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Abstract. As wind farms scale up to benefit from cost reductions, wake effects create significant challenges, increasing the im-

portance of the Wind Farm Layout Optimization (WFLO) problem. Current methods to maximize Annual Energy Production

(AEP) by minimizing wake losses are computationally intensive, requiring hundreds of iterations and multiple optimizations

per project. In this work we present the results of testing several AEP models with a variety of simplifications, assumptions

and approaches as the objective function in gradient based optimizations, comparing them against a reference. These include5

the conventional rectangular quadrature in different forms and the novel approaches FLOWERS and Bayesian Quadrature,

alongside the Stochastic Gradient Descent (SGD) optimization algorithm. Four different wind farms encompassing different

boundaries, wind roses, sizes and types of constraints were used. Three different wake models are considered here, introducing

the FLOWERS derivation for Nygaard TurbOPark. The results showed that FLOWERS achieved the greatest balance between

efficiency (optimization time) and efficacy (quality of the layout found), with time reductions of over 95 % and layouts com-10

parable to the reference, although it encountered difficulties with strongly unimodal wind roses. Similar layouts were found

using rectangular quadrature with a coarse wind direction binning; however, this method was not as efficient as FLOWERS,

and worked well only in combination with the Gaussian Bastankhah wake model, with optimization time reductions between

40 and 70 %. Nevertheless, it proved to be more versatile, even for strongly unimodal wind roses. The work also highlights

the struggles for probabilistic methods to properly capture the physics and turbine interactions in the problem, not properly15

reflecting the positive or negative effects of modifying the layout despite their ability to estimate AEP accurately. The simi-

larity in results between using the local wind speed or the free flow wind speed to compute the thrust coefficient in a WFLO

framework is pointed out. Finally, SGD was found to obtain consistent layouts, albeit with the highest computational cost out

of all methods.

1 Introduction20

With the expansion of wind energy as an energy source, wind turbines are placed in groups known as wind farms. Within these

groups, turbines shadow each other, thereby reducing the amount of energy available for extraction, on account of the wake

that is generated by the turbines upstream. The physics, development and consequences of wakes is a widely researched field

of study (Sanderse et al., 2011; Vermeer et al., 2003; Wang et al., 2024; Porté-Agel et al., 2020). This phenomenon is described

as a volume of flow characterized by a reduced streamwise velocity -– perpendicular to the turbine rotor -– and increased levels25
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of turbulence compared to the free stream airflow (Porté-Agel et al., 2020). The power generation of a turbine operating in

such conditions is considerably decreased, by up to 40% in the near wake region (Herbert-Acero et al., 2014). The solution

could seem simple, spacing the turbines further apart while not placing them directly downstream, however, space is often

limited by the wind farm development area restrictions. Furthermore, wind speed and direction are not unique, but instead

coming from an often complex distribution, known as the wind rose, which makes it difficult to determine where turbines will30

experience the least wake losses, given that downstream turbine production is conditional on the wind direction considered.

This wake avoidance problem, known more commonly as the Wind Farm Layout Optimization (WFLO) problem, involves the

optimization of turbine position so as to optimize the Annual Energy Production (AEP) or Levelized Cost of Energy (LCOE),

among other objective functions (Herbert-Acero et al., 2014). AEP is defined as the total amount of energy generated by a wind

farm over the course of one year, while LCOE includes economical factors regarding the performance of the wind farm such35

as its variable or fixed costs (Herbert-Acero et al., 2014). In this study, we focus on AEP as the objective function, which is to

be maximized.

The AEP of a given wind farm is a function of the atmospheric conditions at the site, the positions of the turbines, and

their power and thrust curves. While the atmospheric conditions – most commonly wind speed and direction, with their cor-

responding probability densities – are known from measurement campaigns or atmospheric models, the specific wind speed40

experienced by each wind turbine is more difficult to obtain, and is usually estimated using engineering wake and superposition

models (Porté-Agel et al., 2020). AEP is obtained with a continuous integration of power production over time, wind speed

and direction. The current approach is through a numerical integration approach using what is commonly referred to as a wind

rose. Based on time series data, wind measurements can be grouped in a determined number of wind direction bins of known

probability. The wind speeds falling into each of these bins are then grouped in wind speed bins. The probability of each of this45

bins is obtained by fitting a Weibull distribution, resulting in known Weibull parameters for each wind direction bin considered

(Gonzalez-Rodriguez et al., 2025). The most widely used method to estimate AEP is rectangular quadrature or midpoint rule

(Criado Risco et al., 2024; Feng and Shen, 2017; Valotta Rodrigues et al., 2024), which solves a wind farm flow simulation for

each combination of wind speed and direction in the chosen discretization, taking into account all interactions between wind

turbines in the farm, to then add them together taking into consideration their respective weight based on the wind rose.50

Optimization algorithms carry out hundreds to thousands of function and gradients evaluations. Combined to the number of

wind farm flow simulations that need to be solved per evaluation, this results in optimization times which may be in the order

of hours, depending on several factors (Valotta Rodrigues et al., 2024; LoCascio et al., 2025). For this reason, computationally

efficient AEP methods are researched. Methods proposed in the literature to reduced the cost of AEP estimation include

Polynomial Chaos (Padrón et al., 2019; Murcia et al., 2015), Bayesian Quadrature (King et al., 2020), Monte Carlo integration55

(Quick et al., 2023) and FLOW Estimation and Rose Superposition (FLOWERS) (LoCascio et al., 2025, 2022, 2024; Whittaker

et al., 2025).

Rectangular quadrature will simulate all atmospheric combinations, using equally as much computation effort for highly

likely and for very unlikely cases. Bayesian Quadrature addresses this inefficiency by performing flow modeling on optimally

selected atmospheric conditions. Rather than evaluating the flow model at every condition, a Gaussian Process (GP) surrogate60
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is trained on a set of wind direction and speed combinations to estimate the wind farm’s power. Crucially, the trained GP’s

posterior variance can be estimated a priori, enabling the computation of an optimal wind conditions sampling strategy in which

the variance of the AEP estimate is minimized. Using Bayesian Quadrature to integrate the GP over the optimal sampling,

an accurate AEP estimate can be obtained with substantially fewer wind speed and direction combinations than traditional

quadrature. When compared to Rectangular Quadrature with 4433 simulations, Bayesian Quadrature achieves an error smaller65

than 1 % with only 200 simulations, reducing computational costs considerably (King et al., 2020). However, it has never been

tested as the objective function in WFLO problems, to our knowledge. On the other hand, the use of GP trained on layouts and

their respective AEPs to then use in Bayesian Optimization for WFLO has been widely studied (Pujari and Mitra, 2023; Chugh

and Ymeraj, 2022).

A more straightforward approach is Monte Carlo, which is characterized by a simple method and a relatively uncompli-70

cated configuration. This method has been employed in a broad spectrum of mathematical problems, encompassing various

applications, including optimization, numerical integration, and uncertainty assessments. The method is based on the random

sampling of uncertain input variables from their respective probability density functions, followed by the evaluation of the

desired function. In the context of AEP, the variables under consideration are wind direction and speed. These variables are

drawn from the wind rose (Quick et al., 2023; Padrón et al., 2019). Despite being substantially simpler than other AEP methods75

such as Bayesian Quadrature, it is one of the most computationally expensive methods. Around 200,000 samples are required

to ensure that the 99 % confidence interval for the true AEP is smaller than 1 % of the computed AEP (Padrón et al., 2019).

Nonetheless, the Monte Carlo AEP method can be used for layout optimization methods where a very noisy AEP gradient is

needed. This is the case of the Stochastic Gradient Descent algorithm (Quick et al., 2023), where a coarse AEP gradient is

needed and small number of samples is required. This method is an adaptation of the Adam algorithm (Kingma and Ba, 2017)80

for WFLO, and it has been shown to yield higher AEP in substantially less time than conventional methods as the number of

wind turbines increase (Quick et al., 2023).

All of the AEP methods discussed so far rely on the discretization of the integral to make it tractable, whether it is to run the

full discretized wind rose or a certain number of scenarios. The novel FLOW Estimation and Rose Superposition (FLOWERS)

aims to go a step further and solve the integral in an analytical manner, rather than numerical. The method, first described85

in LoCascio et al. (2022) and then improved into a more generalized case in LoCascio et al. (2024) makes use of several

simplifications and the Fourier Transform to end up with an integral that is tractable. Initially, in LoCascio et al. (2022) and

LoCascio et al. (2024), the method had been developed to use the N.O. Jensen (NOJ) wake model (Jensen, 1983), here referred

to as NOJ-FLOWERS. The resulting AEP expression’s performance was compared for different wind roses, layouts and wind

farm sizes, using the AEP obtained by means of Rectangular Quadrature using NOJ wake model as reference. NOJ-FLOWERS90

proved itself to compute AEP at least one order of magnitude faster, but it was found to underestimate AEP by up to 30 % in

sites with high wind speeds. NOJ wake model is known to underestimate wake velocity at hub height, while overestimating

that at the wake edge (Wang et al., 2024). To better represent wind turbine wakes, the Gaussian Bastankhah (BPA) wake

model (Bastankhah and Porté-Agel, 2014) was implemented into the FLOWERS approach in Whittaker et al. (2025), here

referred to as BPA-FLOWERS. This method provides similar results to NOJ-FLOWERS in terms of computational cost, with95
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the addition of an increased accuracy with respect to NOJ-FLOWERS when validated against the Cumulative Curl model

from FLORIS. NOJ-FLOWERS was shown to underestimate AEP, whereas BPA-FLOWERS yields a slight overestimation

(Whittaker et al., 2025). For the case of NOJ-FLOWERS, it has been tested for a gradient based layout optimization problem

for small wind farms in LoCascio et al. (2024), and for larger wind farms in LoCascio et al. (2025), achieving promising

results. It has a decreased computational time by at least an order of magnitude with respect to conventional methods. Despite100

the fact that it underestimates AEP and its accuracy is dependent on the wind rose, it still captures the positive or negative

impacts of modifying the layout. In addition, it provides a much smoother design space, which will prove advantageous in an

optimization scenario (Martins and Ning, 2021). When it comes to BPA-FLOWERS, its performance has not yet been analyzed

for optimization purposes.

Regarding WFLO algorithms, they fall into two major groups in the literature: gradient based and gradient free. Gradient105

based algorithms, sometimes referred to as calculus based algorithms, rely on the derivatives or gradients of the objective

function to know the direction in which to explore the design space. These methods require the objective function to be

differentiable and continuous (Herbert-Acero et al., 2014; Martins and Ning, 2021). Despite the multimodality of the layout

optimization problem (Thomas and Ning, 2018; Thomas et al., 2022), gradient based algorithms have been proven to attain

strong results (Guirguis et al., 2016; Fleming et al., 2022). On the other hand gradient free algorithms do not make use of the110

derivatives or gradients to determine the direction. These algorithms are commonly divided into heuristics and metaheuristics,

the latter being more efficient and complex, often achieving near-optimal solutions (Herbert-Acero et al., 2014). However,

these algorithms are known for not scaling well with the number of variables, meaning that, unlike gradient based algorithms,

an increase in the number of design variables corresponds to a similar increase in the computational cost (Herbert-Acero et al.,

2014). Ultimately the choice of algorithm depends greatly on the nature of the problem, the desired quality-to-computational115

cost ratio, and the gradients availability.

As outlined above, a variety of models have been used to reduce the computational cost of WFLO. While some methods

have been used in an optimization framework, others – such as Bayesian Quadrature to integrate a wind farm power GP sur-

rogate model to estimate AEP – have not yet been tested. However, simpler methods of computing AEP that do not require

such complex mathematical derivations may be used to efficiently evaluate wind farm layouts, such as using a reduced num-120

ber of wind direction bins or an average wind speed bin per wind direction. The objective of this paper is to provide a fair

comparison of different conventional and new AEP models that can be used for layout optimization, focusing particularly on

computational efficiency and the quality of the results achieved. The Stochastic Gradient Descent algorithm, despite not being

an AEP model, will be assessed alongside the other methods given its efficient sampling strategy to obtain the gradients. A se-

ries of boundary conditions will be imposed on four different real offshore wind farms of various sizes and presenting different125

atmospheric conditions, with the aim of exploring the WFLO performance of the AEP methods under a variety of conditions.

The optimization will be carried out using a gradient based algorithm, thus reflecting how well the model’s gradients guide the

optimizer to reach optimal layouts. Each of the different AEP methods will be assessed using three different wake models in

order to explore its effect on the efficiency and how each method handles the different complexity of the models. The models

assessed are N.O. Jensen (Jensen, 1983), Gaussian Bastankhah (Bastankhah and Porté-Agel, 2014) and Nygaard TurbOPark130
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(NTP) (Nygaard et al., 2020). For the latter, its derivation for FLOWERS is here introduced using a similar implementation

of FLOWERS with NOJ wake model (LoCascio et al., 2024, 2025, 2022). The NTP is a top-hat model, which unlike NOJ,

assumes the wake expansion rate to be proportional to the local turbulence intensity (TI) in the wake.

The paper is organized as follows. Section 2 introduces the different efficient AEP models used, as well as the baseline

used and the optimization problem setup is presented. Section 3 presents and analyses the initial AEP and computational time135

benchmarking in comparison to the baseline. This is followed by an examination of the optimization results, which includes

a study of the different efficacies, the extent to which the models were optimized, and efficiency, the speed at which they

optimized. Finally the main results and takeaways are summarized in Section 4.

2 AEP models and optimization setup

The AEP can be estimated using a rectangular quadrature as,140

AEP≈ 8760

Nθ∑

d=1

Nu∑

u=1

NWT∑

n=1

Pn(ueff,n(θd,uu))f(θd,uu), (1)

where f(θ,u) is the joint probability of the wind direction and speed combination, θ and u, with ueff,n indicating the

effective wind speed experienced by wind turbine n, taking into account the wake effects from the upstream turbines, thus

being a function of u and θ. Pn is the power output from turbine n and NWT is the number of turbines in the farm. The

computational cost of evaluating AEP in this manner is directly proportional to the number of bins used in the discretization,145

with higher amounts resulting in higher computation times, but also higher accuracy (Gonzalez-Rodriguez et al., 2025). Studies

have shown that the use of 360 wind direction bins results in the most consistent and reliable results in layout optimization,

although with significant computational costs (Feng and Shen, 2015).

The efficient AEP models used can be divided into four different categories, referring to the approach used to reduce the

computational cost of evaluating the AEP: coarser binning, FLOWERS, probabilistic and stochastic. In addition, a baseline150

model is introduced and used as the ground truth, which is the model to be surpassed. All method in this category are computed

using PyWake (Pedersen et al., 2023), an open source wake modeling tool used in several studies (Valotta Rodrigues et al.,

2024; Quick et al., 2023; Criado Risco et al., 2024). A summary of the AEP models used in this study can be found in Table 1.

2.1 Baseline

A conventional model is used as the reference. The target layout will be the optimized output of this model, and the time taken155

to achieve it will be reduced where possible. This model consists of the rectangular quadrature in Eq. 1 using fine binning,

consisting of 1 ◦ wind direction bins, and 1 m s−1 wind speed bins. Considering common turbine operating conditions of 3-25

m s−1, the total number of flow simulations to carry out amounts to 8280. This aligns with the guidelines provided by Feng

and Shen (2015) to obtain consistent and reliable results. This method is also used to evaluate the final optimized layouts to

provide a fair comparison under each specific wake model.160
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2.2 Coarser binning

The following methods aim to reduce the computational cost by decreasing the total number of farm flow simulations required

for each AEP evaluation with respect to the baseline, with 8280 simulations in total. The AEP methods in this category are

Coarse WD, Average WS and Uniform CT.

Reducing the number of wind direction bins, or equivalently, increasing the wind direction bin width from 1 to n degrees165

reduces the number of scenarios to be considered by a factor of n. Since the number of wind turbine interactions to be computed

per scenario is the same regardless of the number of wind direction bins, the computation is theoretically also sped up by a

factor of n. For the first approximation, referred to as Coarse WD, a value of 5◦ is selected as wind direction width, that is, 72

wind directions. The total number of wind farm simulations to compute is therefore 1656.

Similarly to how a high number of wind direction bins causes a high number of scenarios to be computed, a high number170

of wind speed bins has a similar effect. For this third approach, referred to as Average WS, a unique value for wind speed will

be used for each wind direction bin considered, the average wind speed. The total number of scenarios to compute amounts to

360, one per wind direction in a fine binning. Therefore Eq. 1 is transformed into

AEP≈ 8760

Nθ∑

d=1

NWT∑

n=1

Pn(ueff,n(θd,ud))f(θd). (2)

Lastly, software used for AEP evaluations use engineering models to quickly determine the wind speed downstream. One of175

the main inputs for these models is the thrust coefficient, CT, to indicate the thrust, and varies non linearly with wind speed

(Herbert-Acero et al., 2014). Being a function of wind speed, it is necessary to know the effective wind speed of the turbines

upstream, and therefore the incident wind speeds are solved in sequence, creating a coupled system of interactions, limiting

the computation speed. Using a uniform CT makes this system redundant, thus speeding up calculations. The CT used in this

approach is therefore a function of the freestream wind speed, as well as using a similar procedure as the method above, using180

a single wind speed bin per direction bin. The thrust coefficient then becomes CT(u∞) rather than CT(ueff), therefore this

method is referred to as Uniform CT.

2.3 FLOW Estimation and Rose Superposition (FLOWERS)

All AEP methods introduced so far depend on discretizing the integral to make it computationally feasible, whether through

a full discretized wind rose or a set of scenarios. FLOWERS seeks to advance this by solving the integral analytically instead185

of numerically. The method, first described in LoCascio et al. (2022) and later generalized in LoCascio et al. (2024), employs

simplifications and the Fourier Transform to derive a tractable integral

The main simplification corresponds to the use of an average wind speed per wind direction bin, reducing the joint probability

distribution of the atmospheric states, f(θ,u) into a single probability, that of the wind direction, f(θ). In addition, similarly

to the Uniform CT model explained above, the coupled systems of interactions between turbines to determine the local wind190

speed, used to obtain the power and thrust coefficients CT and CP, is incompatible with FLOWERS’s analytical integration
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approach. To solve this, the freestream wind speed is used to obtain CT and CP for all wind turbines, that is CT(u∞) and

CP(u∞). Other simplifications include rotor treated as a single point, atmospheric homogeneity, and all turbines are assumed

to be identical, as well as some minor mathematical simplifications and approximations, found in LoCascio et al. (2024) and

Whittaker et al. (2025).195

In the literature, FLOWERS can be found for the top-hat wake model described in Jensen (1983), with a thorough analysis

in LoCascio et al. (2022, 2024, 2025), including the AEP model and the analytical gradients needed for gradient based opti-

mization. In addition, it has been derived for BPA wake model (Bastankhah and Porté-Agel, 2014) with an initial analysis in

Whittaker et al. (2025), introducing only the AEP model, but not the analytical gradients.

A new FLOWERS implementation is here introduced, using the top-hat wake model NTP (Nygaard et al., 2020) which, in200

addition to NOJ’s approach, assumes the wake expansion rate to be proportional to the local turbulence intensity on the wake,

referred to as NTP-FLOWERS. This approach improves the prediction of wake recovery over long distances, as the expansion

of the wake slows down as the turbulence generated by the turbine decays. This makes the approach particularly relevant for

large wind farms.

2.3.1 NTP-FLOWERS AEP205

NTP wake model is a top-hat model, therefore, similarly to NOJ, the velocity deficit is uniformly distributed across the surface

of the wake perpendicular to the axis of the wind turbine. Unlike NOJ, NTP’s wake expansion is proportional to the local TI

rather than a constant expansion rate. This local TI is the local and wake induced turbulence added in quadrature. The resulting

wake deficit for a downstream distance of x is

∆u

u0
(x) =

(
1−

√
1−CT

)( D

Dw(x)

)2

(3)210

where D is the wind turbine rotor diameter and Dw(x) is the wake diameter at a distance x. Whereas for NOJ Dw(x) can

be defined as D+2kx, where k is a constant expansion coefficient, for the NTP model, after including the local turbulence,

Dw(x) becomes

Dw(x) =D+
AI0D

β


√(α+βx/D)2 +1−

√
1+α2 − ln




(√
(α+βx/D)2 +1+1

)
α

(√
1+α2 +1

)
(α+βx/D)




 , (4)

where I0 is the background atmospheric turbulence and α and β are auxiliary positive variables defined as α= c1I0 and215

β = c2I0/
√
CT(u0) with c1 = 1.5 and c2 = 0.8 as given in IEC (2010). Finally A is a calibrated expansion coefficient, which

recommended value for offshore wind farms is 0.6 (Nygaard et al., 2020). Such a wake model implementation into FLOWERS

would not be tractable given the complexity and nature of the equation. Nevertheless, the only difference with respect to the

NOJ model used in LoCascio et al. (2024) is the wake radius, no longer a function of the constant wake coefficient k. With the

goal of following a similar implementation, Eq. 3 is transformed into220
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Figure 1. Visual representation of effective expansion wake coefficient keff , representing the wake shape obtained using Eq. 4 and that using

keff for an arbitrary downstream distance x.

∆u

u0
(x) =

1−√
1−CT

2keff(x)/D+1
(5)

where keff(x) represents the effective wake expansion coefficient at a downstream distance x which yields an equal wake

diameter to that obtained using Eq. 4 in the NTP wake model. This keff(x) is obtained for every pair of wind turbines i and j

in the wind farm, and is defined as

keff(x) =
1

2

∆DW

∆x
=

Dw(x)−D

2x
(6)225

where x is the downstream position from the wake generating turbine. A visual representation of the effective wake expan-

sion coefficient is displayed in Fig. 1. This adaptation matches the formulation in NOJ-FLOWERS, enabling the exact same

derivation for the AEP model. The presence of CT in the β factor in Eq. 4 makes it impossible to include it among the discrete

inputs as a function of wind directions that are transformed into continuous form via the discrete Fourier transform. For this

reason, a universal thrust coefficient, or CT, is used, similar to the one introduced for Gaussian-FLOWERS in Whittaker et al.230

(2025), based on weight averaging the thrust coefficient by expected power production, defined as

CT =

Nθ∑

i=1

fiCT(U0,i)
CP(U0,i)U

3
0,i∑

I CP(U0,i)U3
0,i

. (7)

Using this effective expansion wake coefficient, the FLOWERS AEP implementation is close to that found in LoCascio et al.

(2024), with the substitution of k with keff .

2.3.2 NTP-FLOWERS AEP gradients235

The derivation of AEP gradients follows LoCascio et al. (2024) with the additional gradient terms from the introduction of keff

as derived here. Knowing that keff in Eq. 6 is only a function of the downstream distance x, or in the relative polar coordinate
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system being used, a function of rij , only terms sensitive to changes in rij need to be computed, that is ∆pij(rij ,γij), where

γij is the relative polar angle. The derivative of ∆pij(rij ,γij) with respect to rij then becomes

∂∆pij
∂rij

=
∂∆pij
∂rij

∣∣∣∣∣
NOJ

+
∂∆pij
∂keff

∂keff
∂rij

+
∂∆pij

∂θ
(c)
ij

∂θ
(c)
ij

∂keff

∂keff
∂rij

(8)240

where ∂∆pij

∂rij

∣∣
NOJ

refers to those gradients already derived in LoCascio et al. (2024). θ(c)ij is the critical angle representing the

wake boundary, also introduced in LoCascio et al. (2024), and is a function of rij and keff(rij). For simplicity, the derivation

of the different terms in Eq. 8 is omitted. The sensitivity of ∆pij to changes in keff is

∂∆pij
∂keff

=
a0θ

(c)
ij

(2keffrij +1)2

[
8π2rij(θ

(c)
ij )2

3(2keffrij +1)2

− 4rij
2keffrij +1

(
1+

8π2keffrij(θ
(c)
ij )2

3(2keffrij +1)

)]

+
M−1∑

m=1

[
am cos(2πmθij)+ bm sin(2πmθij)

πm(2keffrij +1)2

(
2rijTm

m2(2keffrij +1)2

− 4rij
2keffrij +1

(
sin(2πmθ

(c)
ij )+

2keffrijTm

m2(2keffrij +1)

))]
, (9)

where245

Tm =
[
(2πmθ

(c)
ij )2 − 2

]
sin(2πmθ

(c)
ij )+ 4πmθ

(c)
ij cos(2πmθ

(c)
ij ). (10)

am and bm correspond to the Fourier terms obtained from the discrete Fourier transform of the discrete wind rose components

found in LoCascio et al. (2024). Moreover, the derivative with respect to rij of the keff is

∂keff
∂rij

=
AI0
2rij

(
α+βrij√

(α+βrij)2 +1+1
+

1

α+βrij

)
− keff

rij
, (11)

the derivative of ∆pij with respect to θ
(c)
ij is250

∂∆pij

∂θ
(c)
ij

=
a0

(2keffrij +1)2

[
1+

8π2keffrij(θ
(c)
ij )2

2keffrij +1

]

+

M−1∑

m=1

2(acos(2πmθij)+ bsin(2πmθij))cos(2πmθ
(c)
ij )

(2keffrij +1)2

(
1+

2keffrij(2πmθ
(c)
ij )2

m2(2keffrij +1)

)
(12)

and finally the sensitivity of θ(c)ij to changes in keff is defined as
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∂θ
(c)
ij

∂keff
=

1

2π
√
1+ k2eff − 1

4rij

√
1+ k2eff − 1

4rij
− keff

2rij

1+ keff
(13)

In addition to the equations introduced in LoCascio et al. (2024), Eq. 9, Eq. 10, Eq. 11, Eq. 12, Eq. 13 represent the gradients

of NTP-FLOWERS with respect to the turbine coordinates.255

2.4 Probabilistic approach

The models presented so far use the whole wind rose indiscriminately, regardless of their weight and relevance in the AEP

estimation. This category introduces probabilistic AEP approaches, meaning that the wind conditions used to estimate AEP

are used based on the probabilistic weight from the wind distribution. The two methods falling into this category are Bayesian

Quadrature (BQ) and Optimal-design Weighted Quadrature (OWQ).260

The BQ method for AEP estimation, introduced in (King et al., 2020), uses a trained Gaussian Process estimate to compute

AEP with a reduced number of wind farm flow simulations using Bayesian Quadrature. The resulting AEP equation is

AEP≈ 8760wTK−1P (14)

where w is the kernel-weighted probability integrals, converting the AEP estimation into a simple point weighted sum over

the discrete samples, in this case, the wind conditions sampled. K is the covariance matrix formed by evaluating the Matérn265

kernel at all sample points, with hyperparameters fitted via the Gaussian Process regression on the sampled flow model outputs.

P is the power output coming from the wind farm flow modeling simulations at the sampled points, computed using PyWake.

The use of a Gaussian Process opens the possibility of obtaining the uncertainty of the AEP estimation, meaning that the

set of wind conditions to use in the Bayesian Quadrature can be optimized to minimize the uncertainty. The unconstrained

optimization is270

max
si

wTKw, (15)

where si is the wind direction and speed combinations, i being the number of samples that are desired to be optimized. The

recommended number of samples by King et al. (2020) is 200, but 360 was here used, so that it can be compared with other

methods using 360 atmospheric combinations (Average WS, Uniform CT or FLOWERS). In order to avoid being trapped

in local minima, a total number of 10 random starts are optimized. An analysis on the choice of number of random starts is275

provided in Appendix A. Given that none of the components involved in the optimization are a function of the wind farm’s

layout, these optimal points can be obtained beforehand, and be used for any layout, as long as the atmospheric site conditions

remain constant.

Regarding the AEP gradients with respect to the turbine positions, the only component of Eq. 14 which depends on the

specific layout is P . Therefore, the gradients become280
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∂AEP

∂x
= 8760wTK−1 ∂P

∂x
, (16a)

∂AEP

∂y
= 8760wTK−1 ∂P

∂y
, (16b)

Here we propose the novel method Optimal-design Weighted Quadrature (OWQ), which uses the same optimized sampling

strategy obtained for Bayesian Quadrature, to compute AEP by summing the power contribution from each optimally-selected

wind speed and direction combination, weighted by its normalized occurrence probability. The used number of samples in this285

case is also 360. AEP can then be obtained using

AEP≈ 8760

Ni∑

i=1

NWT∑

n=1

Pn(ueff,n(θi,ui)f̃(θi,ui), (17)

where Ni is the number of samples, and f̃(θi,ui) is the normalized probability of occurrence of the wind speed and direction

combination i, defined as

f̃(θi,ui) =
f(θi,ui)∑Ni

i=1 f(θi,ui)
(18)290

2.5 Stochastic sampling of wind rose

The models presented so far are deterministic, using the entire wind rose data, or base their sampling strategy on it, to esti-

mate AEP. This category introduces a stochastic AEP approach, meaning that the wind conditions used to estimate AEP are

randomly drawn from the wind distribution, resulting in different AEP estimation values per evaluation, or in the method here

introduced, gradients. Unlike the approaches seen so far, Stochastic Gradient Descent (SGD) is not an objective function, but an295

optimization algorithm, commonly used in machine learning when selecting neural network weights. This last method uses its

adaptation to the WFLO problem developed by Quick et al. (2023). Using the Monte Carlo estimation of the AEP to compute

its associated gradient by using the equation found in Eq. 19, and an adaptation of the Adam algorithm (Kingma and Ba, 2017),

this coarse gradient is enough to guide SGD towards the nearest local optima. Monte Carlo’s approximation of the gradients

can be defined as300

d

ds
AEP ≈ 8760

1

KMC

KMC∑

k=1

NWT∑

n=1

d

ds
Pn(ueff,n(θk,uk)) (19)

where KMC = 50 is the number of samples drawn from the probability distributions. S is the set of coordinates of the wind

turbines. The original Adam algorithm is intended for unconstrained optimization, therefore in Quick et al. (2023), a constraint

aggregation to a penalty term with units that are consistent with the objective is introduced. The purpose of this penalty term is

to ensure that both the penalty and the AEP gradients initially have a similar magnitude, enabling the algorithm to explore the305
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Category AEP method NWD NWS Total flow simulations Notes

Baseline Baseline 360 23 8280 Combinations

Coarser binning

Coarse WD 72 23 1656 Combinations

Average WS 360 1 360 Combinations

Uniform CT 360 1 360 Combinations

FLOWERS FLOWERS 360 1 – Fourier

Probabilistic
BQ 360 360 360 Pairs of samples

OWQ 360 360 360 Pairs of samples

Stochastic SGD 50 50 50 Pairs of samples
Table 1. Summary of AEP methods. NWD and NWS indicate the number of wind direction and speed bins, respectively. Combinations refers

to those models where the different atmospheric conditions are combined, Pairs of samples to those where the conditions are paired, and

Fourier for the case where the wind rose is transformed using Fourier Transform.

design space. However, as the optimization process continues, the penalty gradients will become dominant over the AEP ones,

ensuring a viable solution. The constraint multiplier is responsible for this increase in the dominance of the penalty gradients,

growing as the learning rate decreases.

This learning rate is the main parameter in SGD. It controls the step size at each iteration, also determining how much

the turbine positions are adjusted in response to the estimated gradient. A well-chosen learning rate balances convergence310

speed and solution quality, avoiding overshooting or slow progress. It is scheduled to decay as the optimization progresses,

controlled by the learning rate scheduler, dependent on the initial and final learning rates, D/5 and 0.1 respectively in this study,

corresponding to those recommended in Quick et al. (2023). The last parameter that needs to be considered is the number of

iterations. When it is increased, larger final AEP values are obtained, with a computational cost that grows proportional to

the optimization iterations (Quick et al., 2023). A total of 2000 iterations are considered here, which has been proven to315

achieve consistent results (Quick et al., 2023). An initial analysis of this method showed that lower iteration counts resulted in

proportionally faster optimization times, but with the layout found presenting poorer AEPs. For the Adam algorithm momentum

constants, the values used are those found in Quick et al. (2023), corresponding to β1 = 0.1 and β2 = 0.2.

2.6 WFLO setup

The performance of the different AEP methods studied here is tested as objective functions in a series of WFLO problems,320

encompassing a variety of farm sizes, wind roses and constraints. In order to test different conditions, two convex (C) and

two non-convex (NC) boundaries are utilized. A non-convex boundary is characterized by inward-curving edges, in contrast

to a convex boundary where straight lines between interior points can exit the region (i.e. concave polygon). While gradient

based algorithms can efficiently and easily optimize convex boundaries, they may struggle and require more iterations to

optimize non-convex regions (Thomas et al., 2023). Moreover, distancing constraints (DC), limiting the minimum distance325

between turbines within the wind farm, further reduce the efficiency of the optimization, scaling very poorly with the number
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of turbines, given the increase in turbine to turbine distances to consider. For this reason, such constraints will be included

into two cases, with the other two being unconstrained in this sense. This is a reasonable decision, given that turbines tend

to separate in the initial stages of optimization to minimize wake losses while still meeting the minimum safety standards

(Valotta Rodrigues et al., 2024). To verify this claim, a minimum safety distance of 2D is verified for each optimized layout.330

This simplification is also for the sake of testing the AEP models’s ability to handle large wind farms without making the

optimization time intractable, given that the optimizer’s handling of the distancing constraints is not the main goal of this

study. Real wind farms are used here, where the ones using convex boundaries are a convex-hull of the actual wind farm

region, therefore not fully resembling the actual setup. The wind farms used and their configurations are presented in Table 2,

with their boundaries shown in Fig. 2, and the wind roses in Fig. 3, where Sofia and Hornsea 2 do not correspond to the335

original ones, but to other locations, so as to have a larger variety of wind conditions. The wind roses are obtained from the

New European Wind Atlas (NEWA), a publicly available dataset produced with the Weather Research and Forecasting (WRF)

mesoscale model that provides 30 years of wind data (1989–2018) (Hahmann et al., 2020; Dörenkämper et al., 2020). The

optimization problem is therefore

Maximize
x,y

AEP (x,y)340

Subject to:
√
(xi −xj)2 +(yi − yj)2 ≥NDD, ∀ i, j ∈ {1,2, . . . ,NWT}, i ̸= j, (when applicable)

(xi,yi) ∈ P, ∀ i ∈ {1,2, . . . ,NWT},

where NDD indicates the minimum distance between turbines in turbine diameters, for those cases in which such a constraint

is applied. P represents the specific wind farm boundaries. Gradient based algorithms, which usually minimize, are usually345

known as local search algorithms since despite searching for the global minima, they very often get stuck, converging to

suboptimal solutions (Herbert-Acero et al., 2014; Guirguis et al., 2016; Thomas et al., 2023), showing a great sensitivity to

the initial conditions. In consequence, WFLO studies using gradient based algorithms rely on multi-start approaches (Quick

et al., 2023; LoCascio et al., 2025; Criado Risco et al., 2024), in which a set of optimization problems are solved with random

initial conditions. In this case, a total of 30 multi-starts are used. Lastly, all turbine coordinates are normalized with respect350

to the maximum respective coordinate possible given the different boundaries, so that all coordinates are between 0 and 1.

The optimization problem is carried out using the TOPFARM framework (Pedersen et al., 2025), used in a variety of wind

farm optimization studies (Wolf Ciavarra et al., 2022; Riva et al., 2020; Criado Risco et al., 2024). The gradients are obtained

using PyWake’s automatic differentiation for all of the AEP models, with the exception of FLOWERS, in which analytically

derived gradients are used. The reported times are all obtained using node clusters from DTU Sophia supercomputer (Technical355

University of Denmark, 2019), in single node operation, with each node being composed of 2×AMD EPYC 7351 CPUs, at 2.9

GHz, with 16 cores and 128 GB of RAM.

For the different wake models use, the respective wake expansions coefficients, for those where it is assumed constant, are

kNOJ=0.05 and kBPA = 0.03, corresponding to typical off-shore values (Bastankhah and Porté-Agel, 2014). The atmospheric
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Name Turbines Boundary Distancing WT Power

Hornsea 3 231 Convex No 14 MW

Sofia 100 Convex Yes 14 MW

Thor 72 Non-convex No 14 MW

Hornsea 2 – Phase 1 55 Non-convex Yes 8 MW
Table 2. Wind farm configuration characteristics

3

N

Hornsea 3 
 (231 WT, C)

Sofia 
 (100 WT, C, DC)

Thor 
 (72 WT, NC)

Hornsea 2 
 (55 WT, NC, DC)

Figure 2. Boundaries for the different wind farms being studied, not scaled (C=Convex, NC=Non-convex, DC=Distancing constraints).

TI, I0, used for the NTP wake model is assumed to be equal to 0.1. To provide a comparison of the optimized layouts, for each360

different wake model, these are evaluated using the baseline AEP model regardless of the model that has been used for the

optimization, considered the highest fidelity model in this study.

When computing the AEP, the contributions from the different scenarios – the combinations of wind speed and direction –

are summed. As these are independent of each other, parallel computation is possible with the use of more than one CPU, where

several scenarios are evaluated simultaneously, considerably speeding up the overall computation. This is only possible when365

wind distributions are discretized and flow simulations are independent of each other, that is all methods except FLOWERS.

The maximum number of CPUs is limited due to the overhead times, where a point is reached beyond which increasing the

number of CPUs does not result in a useful reduction of computational time (Valotta Rodrigues et al., 2024). In order to

determine the optimal number of CPUs that provide a balance between computational speed and resources used an analysis is

presented in Appendix B, justifying the use of 8 CPUs for all methods except SGD and FLOWERS which use a single CPU.370

3 Results

As a means to study the different methods capability to evaluate AEP and its corresponding gradients, as well as its computa-

tional efficiency, before testing them in an optimization framework an initial comparison is carried out. With these results in

mind, the WFLO optimization outcomes for the series of case studies previously introduced are subsequently analyzed.
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Figure 3. Wind roses for the different wind farms studied (C=Convex, NC=Non-convex, DC=Distancing constraints).

3.1 AEP method benchmarking – AEP375

The difference with respect to the baseline is displayed in Fig. 4 for AEP estimation and computational time, for all three wake

models considered. These results are obtained for regular grid wind farms of increasing number of wind turbines, using the

wind rose corresponding to Hornsea 3, found in Fig. 3. It is important to note that the time results presented are comparing

CPU hours. The SGD algorithm does not perform AEP evaluations in the implementation used here, so it is excluded from

this analysis. A model may be very suitable to evaluate a wind farm’s AEP, but might not prove useful for layout optimization.380

Besides efficiently computing AEP, WFLO requires an objective function that properly reflects the design space, in this case,

the wind farm physics and turbine interactions. In other words, the accuracy of a model’s determination of the AEP with respect

to the baseline does not by itself determine whether it is suitable for layout optimization. Likewise, a model presenting a large

error does not render it useless for layout optimization, as it may still capture the physics in a way that can guide the optimizer

towards the optimal solution.385

Regarding the AEP estimations, some models are more accurate than others, with Coarse WD, BQ and OWQ presenting

the closest values to the reference, with differences smaller than 5 % regardless of the wind farm size and wake model. The

fact that Coarse WD barely differs from the baseline reflects that coarser wind direction bins barely affect the accuracy of the

calculations. How this affects how well wind farm interactions are captured will be seen later. BQ and OWQ, both probabilistic

methods, are capable of achieving values that are very close to the reference values with as little as 360 wind farm flow390

simulations, aligning with the results obtained by King et al. (2020). On the other hand, methods using an average wind speed

per wind direction bin, Average WS, Uniform CT and FLOWERS, fail to accurately estimate AEP, with the two former ones

resulting in overestimations for all wake models. For the case of FLOWERS, the error increases with the number of turbines,

and while NOJ-FLOWERS results in underestimations, BPA-FLOWERS shows overestimations, matching the conclusions

reached in LoCascio et al. (2025) and Whittaker et al. (2025) respectively. NTP-FLOWERS, being a very similar wake model395

to that of NOJ-FLOWERS, in addition to the parallel derivation, presents an underestimation of the AEP.
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Figure 4. AEP and its computational time (CPU hours) difference of the different AEP methods with respect to the baseline using Hornsea

3 wind rose from Fig. 3.

All AEP models considered here are faster than the baseline. The fastest of the methods is FLOWERS, achieving a time

reduction of more than 99 % for all wind farm sizes and wake models, due to its continuous approach. The remaining methods

all achieved time reductions of around 60 to 80 %, and the use of a single wind speed per direction bin in Average WS and

Uniform CT is noticeable: they are slightly faster that simply using coarser wind direction bins, Coarse WD. However, the400

effect of implementing a Uniform CT is negligible in larger wind farms. Finally, both probabilistic methods, BQ and OWQ

achieve a considerable reduction of the computational time, of the order of 70-90 % depending on the wake model, which in

addition to the small errors, makes them a very promising AEP model, at least when it comes to evaluating AEP. Notably, for

smaller wind farms BQ is slower than the baseline, reflecting that it does not take as much advantage of parallelization as other

methods. However, it is demonstrated that all AEP methods implemented here fulfill the main objective of this study, achieve405

significant computational time reductions in AEP computation.

The accuracy of FLOWERS, and especially NOJ-FLOWERS, has been found to be dependent on the wind rose used, with

strongly unimodal wind roses resulting in larger errors (LoCascio et al., 2024). This increased error is attributed to the use

of an average wind speed and uniform thrust coefficient. For this reason, an AEP benchmarking is carried out to see how the

AEP predictions are affected when using strongly unimodal wind roses such as the one used for Sofia. The results obtained are410

displayed in Fig. 5, where the increased error of FLOWERS can be observed, increasing to 40 % difference for NOJ- and NTP-

FLOWERS, a significant increase with respect to the 20 % from the previous analysis. On the other hand, BPA-FLOWERS
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Figure 5. AEP difference of the different AEP methods with respect to the baseline using Sofia wind rose from Fig. 3.

shows a substantial decrease, demonstrating its superiority over the other wake model counterparts. A similar behavior is

observed for Average WS and Uniform CT, where they displayed a slightly increased accuracy. The most accurate models in

the previous analysis, BQ and OWQ, with consistent differences of less than 5 %, have now surged to errors of 40 and 60 %415

respectively, clearly demonstrating their difficulty to adapt to this sort of wind roses.

3.2 AEP method benchmarking – Gradients

Besides requiring hundreds or thousands of AEP evaluations, gradient based optimizers also need gradients to guide them,

evaluated a similar number of times (Valotta Rodrigues et al., 2024). For this reason, the time needed to evaluate such gradients

plays a key role in the overall optimization time. Figure 6 shows the difference in computational time with respect to the ref-420

erence method, for an increasing number of turbines. Results are very similar to those found in the AEP benchmarking, where

all gradient evaluations are faster than the baseline with the exception of BQ, which takes little advantage of parallelization,

as was already noted in Appendix B, making OWQ faster than its probabilistic counterpart. Once again, even when compared

to parallelized methods, FLOWERS computes the gradients in a time that can be considered negligible compared to the other

methods. Similar to what was seen for the AEP evaluations, Uniform CT seems to outperform Average WS in all wake models,425

owing to most importantly taking better advantage of parallelization. In this analysis, SGD emerges as a model with extremely

rapid gradient evaluation times thanks to only solving 50 flow models, approaching reductions similar to those of FLOWERS,

despite using a single CPU.

3.3 Optimization results

The results displayed in Fig. 7 show the difference, in percentage, with respect to the baseline of the median final optimized430

AEP and total computational time for each wind farm, wake model and AEP method used as objective function. The optimized

layouts are evaluated using the baseline method for comparison purposes. The median is used to avoid the effect of outliers
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Figure 6. AEP gradients computational time difference of the different AEP methods with respect to the baseline using CPU hours.

skewing the results. Red colors indicate poorer performance in the respective category compared to the baseline, while green

colors reflect improved performance. First an analysis of the final AEP will be provided (efficacy comparison), to then move

onto the optimization time (efficiency comparison) and a combined analysis. Table C1 contains the median and standard435

deviation of optimizer iterations across wake models, by wind farm and AEP model.

3.3.1 Efficacy comparison - Optimized AEP

The final optimized AEP – when evaluated using the same wake model and AEP method, in this case the corresponding wake

model and the baseline AEP method – provides a measurement of how well the method optimizes a wind farm layout. In the

results shown in Fig. 7, it is immediately apparent that in general, all simplified AEP methods reach worse layouts than the440

baseline, with SGD, FLOWERS – with the exception of Sofia – and BPA-Coarse WD, as those attaining the closest results to

the baseline. FLOWERS, despite its numerous simplifications obtains some of the best results, due to its continuous approach

results in a very smooth design space, sometimes even surpassing the baseline, regardless of the considered wake model.

Nevertheless, as mentioned in LoCascio et al. (2024), the assumptions may lead to innacuracies in strongly unimodal wind

roses such as Sofia’s, due to the method not properly capturing the physics within the farm, and therefore presenting the worst445

results of all when it comes to such wind farm, with AEP values ∼ 2 % lower. A similar number of iterations with respect

to other wind farms confirms that the issue is related to how the model captures the physics, providing gradients that guide

the optimizer towards a failed optimized layout, rather than simply becoming stuck in a suboptimal layout. In addition, the

low standard deviations in the iteration count suggest a very smooth design space in which the optimizer will not have issues

with multi-modality, agreeing with those results found in LoCascio et al. (2025). For the case of SGD, these consistent results450

with virtually no difference with the baseline align with those found in Quick et al. (2023), proving once again the strength

of the algorithm in WFLO, showing no difficulty under any of the cases considered here. The last top performer, Coarse WD,

despite its coarse direction binning managed to obtain the same results as the baseline, but only for the BPA wake model.
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Figure 7. Optimized AEP and optimization time for the different wake models, wind farms and AEP methods. Results are displayed as

the difference in percentage, with respect to the baseline, of the median value out of the 30 random starts. (C=Convex, NC=Non-convex,

DC=Distancing constraints)

This can be easily explained because of the gaussian shaped wake which avoids the over sensitiveness to lateral displacement

present in top-hat models (Wang et al., 2024), resulting in a very similar design space to that of using 360 direction bins in the455

baseline. On the other hand, when using this coarser direction binning in top-hat models, given the overestimation at the wake

edges and uniform distribution of the velocity deficit (Wang et al., 2024), the resulting design space is too coarse, resulting

in substantially suboptimal final layouts, with layouts yielding around 0.2 and 0.4 % lower AEPs. This conclusion can be

validated with the iteration count, where for this method, Gaussian results yield an average of 98 iteration across wind farms

– barely any difference with respect to the baseline with 96 iterations. On the other hand, top-hat wake models NOJ and NTP460
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result in an average of 134 and 140 respectively, around 30 % more than the finer binning from the baseline, meaning that

the optimizer had issues navigating the problem for the latter and therefore resulting in poorer results, although this can be a

consequence of other optimization parameters.

Both probabilistic methods, BQ and OWQ, despite computing AEP accurately as shown in Section 3.1, where they presented

the smallest errors out of all methods considere, show rather poor results when used in layout optimization, with negative465

differences between 0.2 and 1 %. This behavior could be related to the use of only 360 samples, but seeing that both Average

WS and Uniform CT, also using 360 samples, do not present such poor outcomes, sample count alone does not appear to

be a sufficient explanation. A more likely cause lies in how the BQ sample locations are chosen. The optimal set of points

is obtained by minimizing the integrated variance of the AEP estimate with respect to the wind speed and direction joint

probability density functions (PDF) and the kernel covariance function alone, independent of the power response surface itself.470

This is by design, since it allows the same sample set to be reused across layouts without recomputation, but it also means

the points concentrate where inflow is probable rather than where AEP is most sensitive to turbine position, such as narrow

sector partial wake conditions. These conditions contribute little to the AEP integral, so the estimate remains accurate, but

they are precisely the conditions a layout optimizer needs resolved to obtain a useful gradient. Average WS and Uniform CT,

in contrast, retain full unimodal coverage even at 360 samples, so sensitivity information is preserved across the wind rose475

regardless of probability weighting. Nothing in the BQ sampling strategy ensures that the selected points capture enough of

this turbine interaction physics to effectively guide the optimizer, even though they are more than sufficient to guide the AEP

estimate itself. Nonetheless, the fact that OWQ presents better optimized layouts, with values ranging from -0.21 to -0.57 %

indicates that its representation of the design space is more accurate than that of BQ, with values ranging from -0.18 to -0.95

%. However, with only slightly lower iteration counts on average, but more than double the average standard deviation in the480

iteration count, it may be suggested that the design space provided by OWQ is more chaotic and more challenging for the

optimizer.

Finally, the two methods using an average wind speed per wind direction bin, Average WS and Uniform CT, present very

similar results with virtually the same iteration counts, both median and standard deviation, with the exception of the non-

convex boundaries where they yield significantly different and sparser results. This demonstrates that the use of a unique485

value of thrust coefficient for all wind turbines barely affects the overall outcome. However, both of these methods present a

sensitivity to the wind rose being used, where the use of more unimodal wind roses, like those found in Sofia and Hornsea 2,

result in poorer optimization performances with notably bad layouts in the former, a direct consequence of the non linearity of

the power and thrust curves. From these, it can be seen that all methods studied here, with the exception of SGD and Coarse

WD, suffer from the strongly unimodal wind rose found in Sofia.490

3.3.2 Efficiency comparison - Optimization time

The purpose of this study was to compare efficient AEP methods for layout optimization, where the computational efficiency

is assessed by means of the optimization time, defined as the time taken to run the optimization. The results found in Fig. 7,

showing the difference in percentage with the baseline of the median of all multi-starts, demonstrate that all AEP methods
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took shorter than the baseline to run the optimization, with the exception of SGD and two cases for BQ. The high optimization495

times for SGD can be explained by the high iteration count needed to obtain consistent results, a total of 2000 (Quick et al.,

2023), around 20 times more than the number of iterations needed by the baseline on average. Consequently, it takes between

2 and 15 times longer than the baseline depending on the wake model being used, NTP-SGD being the fastest one on average

compared to the baseline, without any clear pattern on the use of convex, non-convex boundaries nor distancing constraints. It

is important to note that a different hyperparameter selection for for this algorithm may potentially results in lower optimization500

times, maintaining a similar quality of the obtained layouts. On the opposite side of the spectrum, we find FLOWERS, with

reductions between 90 and 99 % in the optimization time, with the exception of Sofia for the BPA-FLOWERS. This decrease,

resulting in the fastest optimizations observed in this study, thanks to its fast evaluations, as seen in Section 3.1, and the smooth

design space, proven to be advantageous in gradient based optimization (LoCascio et al., 2024, 2025). Together with the high

quality layouts found, FLOWERS is therefore the top performer of this study, albeit with clear weaknesses when using strongly505

unimodal wind roses, where the performance is substantially poorer than the baseline.

For the probabilistic methods, BQ and OWQ, the time decrease is not as large as for the other methods, with BQ even

presenting increased optimization times in the Sofia wind farm, again signaling the difficulty of the model to adapt to unimodal

roses. A longer optimization time is commonly a consequence of more iterations required by the optimizer – reflecting a poor

representation of the design space – or slower AEP and gradients evaluations. Another likely reason for this is the fact that510

OWQ takes a greater advantage of parallelization, resulting in faster evaluation times. Nonetheless, it might also be a result of

a better reflection of the problem’s physics, due to the samples being summed based on probability of occurrence rather than

weights, with 150 iterations on average, compared to the 175 needed by BQ.

It was previously concluded that the two methods Average WS and Uniform CT demonstrated that the use of a single

thrust coefficient for all turbines barely affected the optimization. From results obtained in Fig. 7, the computational time515

differs significantly for the more complex cases where non-convex boundaries are needed. The iteration counts are similar,

without any difference that could justify these computational time differences. On the other hand, the computational time using

parallelization, as reported in Section 3.1, reveals that Uniform CT takes slightly less time to evaluate AEP and gradients, and

therefore contributing to the optimization time differences perceived.

Finally, having obtained remarkable results when applied with the BPA wake model, Coarse WD achieves reductions be-520

tween 40 and 70 %, therefore showing that this combination of wake model and AEP method is a top performer in WFLO,

owing to the smoothening effect of using a gaussian shaped model. Nonetheless, this needs further exploration to determine

how coarse the bins can be without the reduction in number of bins becoming detrimental for the model.

4 Conclusions

This research aimed to provide an investigation of different computationally efficient AEP methods, comparing their perfor-525

mance and potential uses in WFLO. The AEP models consisted of reducing the number of wind direction and speed bins; using

a Uniform CT; the novel FLOWERS approach, which uses assumptions, simplifications and Fourier transform to analytically
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solve the integral; and the probabilistic BQ method which uses a trained GP to compute AEP with a reduced number of wind

farm flow simulations, with the addition of a similar probabilistic derivation, OWQ. In addition, the SGD algorithm was in-

cluded in the study, given its simplified wind rose sampling methodology to obtain the gradients. All simplified models were530

studied for NOJ, BPA and NTP wake models. For FLOWERS, the derivation for the latter wake model was introduced. They

were tested on four different WFLO scenarios, encompassing convex and non-convex boundaries, different number of wind

turbines, distancing constraints and a variety of wind roses to ensure that a broad and representative spectrum of cases were

covered. A multi-start approach was employed to expand the exploration of the optimization space, given the mulitmodality of

the problem being considered.535

First, an analysis of the AEP estimation compared to the baseline or reference point, consisting of 1 ◦ and 1 m s−1 direction

and speed bins in the rectangular quadrature method, was carried out. It showed how some models, especially Coarse WD,

BQ and OWQ, with differences of less than 5 % managed to properly estimate AEP, while the rest resulted in significant

errors, particularly FLOWERS as result of its numerous assumptions and simplifications. All methods, with the exception

of Coarse WD, were shown to be highly sensitive to a strongly unimodal wind rose, even in initially most accurate models,540

BQ and OWQ, whose accuracy decreased the most out of all the AEP simplifications. This demonstrated that the optimized

sampling strategy implemented in these two methods failed to adapt to this sort of wind conditions. It is important to mention

that all methods studied here were developed with the goal of reducing the optimization time in a gradient based WFLO

problem, in which the objective function’s ability to reflect wind farm interactions to provide useful gradients is more important

than accurately computing AEP. Regarding the computational time all methods were more efficient than the baseline, with545

FLOWERS obtaining a speed up of more than 95 % for all wind farm sizes. Other methods achieved a time reduction between

60 and 90 %, also achieving an efficiency increase, as intended. Similar results were found for the gradients evaluation, showing

a superior FLOWERS with negligible computational times with compared to the other methods, and a BQ that barely took

advantage of parallelization, thus distancing it from other computationally efficient methods. Finally, it was found that Uniform

CT computed the gradients faster than Average WS, especially when parallelized, proving the advantage of using a single CT550

value.

Regarding the efficacy of the AEP methods in a WFLO, the median optimized AEP shows that with a few exceptions

for FLOWERS, all methods studied here yielded poorer layouts compared to those obtained using the baseline as objective

function. The strongly unimodal wind rose used for the Sofia wind farm posed a challenge for most models, with the exception

of Coarse WD and SGD, which did not see their performance affected. Surprisingly FLOWERS performed poorly in this555

scenario – with optimized AEPs between 1.5 and 2 % lower compared to the baseline – especially given how easily it improved

upon the baseline in the other cases. It was stated in LoCascio et al. (2024) and LoCascio et al. (2025) that this type of wind

roses reduced the accuracy of FLOWERS, therefore confirming here that this is the model’s main weakness. The other two

methods using similar assumptions to FLOWERS are Average WS and Uniform CT, also with noticeable difficulties under

these conditions, although with AEPs between 0.4 and 0.8 % lower. The complications suffered by BQ and OWQ where the560

unimodal wind rose also resulted in a lack of capability to capture its physics, resulting in the worst result for this method out of

all wind farms. Nevertheless, their results in other wind farms demonstrated a similar issue, not of the same magnitude, showing
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that using only the wind conditions with the highest probability is not enough to properly optimize a layout. In addition, simply

summing over the optimal sample selection as in OWQ yields better results than using the BQ approach, with values of 0.37

and 0.51 % lower than the reference, respectively. On the other hand SGD proved to be highly versatile, achieving virtually565

the same results as the baseline agreeing with the results found in Quick et al. (2023), while Coarse WD bins did so only for

the BPA wake model, thanks to the smoothening effect coming from the gaussian shaped speed deficit. Finally, the similarity

between the results obtained by Average WS and Uniform CT, demonstrated that the use of a unique thrust coefficient for all

turbines in each wind flow considered barely alters the final result.

The primary objective of this study was to ascertain which AEP models were computationally efficient. In order to evaluate570

this, the median optimization time derived from the 30 random scenarios was analyzed. While all methods, except SGD,

managed to reduce the optimization times significantly, the reductions achieved by FLOWERS – of more than 95 % – were

remarkable thanks to its fast AEP and gradients evaluation and smooth design space, proven to help the optimizer’s convergence

(Martins and Ning, 2021), and confirming the results found in LoCascio et al. (2025). Combined with the layouts close to the

baseline found by FLOWERS, with the exception of Sofia, FLOWERS proved itself to be one of the most solid methods in the575

study, achieving balance between efficiency and efficacy. On the other hand, SGD, as a consequence of its fixed budget of 2000

iterations, resulted in the slowest optimizations of the entire study, with values between 2 and 15 times slower, although these

results can be potentially improved with a more suitable hyperparameter choice. Moreover, BQ and OWQ did not achieve such

substantial time reductions, sometimes even taking longer than the reference, once again reflecting the model’s difficulties to

capture the physics of the problem. It was concluded that the better optimization results and optimization times from OWQ580

made it the superior model in the probabilistic AEP category. In the case of the coarser binning category, Coarse WD was

found to achieve consistent time reductions, which when combined with a gaussian wake model, managed to find a balance

between efficiency and efficacy. While Average WS and Uniform CT displayed similar results in terms of final layouts, the

optimization time differed, especially in the non-convex cases (Thor and Hornsea 2) where the optimizer requires more function

and gradients evaluations, probably caused by the faster gradient evaluations in Uniform CT, also taking more advantage of585

parallelizing the flow evaluations.

In general, despite all methods managing to optimize more efficiently than the selected baseline, the quality of the optimized

layouts differed significantly across AEP models, resulting in a variety of efficacy and efficiency balances. FLOWERS was

shown to display remarkable optimization times and layouts, with a strong weakness when dealing with strongly unimodal

wind roses. Coarse WD in combination with the BPA wake model on the other hand found layouts close to those found by590

the baseline while decreasing the optimization time, although not nearly as substantially as FLOWERS, but with the added

advantage of not struggling with unimodal wind roses, demonstrating a strong versatility. These results, in addition to the

simple and straightforward setup in these two methods, make them the clear choice when dealing with layout optimization in

a project, providing similar results to those from the baseline but with time reductions around 95 % for FLOWERS and 40 %

for BPA-Coarse WD. Moreover, highly intricate configurations, such as those belonging to the probabilistic category, BQ and595

OWQ, considerably diminished their appeal for layout optimization. Finally, the new FLOWERS implementation introduced

here, NTP-FLOWERS, demonstrated similar behavior to the other two FLOWERS implementations, with time reductions
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around 98 % and similar or better layouts than those obtained by the baseline, albeit with the flaw of having trouble with the

strongly unimodal wind rose in Sofia that characterized FLOWERS in this study.

In future work, the smoothening effect provided by using the BPA wake model in combination with a coarser wind direction600

binning should be studied more extensively with different bin sizes and wind farms. Further analysis is required to establish the

maximum size of the wind direction bins before the model becomes impractical for WFLO. The BQ and OWQ models were

found to compute AEP very efficiently and accurately, but not being very suitable for WFLO. In this study, engineering wake

models were used to train the GP in which the model is based, but higher fidelity models may be used. This would potentially

result in a high fidelity surrogate model for AEP evaluations. Finally, FLOWERS was observed to demonstrate flaws when used605

with strongly unimodal wind roses, however this may be specific to the case used in this study. This should be investigated

using other study cases.

Code and data availability.

The code and wind roses used to obtain the results presented here can be found in https://doi.org/10.5281/zenodo.23211846

Andueza-Bueno (2026).610

Appendix A: Analysis of the number of multi-starts to determine optimal sampling strategy in BQ and OWQ

Bayesian Quadrature (BQ) and Optimal-design Weighted Quadrature (OWQ) carry out an optimization problem to minimize

the uncertainty of the AEP estimate, resulting in an optimal sampling strategy of the wind conditions used in the computation.

To avoid becoming trapped in local optima, a total number of 10 random starts were optimized to obtain the results that are

presented in this study. In order to validate this as a proper number of multi-starts, and analysis is provided here to demonstrate615

how the number of multi-starts performed affects the AEP estimation. For an 80 turbine wind farm with a fixed layout, the

sampling strategy optimization problem was carried out for an increasing number of multi-starts, for a total of 20 times. The

mean and standard deviation of the AEP, compared to the AEP obtained using the baseline, are shown in Fig. A1.

The estimated AEP values converge at around 5 multi-starts, reflecting that the choice of 10 was acceptable. However, an

examination of the standard deviation of the 20 runs indicates that convergence occurs at 20 multi-starts. This suggests that620

the number used may result in a higher variability in the AEPs obtained than could be achieved with higher amounts, meaning

that for some runs, the uncertainty of the AEP estimate was not properly minimized. This was only noticed after the study had

been completed, but the difference in standard deviation between 10 and 20 multi-starts is low enough as to assume that results

would not differ significantly from those obtained here.
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Figure A1. Mean AEP and standard deviation out of 20 runs using BQ for an increasing number of multi-starts in the optimal sampling,

compared to the that using the baseline for an 80 turbine wind farm.

Appendix B: Justification of number of CPUs used for each AEP method625

The maximum number of CPUs to be used for parallelization in AEP modeling is very often determined by the overhead

time. The study done in Valotta Rodrigues et al. (2024) shows that the speedup achieved with parallelization remains relatively

constant with the number of turbines for large wind farms. The results obtained are displayed in Fig. B1 and Fig. B2, where for

each AEP method and wake model the computation time is reported using an increasing number of CPUs. The value at which

the performance stops improving is considered as the optimal number of CPUs. The analysis are carried out for 100 turbines,630

an amount for which BQ decreases its computational time when parallelizing AEP calculations, but not gradients. In this case,

the number of CPUs is the one where the performance stops improving for the AEP, given that it does not affect the gradients

evaluation time negatively.

In general, the time needed to obtain AEP and gradients decreases significantly until around 8 CPUs, although NTP based

methods further decrease until 16 CPUs. Given that the speed up obtained using such number of CPUs is very reduced com-635

pared to 8 CPUs, in order to achieve an efficient allocation of resources, all parallelization methods are allocated 8 CPUs.

Regarding SGD, given that it only performs 50 flow simulations, parallelization does not provide any advantages.

Appendix C: Median number of iterations for each optimization set up, AEP model and wake model
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NOJ BPA NTP

Wind Farm AEP Model Median Std Median Std Median Std

Hornsea 3

Baseline 78.0 6.34 39.0 6.56 65.5 9.38

Coarse WD 147.5 19.72 41.5 6.04 150.0 17.14

Average WS 71.5 7.01 50.5 8.77 75.0 5.93

FLOWERS 74.0 8.66 89.5 11.21 71.0 9.43

Uniform CT 78.5 7.32 48.0 7.72 74.0 5.93

BQ 156.0 34.89 155.5 58.60 154.5 26.30

OWQ 126.0 16.64 123.0 31.38 148.5 11.94

Sofia

Baseline 73.5 12.44 38.0 5.40 81.0 13.58

Coarse WD 116.5 24.68 37.0 6.13 127.0 21.91

Average WS 50.5 8.19 31.0 5.16 53.5 9.11

FLOWERS 70.0 9.43 287.0 8.38 72.0 10.67

Uniform CT 48.5 8.33 29.0 4.04 53.5 9.11

BQ 254.0 65.53 178.5 34.35 221.0 56.86

OWQ 85.0 21.33 62.5 15.78 95.0 20.50

Thor

Baseline 131.5 46.92 131.0 53.43 105.0 45.60

Coarse WD 124.0 34.81 132.0 53.33 131.0 34.22

Average WS 257.5 188.09 851.0 198.79 189.0 114.92

FLOWERS 166.0 26.94 143.0 40.13 165.5 15.67

Uniform CT 223.5 133.98 767.0 248.83 189.0 114.92

BQ 129.5 46.40 140.5 30.26 120.0 48.47

OWG 152.0 254.28 199.0 156.63 171.0 166.33

Hornsea 2

Basline 140.0 38.96 175.5 26.20 148.5 32.43

Coarse WD 146.0 24.76 179.5 35.75 150.5 25.55

Average WS 467.0 299.56 944.5 308.98 226.5 268.02

FLOWERS 160.5 11.38 184.5 19.15 160.0 15.46

Uniform CT 191.0 293.28 921.5 321.00 226.5 268.02

BQ 223.0 59.05 173.0 29.46 198.5 42.83

OWG 167.5 252.64 283.5 111.14 193.0 190.84

Table C1. Median and standard deviation of optimizer iterations across wake models, by wind farm and AEP model.
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Figure B1. Time taken to compute AEP for a 100 turbine wind farm for the different methods and wake models, for an increasing number

of CPUs. FLOWERS cannot be parallelized so it is excluded from the analysis.
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Figure B2. Time taken to compute gradients for a 100 turbine wind farm for the different methods and wake models, for an increasing

number of CPUs. FLOWERS cannot be parallelized, so it is excluded from the analysis.
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Wang, L., Dong, M., Yang, J., Wang, L., Chen, S., Duić, N., Joo, Y. H., and Song, D.: Wind turbine wakes modeling and applications: Past,

present, and future, Ocean Engineering, 309, 118 508, https://doi.org/10.1016/j.oceaneng.2024.118508, 2024.

Whittaker, C., LoCascio, M. J., Martínez-Tossas, L. A., Bay, C. J., and Bastankhah, M.: Gaussian FLOWERS: Wind-rose-based analytical

integration of Gaussian wake model for extremely fast AEP estimation, Journal of Renewable and Sustainable Energy, 17, 013 306,730

https://doi.org/10.1063/5.0245886, 2025.

Wolf Ciavarra, A., Valotta Rodrigues, R., Dykes, K., and Réthoré, P.-E.: Wind farm optimization with multiple hub heights using gradient-

based methods, Journal of Physics: Conference Series, 2265, 022 012, https://doi.org/10.1088/1742-6596/2265/2/022012, 2022.

31

https://doi.org/10.5194/wes-2026-182
Preprint. Discussion started: 13 October 2026
c© Author(s) 2026. CC BY 4.0 License.


