwise one. This is a data-driven outcome rather than an imposed restriction, and it illustrates the residual edge anisotropy

permitted by the bivariate construction, which could not be represented by a purely radial decay function. It also implies that940

the cross-coupling terms retained in the Jacobian, although necessary for a consistent general formulation, are numerically

small for the present datasets.

The three configurations differ mainly in the amplitude and in the shape of the anisotropy decay. The ABL reference exhibits

the largest large-scale deformation and an almost purely quadratic decay profile, which keeps the anisotropy active across most

of the energy-containing range before it collapses near the isotropization scale; its spectral organization is associated primarily945

with boundary-layer shear and large-scale atmospheric structures rather than turbine-generated wake dynamics. Between the

two wake cases, the low-turbulence-intensity wake retains the stronger scale-dependent deformation, indicating that coherent

shear-generated motions persist over a broader range of scales when ambient turbulence is weak, whereas the high-turbulence-

intensity wake exhibits the weakest anisotropy, consistent with stronger ambient mixing and more rapid disruption of direction-

ally organized wake structures. Both wake cases share a mixed linear–quadratic decay profile and therefore isotropize earlier950

and more gradually than the ABL reference. Ambient turbulence intensity thus affects not only the total spectral energy but

also the geometry of its distribution in wavenumber space. The fitted spectra also provide a direct basis for generating synthetic

turbulent velocity fields. Gaussian spectral synthesis reproduces the prescribed second-order spatial organization, including the

characteristic dimensions and directional alignment of the turbulent structures. The subsequent Hermite and rank-based transla-

tion procedures introduce non-Gaussian one-point statistics while retaining the fitted spatial structure to a controlled accuracy.955

The Hermite transformation substantially improves the representation of skewness, kurtosis, and probability-density tails us-

ing only low-order moments, whereas the rank-based transformation reproduces the complete empirical marginal distribution

by construction. The particularly strong non-Gaussianity observed in the low-turbulence-intensity wake further illustrates the

persistence of intermittent and coherent wake-generated fluctuations under weak ambient mixing. Future work should extend

the formulation to include cross-spectral terms and the complete velocity spectral tensor, spatially evolving anisotropy at dif-960

ferent downstream locations, non-aligned or scale-dependent principal directions, and a wider range of atmospheric stability

and turbine operating conditions. Improved identifiability of the second stretching direction and of the transition wavenumbers,

several of which were bound-limited in the present fits, would also be needed before the secondary deformation can be given

a physical interpretation. Such developments would support the integration of the model into engineering wake simulations,

inflow-generation methods, aeroelastic load calculations, and reduced-order representations of wind-farm turbulence.965
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