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Abstract. Wake interactions between turbines are a major source of power loss in wind farms, which yaw-based wake steer-

ing seeks to mitigate. Existing steering models commonly superpose single-turbine deficit and deflection models, which can

struggle with non-linear phenomena such as secondary wake steering; momentum-conserving models that do capture it rely

on iteration or proxies such as effective yaw angles. This paper extends an approximate “conservation of momentum deficit”

solution to the lateral direction, giving an analytical, non-iterative model of the cumulative streamwise and lateral velocity5

deficits in a wind farm of yawed turbines. Distinguishing the streamwise from the lateral wake makes the spatial distribution of

lateral momentum induced by yaw misalignment explicit, and wake deflection follows diagnostically by integrating the local

skew angle. The framework yields physical insight into secondary wake steering: the wake of an unyawed downstream turbine

is deflected not only by the cross-flow of the upstream wakes, but also, for about a third of its deflection, by the turbine’s own

streamwise deficit slowing the flow that carries that cross-flow. Against wind-tunnel measurements of single- and multi-turbine10

configurations, the model reproduces the far-wake deflection and lateral velocity distributions, and is more accurate than es-

tablished engineering models in most configurations; over the full hub-height velocity field – which needs no wake centre and

remains well defined where wakes merge – it is the more accurate in every configuration tested. The main discrepancies are

confined to the near wake, where the simplified treatment underpredicts the streamwise velocity deficit. Being analytical and

non-iterative, the formulation suits wind farm control and optimisation applications that require low-order models.15

1 Introduction

As wind farms and wind farm clusters continue to grow, the aerodynamic interaction between turbine wakes has become a

dominant source of power loss and additional structural loading (Peña et al., 2018; Schneemann et al., 2020; Thomsen and

Sørensen, 1999; Reinwardt et al., 2021). Accurately predicting wake behaviour is therefore increasingly important for both

wind farm design and control. Among proposed wind farm control strategies, yaw-based wake steering has emerged as one of20

the most widely studied approaches. By intentionally yawing an upstream turbine away from the incoming flow direction, the
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turbine wake can be laterally displaced, potentially increasing the net power output of the wind farm, despite a reduction in

the power and an increase in loading of the yawed turbine itself (Fleming et al., 2017, 2018). Realising these benefits depends

on low-order engineering wake models that are cheap enough for real-time control, layout optimisation, and co-design while

capturing the dominant wake physics. Advancement in these models requires a continued focus on the fundamental physics25

(Meneveau, 2019).

Early engineering wake steering models focused on single turbines. Jiménez et al. (2010) used large-eddy simulation (LES)

to empirically parameterise deflection for a single turbine as a function of yaw angle. These deflected single-turbine wakes

could then be combined to simulate a wind farm with yawed turbines using superposition techniques such as linear and root-

sum-square. This led to an early popular implementation of a wind farm wake steering model, the multi-zone model, imple-30

mented in FLORIS as a combination of the Jiménez wake deflection model and the N.O. Jensen wake deficit model (Gebraad

et al., 2016). Later, Bastankhah and Porté-Agel (2016) introduced a single-turbine deflection model for the Gaussian deficit

model.

Whilst computationally efficient, these modular approaches became less accurate as wind farms grew larger, as they implic-

itly assume that wake interactions can be represented as linear or non-linear combinations of otherwise independent wakes,35

determined solely by the yaw misalignment of the turbine in question. This has come under scrutiny since the publication of

studies reporting so-called secondary wake-steering effects that traditional engineering models are unable to capture (Fleming

et al., 2018; Zong and Porté-Agel, 2020; Steiner et al., 2026). The term has been used with varying definitions in the literature.

King et al. (2021) and Zong and Porté-Agel (2020) define it as the deflection of downstream wakes due to the non-vanishing

transverse velocity induced by upstream turbines; we adopt this definition. Several physical mechanisms have been proposed40

to explain these effects. The most popular is to attribute them to the often kidney-shaped counter-rotating vortex pairs produced

by yawed turbines (Howland et al., 2016; Fleming et al., 2018).

Non-linear wake interactions motivated engineering models of the cumulative wake deficit across wind farms. Zong and

Porté-Agel (2020, 2021) introduced momentum-conserving formulations for wake deficit based on a mean convection velocity

calculated iteratively as a weighted average of the wake velocity. Momentum-conserving formulations are particularly attrac-45

tive because they allow wake interactions to emerge naturally from the governing transport equations, rather than relying on

empirical wake superposition rules. The same approach gives the skew angle of a yawed turbine’s wake, the slope of its tra-

jectory, with the lateral convection velocity taken from Shapiro et al. (2018). There are three limitations with this approach.

Firstly, the exact solution is iterative, increasing computational expense. Secondly, on the physical side, the solution accounts

for advected lateral velocity but underestimates the deflection due to secondary wake steering. The authors attribute this un-50

derestimation to partial wakes causing uneven wake recovery rates. Finally, the iterative momentum-conserving superposition

method can lead to non-physical convection velocities that exceed the freestream, which requires limiting the superposition

weights to be no greater than 1 (van der Laan et al., 2026).

Bastankhah et al. (2021) also proposed a solution for the cumulative wake deficit based on momentum deficit conservation.

Combining that solution with the curled-wake model of Martínez-Tossas et al. (2019) and the super-Gaussian near-wake model55

of Blondel and Cathelain (2020) yields the cumulative curl model, which also captures secondary wake steering in wind farms
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(Bay et al., 2023). However, the cumulative curl model inherits the effective yaw angle of King et al. (2021): the lateral

velocity advected to a downstream turbine is represented by the yaw angle that would produce it at an isolated turbine, so that

the deflection is inferred through a proxy rather than calculated from the flow field.

In this study, the momentum-deficit solution of Bastankhah et al. (2021) is extended to the lateral direction, giving an60

analytical, non-iterative model of the cumulative wake of yawed turbines in a wind farm, with the near wake of Shapiro

et al. (2018). Each turbine’s lateral velocity is solved for rather than represented by an effective yaw angle, and the deflection

follows from the resulting velocity field. The same balance shows where secondary wake steering comes from: the wake of an

unyawed turbine is deflected both by the cross-flow of upstream wakes and by its own streamwise deficit, which slows the flow

that carries that cross-flow. The remainder of this paper is structured as follows: Section 2 sets out the derivation of the model,65

starting with the Reynolds-averaged Navier-Stokes (RANS) equations and ending with some physical insights into secondary

wake steering; Section 3 then closes the model with the wake deflection and the geometric parameters of the wakes of yawed

turbines, before Sect. 4 compares predictions of the model to wind-tunnel results and other models for a range of wind farm

layouts; Section 5 then summarises the findings and describes relevant future work. Appendices A–C give the derivation of the

lateral closures, pseudocode for the model, and a sensitivity check of the baseline model.70

2 Model derivation

Consider a wind farm with an arbitrary layout of n wind turbines, denoted WTi for i= 1,2, . . . ,n, within a turbulent boundary-

layer flow characterised by arbitrary streamwise U0(x,y,z) and lateral V0(x,y,z) background velocity fields, as depicted in

Fig. 1(a). The rotor centre location of each WTi is given by coordinates (xi,yi,zi), where x, y, and z represent the streamwise,

lateral, and vertical Cartesian coordinates, respectively. The turbines are labelled according to their streamwise position such75

that xi ≥ xi−1, and the coordinate system is aligned with the incoming velocity at hub height such that V0(0,y1,z1) = 0. Note

also that the turbines in this arbitrary wind farm can have different hub heights.

Bastankhah et al. (2021) derived the integral momentum equation for a turbine in a wind farm in the streamwise direction.

Wake steering needs the lateral direction too, so we derive both, in vector form, starting from the RANS equations at high

Reynolds numbers for the streamwise and lateral velocity components,80

∂U(U0−U)

∂x
+

∂V (U0−U)

∂y
+

∂W (U0−U)

∂z
=

1

ρ
∇HP +R+

(
U
∂U0

∂x
+V

∂U0

∂y
+W

∂U0

∂z

)
− 1

ρ

n∑

i=1

Fieγi , (1)

where ∇H = (∂/∂x, ∂/∂y) and U = (U,V ) with U , V and W being the time-averaged velocity components in the x, y,

and z directions, respectively. The subscript (·)0 represents the background solution, e.g. U0 is the background flow with no

turbines present. The Reynolds stress terms are denoted R, P is the time-averaged static pressure, ρ is the air density, Fi is

the total thrust force per unit volume exerted by WTi. The yaw angle γi of WTi is measured between the rotor normal and85

the x-axis, and it is taken as positive for a clockwise rotation of the rotor when viewed from above. Assuming the thrust force

always acts normal to the rotor plane (Bastankhah and Porté-Agel, 2017), the unit vector for the forcing can be defined as

eγi = (cosγi,−sinγi), so that a positively yawed turbine deflects its wake towards +y, as illustrated in Fig. 1(b). The terms
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Figure 1. Schematic of: (a) A wind farm with an arbitrary layout of n turbines immersed in a turbulent boundary-layer flow. The dashed

red lines represent the control volume integration limits. The integration is performed with and without the highlighted turbine, WTi. Figure

adapted from Bastankhah et al. (2021). (b) The streamwise wake of a yawed turbine within a wind farm, viewed from above, showing the

streamwise velocity deficit. The dashed line represents the streamwise wake centre and the dashed-dotted line the rotor centreline. ∆Ũ is

the peak velocity deficit, δ the streamwise wake deflection, σ the characteristic wake width, and θ the wake deflection angle; the subscript

ϕ denotes values at the turbine and ℓ values at the onset of the far wake, a distance ℓ downstream of the rotor (Sect. 3). (c) The lateral wake

of a yawed turbine within a wind farm, viewed from above, showing the lateral velocity surplus, with the lateral wake centre and the rotor

centreline drawn as in (b). −∆Ṽ is the peak surplus, ϵ the lateral wake deflection, and τA, τB the characteristic widths of the deflection and

non-deflection sides of the wake.
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Ui ∂U0/∂xi represent an inhomogeneous background flow, due for example to complex terrain or gravity waves (Politis et al.,

2012; Allaerts and Meyers, 2017); assuming, as is often the case for flat terrain, that its spatial variation is much smaller than90

that caused by the turbines, they are neglected (Porté-Agel et al., 2020; Bastankhah et al., 2021).

By subtracting the integral of Eq. (1) over the control volume shown in Fig. 1(a), including WTi, from the integral over

the control volume without it, we can derive the following ‘conservation of momentum deficit’ equation (derived in detail by

Bastankhah et al., 2021):

ρ

∫
U1:i (U0−U1:i) dA− ρ

∫
U1:i−1 (U0−U1:i−1) dA≈ Tieγi , (2)95

where dA is dy dz and Ti is the normal thrust force exerted by WTi, defined as

Ti =
πρD2

8
⟨U1:i−1⟩2(i,xi)

CT,i , (3)

where D is the rotor diameter and CT,i is the thrust coefficient of WTi. Here and hereafter, a subscript 1 : j denotes a

quantity in the presence of WT1,WT2, . . . ,WTj , and ⟨⟩(j,xi) an average over the frontal projected area of WTj at x=

xi, so that ⟨U1:i−1⟩(i,xi)
is the rotor-averaged incoming velocity of WTi. Its projection onto the rotor normal enters only100

through the cos1.8 γi derating of CT,i, which was calibrated at zero cross-flow. The further contribution of a local cross-flow,

−⟨V1:i−1⟩(i,xi) sinγi, which vanishes for an unyawed rotor, is neglected; in the cases of Sect. 4 it amounts to at most 5% of

the thrust and under 2% of the predicted deflection of any turbine. The momentum-deficit approximation is supported by the

LES control-volume budgets of Bastankhah et al. (2021), in which the integrated momentum deficit dominates the streamwise

momentum balance, especially in the far wake, and the pressure, Reynolds-stress and mean-shear terms are comparatively105

negligible.

Within a wind farm, the lateral velocities of different turbines interact, so they cannot be treated only as a means of determin-

ing the deflection (Sect. 1). We therefore distinguish the ‘streamwise wake’, Fig. 1(b), from the ‘lateral wake’, Fig. 1(c), which

carries the surplus lateral momentum induced by a turbine. The streamwise wake is characterised by its deflection δ and width

σ, and the lateral wake, which is asymmetric, by its deflection ϵ and the widths τA and τB of its deflection and non-deflection110

sides (defined below), both deflections being measured from the rotor centreline. The two wakes need not coincide, and it is

the lateral wake that the solution of Eq. (2) for V1:i requires.

As for the streamwise deficit (Bastankhah et al., 2021), a lateral deficit defined relative to the incoming velocity at the turbine

would mislead within a wind farm: behind a yawed turbine, the local incoming lateral velocity differs from the V0 to which the

flow eventually recovers. We therefore define the deficit as the difference between the flow in the presence and in the absence115

of the given turbine (Bastankhah et al., 2021). This presumes that a turbine influences the flow only downstream of its rotor:

the induction upstream of the rotor and the associated blockage within the array are neglected throughout. In vector form,

∆U1:i(X) =U1:i−1(X)−U1:i(X), (4)

where X = (x,y,z) denotes a position downwind of WTi. The streamwise thrust extracts momentum and so creates a deficit,

whereas the lateral thrust adds lateral momentum; for consistency of the vector notation, we nevertheless define ∆V as a120

deficit, so that the physical lateral surplus is −∆V .
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Figure 2. Self-similar profiles of (a) normalised streamwise velocity deficit and (b) normalised lateral velocity surplus for yaw angles of 10◦,

20◦, and 30◦ at downstream distances of x/D = 3, 4, 5, 6, 7, 8, based on wind tunnel data from Bastankhah and Porté-Agel (2016). The

streamwise and lateral wake deflections, denoted δ and ϵ, respectively, are the offsets of the profile maximum from the rotor centreline, as

defined in Fig. 1(b) and (c). The wake width, σ, is computed using the generalised integral in Eq. (4.1) of Bastankhah and Porté-Agel (2016).

To derive a solution for V1:i, we assume that the velocity profiles in turbine wakes within wind farms are self-similar. The

far-wake streamwise deficit of a yawed turbine is self-similar (Fig. 2(a)), and the far-wake lateral surplus shows a good degree

of self-similarity over a range of yaw angles (Fig. 2(b)), so that it too can be given a generalised functional form. That form

cannot be the Gaussian of the streamwise deficit: Fig. 2 compares each profile with an asymmetric Gaussian, which has an125

independent half-width on each side of its centre, and whilst the streamwise profile is nearly symmetric, the lateral one is

markedly asymmetric.

The asymmetry follows from the physics of the lateral wake. Behind an unyawed turbine, wake recovery draws the flow

towards the rotor centreline from both sides (Fig. 3(a)), giving an approximately antisymmetric profile (Fig. 3(c)). Behind

a yawed turbine, the lateral thrust induces a lateral velocity of one sign across the wake, which grows with the yaw angle130

(Fig. 3(b),(c)). The two combine constructively on one side of the wake and destructively on the other, producing both the

asymmetry and the negative velocities of Fig. 2(b). Beyond the hub-height plane, the counter-rotating vortex pair of a yawed

wake (Bastankhah and Porté-Agel, 2016; Howland et al., 2016; Bastankhah et al., 2022) adds a three-dimensional structure

that may also contribute to the asymmetry. Figure 3(b) also shows that the streamwise wake centre, δ, and the lateral wake

centre, ϵ, lie on opposite sides of the rotor centreline, so the deflection is evaluated away from the peak of the lateral surplus.135

We call the side of the lateral wake on which the streamwise centre lies, (y− ϵ)/σ > 0 in Fig. 2(b), the ‘deflection’ side, and

the other the ‘non-deflection’ side.
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Figure 3. Contours of lateral velocity normalised by hub-height streamwise velocity with streamlines for (a) an unyawed turbine and (b) a

turbine yawed to 20◦ in a plane at hub height downstream of the rotor, shown with centre at (0,0). (c) Profiles of lateral velocity normalised

by streamwise hub-height inflow velocity for various yaw angles at a downstream distance of x/D = 3.0, based on wind tunnel data from

Bastankhah and Porté-Agel (2016); the rotor centre is located at y = 0.
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Even the asymmetric Gaussian departs from the measurements in two ways. Firstly, there are negative velocities for (y−
ϵ)/σ > 0, particularly at small yaw angles. Although hidden by the normalisation, the lateral surpluses at small yaw angles

are up to two orders of magnitude smaller than the streamwise deficits, so modelling these negative velocities is considered140

unnecessary complexity, and the surplus is assumed to be positive; this amounts to assuming that the recovery is much weaker

than the lateral forcing. Secondly, for (y− ϵ)/σ <−2, the measurements retain a tail at some 7–20% of the peak surplus

that persists to at least 4σ, and which no Gaussian, symmetric or asymmetric, can reproduce. Both departures are confined to

the flanks: within about 2σ of the lateral wake centre the asymmetric Gaussian tracks the data to within roughly 5% of the

peak, whereas beyond that distance it lies above the measurements on one side – where the measured surplus changes sign,145

at (y− ϵ)/σ ≈ 1.8 – and below them on the other. The streamwise centre lies well within 2σ of the lateral centre, so these

departures do not affect the deflection of an isolated turbine. Within a wind farm, however, a downstream rotor may lie on

either flank of an upstream lateral wake, where the lateral velocity it inherits sets much of its own deflection; Sect. 4.2.2 returns

to this for the staggered layouts.

We were unable to find data suitable for testing the far-wake self-similarity of lateral wakes within wind farms. Far-wake150

self-similarity of the streamwise wake has, however, been demonstrated for isolated turbines and often carries over to the

wind-farm setting (Bastankhah et al., 2021), so we assume the same of the lateral wake. The velocity deficit due to WTi is then

∆U i(X) =U1:i−1(X)−U1:i(X) = ∆Ũ i(x)f i(X), (5)

where ∆Ũ i = (∆Ũi,∆Ṽi) denotes the peak velocity deficit components caused by WTi and f i = (fi,gi) the normalised155

self-similar spatial distributions for the streamwise and lateral velocity deficits, respectively. Vector products such as ∆Ũ if i

are understood componentwise throughout, i.e. ∆Ũ if i = (∆Ũifi, ∆Ṽigi). This relationship can be applied to all previous

turbines by shifting the indices backwards, which yields a set of equations:

U1:i−2−U1:i−1 =∆Ũ i−1f i−1

U1:i−3−U1:i−2 =∆Ũ i−2f i−2

...

U0−U1 =∆Ũ1f1.

(6)

Adding Eq. (5) to Eq. (6) then results in160

U0−U1:i =
i∑

j=1

∆Ũ j(x)f j(x,y,z). (7)

i.e. the cumulative velocity deficit across the wind farm with respect to the inflow velocity U0. Substituting it into Eq. (2) gives

ρ

∫ 
U0∆Ũ if i−∆Ũifi

i−1∑

j=1

∆Ũ jf j −∆Ũ if i

i−1∑

j=1

∆Ũjfj −∆Ũifi∆Ũ if i


 dA≈ Tieγi . (8)
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Here ∆Ũifi, without vector notation, is the streamwise contribution of WTi itself: the equation is solved first in the streamwise165

direction, and ∆Ũi then enters the lateral direction as a known scalar. For the streamwise velocity deficit, we use a Gaussian

profile as the self-similar distribution, such that

fi = exp

(
− (y− (yi + δi))

2
+(z− zi)

2

2σ2
i

)
, (9)

where δi and σi are the deflection and characteristic width of the streamwise wake of WTi. This allows us to solve Eq. (8) in

the streamwise direction for ∆Ũi as170

∆Ũi

Uh
=


1−

i−1∑

j=1

λij
∆Ũj

Uh






1−

√√√√√√√√√√
1−

CT,i cosγi

(
⟨U1:i−1⟩(i,xi)

Uh

)2

8
(σi

D

)2
(
1−∑i−1

j=1λij
∆Ũj

Uh

)2



, (10)

where Uh = U0|z=zh is the inflow velocity at the reference hub height zh, and the dimensionless coefficient, λij , which quan-

tifies the contribution of WTj to the value of ∆Ũi, is given by

λij =
ασ2

j

σ2
i +σ2

j

exp

(
− ((yi + δi)− (yj + δj))

2

2
(
σ2
i +σ2

j

)
)
exp

(
− (zi− zj)

2

2
(
σ2
i +σ2

j

)
)
, (11)

where α= 2 is the exact solution of Eq. (2). Bastankhah et al. (2021) used α= 1 to account for terms neglected in the deriva-175

tion; we retain the exact value.

With ∆Ũi known from Eq. (10), the lateral component of Eq. (2) reads
∫

U1:i (V0−V1:i)dA−
∫

U1:i−1 (V0−V1:i−1)dA≈−
Ti sinγi

ρ
. (12)

By Eq. (5), U1:i = U1:i−1−∆Ũifi and V1:i = V1:i−1−∆Ṽigi, which separates the contribution of WTi from that of everything

upstream of it, and by Eq. (7) the upstream turbines leave V0−V1:i−1 =
∑i−1

j=1∆Ṽjgj . The left-hand side of Eq. (12) is therefore180

∆Ṽi

∫
U1:i gidA−∆Ũi

i−1∑

j=1

∆Ṽj

∫
fi gj dA, (13)

which, equated to its right-hand side, leaves the balance

∆ṼiKi = Si +Qi, where Ki =

∫
U1:i gidA, Si =−

Ti sinγi
ρ

, and Qi =∆Ũi

i−1∑

j=1

∆Ṽj

∫
fi gj dA. (14)

In words, the peak lateral velocity deficit times Ki, the streamwise mass flux (per unit density) through the lateral wake, equals185

the lateral thrust Si plus the inherited lateral momentum Qi. The upstream wakes leave a cross-flow at WTi, the lateral velocity
∑i−1

j=1∆Ṽjgj of the turbines upstream of it, which the freestream does not have and which carries a lateral momentum flux.
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The streamwise wake of WTi reduces that flux by Qi, the second term of Eq. (13). The lateral thrust is the only source of

lateral momentum, so the reduction cannot simply be lost: the wake of WTi must carry it instead, at a higher lateral velocity

through a smaller mass flux. Substituting the streamwise component of Eq. (7) for U1:i, the mass flux is190

Ki =

∫
U0 gidA−

i−1∑

j=1

∆Ũj

∫
fj gidA−∆Ũi

∫
fi gidA, (15)

i.e. the freestream mass flux less the parts removed where the streamwise wakes of upstream turbines and of WTi itself overlap

the lateral wake; any reduction raises |∆Ṽi| for the same forcing.

Evaluating these integrals requires a function for gi. Following Fig. 2(b), we take an asymmetric Gaussian, which can be

written as195

gi =





exp

(
− (y−(yi+ϵi))

2

2τ2
Ai

)
exp

(
− (z−zi)

2

2τ2
Ai

)
= gAi , for si (y− (yi + ϵi))≥ 0 and

exp

(
− (y−(yi+ϵi))

2

2τ2
Bi

)
exp

(
− (z−zi)

2

2τ2
Bi

)
= gBi , for si (y− (yi + ϵi))< 0 ,

(16)

where the lateral wake centre lies at yi + ϵi, the location of the peak surplus −∆Ṽi, and τAi
and τBi

are the widths of the

deflection and non-deflection sides (Fig. 1(c)). The side is set by the deflection-side sign

si =




sgn(γi) , γi ̸= 0,

sgn(Vlocal,i) , γi = 0,
(17)

the side to which the wake of WTi is deflected. An unyawed turbine exerts no lateral thrust, but its wake may still be deflected200

by the upstream cross-flow, whose direction at its hub, Vlocal,i, then sets the side; since ϵi is constructed with the same sign

(Eq. (32)), si = sgn(δi− ϵi). Substituting this gi into Eq. (14) with U0 = Uh, we can integrate analytically and, dividing by

πD2U2
h , obtain

∆Ṽi

Uh
=
Si +Qi

Ki
, (18)

the dimensionless form of Eq. (14), in which205

Ki =
Ki

πD2Uh
=
(τAi

D

)2
+
(τBi

D

)2

︸ ︷︷ ︸
freestream

−
i−1∑

j=1

∆Ũj

Uh

(σj

D

)2
µji

︸ ︷︷ ︸
upstream wakes

−∆Ũi

Uh

(σi

D

)2
µii

︸ ︷︷ ︸
own wake

,

Si =
Si

πD2U2
h

=−
(
CT,i

8

)( ⟨U1:i−1⟩(i,xi)

Uh

)2

sinγi,

Qi =
Qi

πD2U2
h

=
∆Ũi

Uh

(σi

D

)2 i−1∑

j=1

∆Ṽj

Uh
µij ,

(19)
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the three terms of Ki being the three of Eq. (15) in order and µij the dimensionless coefficient

µij = [1+ erf (ηA,ij)]
τ2Aj

σ2
i + τ2Aj

exp


−

d2ij +(zi− zj)
2

2
(
σ2
i + τ2Aj

)




+ [1− erf (ηB,ij)]
τ2Bj

σ2
i + τ2Bj

exp


−

d2ij +(zi− zj)
2

2
(
σ2
i + τ2Bj

)


 ,

dij = (yi + δi)− (yj + ϵj) , ηX,ij =
sj dij τXj

σi

√
2
(
σ2
i + τ2Xj

) , X ∈ {A,B}.

(20)

Each term is the integral of figj over one side of the lateral centre yj + ϵj , the side being set by sj as in Eq. (16). The product

of the two Gaussians is again a Gaussian, and the bracket 1±erf(ηX,ij) is twice the fraction of it lying on side X; it reduces to210

unity only when the streamwise centre lies on the lateral centre, dij = 0. The same expression gives µji and µii on relabelling,

and the brackets matter most for the latter: a turbine’s own streamwise and lateral centres lie one width apart by construction,

dii = siσi (Eq. (32)).

Both coefficients are purely geometric, describing how the component wakes of two turbines overlap. The λij of Eq. (11),

for two symmetric streamwise wakes, is the special case of µij for which τA = τB = σ and ϵ= δ: the two brackets then sum215

to two, which recovers α= 2.

Since the convecting velocity is streamwise and already known, ∆Ṽi enters the balance once, linearly, with the single

coefficient Ki, and so divides uniquely by forcing into a thrust-driven and an inherited component,

∆Ṽ thr
i

Uh
=
Si
Ki

(21)

and220

∆Ṽ inh
i

Uh
=
Qi

Ki
=

∆Ṽi

Uh
− ∆Ṽ thr

i

Uh
. (22)

The sum is exact by construction. Both divide by the same Ki, the mass flux of the turbine as it stands in the farm, upstream

term included; with the farm’s inflow and wake widths in Si besides, the thrust-driven component is not the lateral velocity of

an isolated turbine, and no comparison with one is made. For an unyawed turbine Si = 0, and the whole amplitude is inherited;

it needs a yawed turbine upstream, without which there is no cross-flow to inherit.225

The effect is non-linear: every farm term in Eq. (18) is a product of a streamwise and a lateral deficit, Qi ∝∆Ũi∆Ṽj and the

two mass-flux reductions of Eq. (15) contributing ∆Ũj∆Ṽi and ∆Ũi∆Ṽi. Linearising, U1:i ≈ U0, drops them all and leaves

∆Ṽi ≈
Si∫

U0 gidA
, (23)

which vanishes for an unyawed turbine. The inherited component thus contributes to the secondary wake steering identified

elsewhere in the literature (Fleming et al., 2018).230
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The streamwise balance has a single forcing and is quadratic in ∆Ũi, so it can be split only by equation: ∆Ũ self
i is Eq. (10)

without its upstream sums, as used in the near-wake switch of Eq. (28), and ∆Ũ int
i =∆Ũi−∆Ũ self

i is the remainder; this

split is not propagated into the deflection. Section 3 shows how the lateral components enter the skew angle of Eq. (29), and

Sect. 4.2.1 their contributions to the deflection.

3 Wake deflection and geometry235

This section closes the model. It gives the transport law that sets the wake deflection δ, and the closures for the remaining

geometric parameters introduced in Sect. 2 and shown in Fig. 1: the streamwise width σ, the lateral widths τA and τB , and the

lateral wake centre ϵ.

The streamwise wake deflection (skew) angle is given by

θ =
dδ

dx
= arctan

(
V

U

)
≈ V

U
. (24)240

Taking the wake of each turbine to be undeflected at its rotor, δi|x=xi
= 0, Eq. (24) is integrated downstream. As V and U

are themselves functions of δ, this is an initial value problem, which we solve by explicit Euler integration in x. Deflection is

therefore a non-local quantity: unlike the far-wake velocity, it depends on V/U all the way from the rotor, so any inaccuracy in

the near wake, where this ratio is largest, propagates downstream. The near-wake flow is dominated by the turbine in question

(Crespo et al., 1999; Lignarolo et al., 2014) and relatively unaffected by the wakes of upstream turbines, so a single-turbine245

near-wake model suffices for every turbine in the farm. Given that the focus of this paper is the far wake, we use the simple

model of Shapiro et al. (2018), such that

∆Ũi,nw

Uh
= 2ai

⟨U1:i−1⟩(i,xi)

Uh
, (25)

where ai is the induction factor, which can be calculated from the thrust coefficient as

ai =
1

2

(
1−

√
1−CT,i

)
, (26)250

and

∆Ṽi,nw

Uh
=−1

4
CT,i

⟨U1:i−1⟩(i,xi)

Uh
sinγi. (27)

Equation (27) differs from Eq. (2.7) of Shapiro et al. (2018) only through the definition of the thrust coefficient. These near-

wake values are applied wherever the far-wake self-deficit from Eq. (10) would exceed the near-wake value, i.e. the streamwise

self-deficit criterion255

χnw
i (x)≡ (x≥ xi) ∧

(
∆Ũ far,self

i (x)>∆Ũi,nw

)
, (28)

and this same switch is used for the streamwise, lateral and deflection branches. Within the near wake the turbine is treated as

if it were alone: the upstream contributions to its peak amplitudes are suppressed (∆Ũ int
i =∆Ṽ inh

i = 0), and the totals, which
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are then the single-turbine streamwise and the thrust-driven lateral amplitudes, are capped by Eqs. (25) and (27). With these

definitions, we can now write an equation for the skew angle as260

θi =





arctan




−∆Ṽi exp

(
− σ2

i

2τ2Ai

)

Uh,i−∆Ũi


 , if χnw

i (x) = 1 (near wake),

arctan




V0(x,yi + δi,zi)−
∑i

j=1∆Ṽj exp

(
− ((yj + ϵj)− (yi + δi))

2
+(zj − zi)

2

2τ2ηj

)

Uh,i−
∑i

j=1∆Ũj exp

(
− ((yj + δj)− (yi + δi))

2
+(zj − zi)

2

2σ2
j

)



, otherwise,

(29)

where Uh,i = U0|z=zi is the inflow velocity at the hub height of WTi, and τηj
is the width of the side of the lateral wake of

WTj on which y = yi+δi falls, selected as in Eq. (16). For j = i it is always τAi
, since si(δi−ϵi) = σi > 0. Deflection is thus

not prescribed but emerges diagnostically from the velocity field.

Let Uup
i and V up

i be the denominator and numerator of the far-wake branch with both sums truncated at j = i− 1, i.e.265

the flow of the upstream turbines alone at the wake centreline, so that Ui = Uup
i −∆Ũi and Vi = V up

i +V own
i , with V own

i =

−∆Ṽi exp(−σ2
i /2τ

2
Ai
). Changing first Uup

i and then V up
i to its full value attributes the far-wake skew angle exactly:

θi = arctan
V up
i

Uup
i︸ ︷︷ ︸

θtr
i

+

(
arctan

V up
i

Ui
− arctan

V up
i

Uup
i

)

︸ ︷︷ ︸
θcar
i

+

(
arctan

Vi

Ui
− arctan

V up
i

Ui

)

︸ ︷︷ ︸
θown
i

≈ V up
i

Uup
i

+V up
i

(
1

Ui
− 1

Uup
i

)
+

V own
i

Ui
,

(30)

the second line being its small-angle form. By share of V own
i between Eqs. (21) and (22), the own-lateral term splits as

θthri = (∆Ṽ thr
i /∆Ṽi)θ

own
i and θinhi = θown

i − θthri .270

The tracer angle θtri is that of a passive tracer released at the rotor into the upstream flow: Eq. (29) in the limit CT,i→ 0,

along the same centreline. The carrier angle θcari is the extra turning of that cross-flow because the wake is slower than its

surroundings: since dδ/dx≈ V/U , a slower wake spends longer in the cross-flow per unit streamwise distance. The own-

lateral angle θown
i is the further turning by the lateral velocity the wake itself carries. The inherited part of that lateral velocity,

Eq. (22), has the same origin as the carrier angle – the turbine slows the flow – but acts on V rather than on the trajectory: with275

no lateral thrust to change the flux of Eq. (14), the slower air within the wake must carry a larger lateral velocity, concentrating

the cross-flow it stands in rather than creating one. Both are first order in ∆Ũi, so their ratio is set by geometry: in the cases

of Sect. 4, the inherited angle is about a tenth of the carrier angle. Taking the streamwise step first, as the model solves for

∆Ũi before ∆Ṽi, is a choice that shares θi−θtri between the carrier and own-lateral terms but leaves θtri unchanged. Integrated

along x like δi, the four components θtri , θcari , θthri and θinhi partition δi exactly.280

In the far wake, the skew angle is evaluated from the full velocity field, so each wake is advected by the cross-flow of the

wakes upstream of it; evaluating it from the velocities induced by WTi alone substantially underpredicted the deflection of
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downstream turbines. The same principle underlies the curled-wake approach, in which downstream deficits are transported

by the total transverse velocity field (Martínez-Tossas et al., 2019), and the advected lateral velocity of Zong and Porté-Agel

(2020); here it enters analytically, without iteration or an effective yaw angle.285

The near-wake branch of Eq. (29) is a deliberate exception, retaining only the turbine’s own velocity because the near-wake

flow is dominated by the turbine itself; evaluating it from the full summed field substantially overpredicted downstream deflec-

tion. That velocity being the thrust-driven solution of Eq. (27), the near-wake skew angle is θthri by construction. Section 4.2.1

reports the four components.

With the skew angle defined, what remains are the wake widths and the lateral wake centre on which it depends. The290

streamwise width grows linearly with downstream distance from the end of the potential core,

ση

D
= kU

x−xi−x0,i

D
+

ση0

D
, η ∈ {y,z}, σ =

√
σy σz, (31)

where σy0 and σz0 are the lateral and vertical widths at the end of the potential core and x0,i is its length, all from Bastankhah

and Porté-Agel (2016) (App. A1). The growth rate is an affine function of the local turbulence intensity, kU = 0.38Ilocal+0.004

(Niayifar and Porté-Agel, 2016), where Ilocal,i adds to the ambient value the largest added turbulence of the upstream turbines295

whose wakes overlap the rotor of WTi. The far wake begins where σi reaches the width at which the far- and near-wake

solutions for ∆Ũi are equal, so that the switch of Eq. (28) turns off. This onset width, σℓ,i, and the distance ℓi from the rotor to

the onset, at xχ,i = xi + ℓi, both have closed forms (App. A1).

The lateral wake centre ϵ follows from the relationship derived by Bastankhah and Porté-Agel (2016, App. A), that ∂θ/∂y =

0 where ∂2U/∂y2 = 0. With the small-angle approximation, V ≪ U , the extrema of V therefore lie at the inflection points of300

U , a reasonable approximation against experimental data (App. A). For the Gaussian deficit of Eq. (9) these are at y = δ±σ,

matching the two extrema of the lateral velocity profiles in Fig. 3(c). We define the lateral wake centre as the one where |V | is
greatest, which lies on the side of δ opposite to the deflection. Replacing δ and σ by their values for each turbine, and with the

deflection-side sign si of Eq. (17),

ϵi
D

=
δi
D
− si

σi

D
. (32)305

Upstream turbines thus enter ϵi implicitly, through δi and, via their added turbulence, through σi.

For simplicity, we assume that the lateral characteristic wake widths grow linearly with downstream distance, such that

τη
D

= kVη

x−xχ,i

D
+

τηℓ

D
, (33)

where η indicates A or B. This leaves four unknowns, the growth rates kVA
and kVB

and the onset widths τAℓ
and τBℓ

,

which we determine at the far-wake onset, where the near- and far-wake solutions for ∆Ũ agree by construction (Eq. (A4)).310

The deflection-side width τAℓ
is fixed by requiring that the lateral velocity at the streamwise wake centre, which by Eq. (16)

depends on τAℓ
alone, reproduces the flow skew angle that Bastankhah and Porté-Agel (2016, Eq. 6.12) give across the potential

core,

θℓ = θc0 =
0.3γ

cosγ

(
1−

√
1−CT cosγ

)
. (34)
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Taking the near-wake amplitudes of Eqs. (27) and (25) at the onset, with V0 = 0, gives the closed form (App. A)315

τAℓ

D
=

σℓ

D√√√√√√2ln




1

4
CT sinγ

θc0 (1− 2a)




. (35)

The non-deflection-side width has no closed-form counterpart (Eq. (A11)), but over 0.2≤ CT ≤ 0.95 it stays within about

10% of 2σℓ, whereas τAℓ
falls by as much as 43%, from 0.97σℓ to 0.56σℓ at γ = 30◦ (Fig. A2). We therefore fix τBℓ

= 2σℓ

and evaluate τAℓ
for each turbine from Eq. (35), which keeps the model non-iterative while retaining the CT dependence where

it matters for the deflection. At zero yaw, Eq. (35) is indeterminate, and we take τAℓ
= 0.75σℓ. Assuming further that τB grows320

at the same rate as the streamwise wake, kVB
= kU , and that the ratio τA/τB is independent of downstream distance,

kVA
=

τAℓ

τBℓ

kVB
=

τAℓ

τBℓ

kU =
τAℓ

2σℓ
kU , (36)

so that kVA
varies with CT rather than taking a single fixed value; it recovers kVA

= 3
8kU at CT ≈ 0.72, where τAℓ

≈ 0.75σℓ.

Table 1 collects the modelling assumptions and closure constants introduced above, with the equation or figure that justifies

each, and Algorithm B1 in App. B gives implementation-oriented pseudocode; together they are intended to allow the model325

to be implemented without recourse to the derivation. Rotor averages use the 21-point circular Gauss quadrature of PyWake

(Pedersen et al., 2023). The results presented here use a streamwise step of ∆x=D/32. Because the deflection is obtained by

explicit Euler integration of the local skew angle, it converges at first order in ∆x, and at this step the residual error in the far-

wake deflection is below 5×10−4D. The deflection solve for a three-turbine case takes approximately 0.2s single-threaded in

the reference Python implementation; constructing the three-dimensional velocity field, here at ∆y =D/256 and ∆z = zh/5,330

is a separate step required only for the figures.

4 Model predictions

This section compares the model with wind-tunnel measurements, which tests its behaviour rather than constituting a compre-

hensive validation (proposed as further work in Sect. 5). Section 4.1 first reviews single-turbine cases. Section 4.2 then forms

the core of the results: Sect. 4.2.1 examines the interaction mechanisms, and the decomposition of the resulting deflections,335

through the streamwise and lateral velocity fields that the model provides; Sect. 4.2.2 compares the predicted wake-centre

deflection against PIV data and established engineering models; and Sect. 4.2.3 extends the comparison to the full hub-height

velocity field, which ultimately sets the inflow, and hence the available power, of each downstream turbine.

4.1 Single-turbine validation

We begin with the single-turbine experiments of Bastankhah and Porté-Agel (2016, Sect. 2), in which a turbine was operated340

at an inflow velocity of 4.88ms−1 and a turbulence intensity of 7.7%, and velocity fields were measured using planar particle
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Table 1. Summary of the modelling assumptions and closure constants used in the present model. Numerical scheme choices (deflection

integration, rotor-averaging discretisation) are described in the text and Algorithm B1.

Assumption / constant Value or expression Basis

Momentum-deficit coefficient α= 2 Exact solution of Eq. (2); cf. α= 1 in

Bastankhah et al. (2021)

Wake profiles Streamwise: symmetric Gaussian, Eq. (9); lateral:

asymmetric Gaussian, Eq. (16), negative velocities

neglected

Self-similarity, Fig. 2(a) and (b)

Thrust coefficient CT,i = 0.82 cos1.8γi Eq. (12) from Zong and Porté-Agel (2021)

Near-wake peak velocities ∆Ũnw/Uh = 2a⟨U⟩/Uh,

∆Ṽnw/Uh =− 1
4
CT (⟨U⟩/Uh)sinγ; Eqs. (27)–(25)

Shapiro et al. (2018)

Near-/far-wake switch Magnitude criterion χ, Eq. (28): near-wake values

retained while the far-wake self-deficit exceeds the

near-wake value; upstream contributions (∆Ũ int, ∆Ṽ inh)

suppressed in the active near wake

Near wake governed by local turbine dynamics

(Crespo et al., 1999; Lignarolo et al., 2014)

Potential-core length x0 Eq. (A3); α∗ = 2.32, β∗ = 0.154; positions the width

line only

Bastankhah and Porté-Agel (2016)

Widths at end of potential

core

Eq. (A1); geometric mean σ0 =
√
σy0σz0 , Eq. (A2) Bastankhah and Porté-Agel (2016)

Far-wake onset ℓ Where χ turns off: width σℓ, Eq. (A4); distance ℓ,

Eq. (A5); anchors the lateral onset widths and their

growth

Continuity of ∆Ũ between Eqs. (10) and (25)

Streamwise growth rate kU kU = 0.38Ilocal +0.004;

Ilocal,i =
√

I20 +maxj ∆I2ij

Niayifar and Porté-Agel (2016)

Added turbulence ∆I ∆I = 0.9a0.8325I−0.0325
0 (∆x/D)−0.56, weighted by the

rotor–wake overlap fraction; maximum over upstream

turbines

Turbulence-optimised Crespo and Hernández

(1996); Eqs. (7)–(8) of Zehtabiyan-Rezaie et al.

(2024)

Skew angle at far-wake onset θℓ = θc0 =
0.3γ

cosγ

(
1−√

1−CT cosγ
)

Eq. (6.12) from Bastankhah and Porté-Agel

(2016); constant across the potential core, taken

at the onset (Eq. (A5))

Lateral onset widths τAℓ from Eq. (35) (closed form; 0.75σℓ at γ = 0),

τBℓ = 2σℓ

τBℓ fixed at 2σℓ, motivated by Eq. (A11) and

Fig. A2(b)

Lateral growth rates kVB = kU , kVA = (τAℓ/τBℓ)kU Eq. (36)

Near-wake lateral widths τAϕ = (τAℓ/σℓ)σϕ, τBϕ = 2σϕ Continuity to onset values; Algorithm B1

Lateral wake centre ϵi/D = (δi−siσi)/D, deflection-side sign si of Eq. (17) Eq. (32); small-angle approximation V ≪ U

Inflow lateral velocity V0 = 0 Coordinate system aligned with hub-height

inflow
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Figure 4. Contours of normalised lateral velocity surplus (−∆V/Uh) in the horizontal plane at hub height for yaw angles of 0◦ and 30◦

(labelled in each subplot). Column (a) shows planar PIV measurements from Bastankhah and Porté-Agel (2016); column (b) shows results

from the present model configured to replicate the same experimental setup. The far-wake onset is given by Eq. (28).

image velocimetry (PIV) at yaw angles of 0◦, 10◦, 20◦ and 30◦. The figures show 0◦ and 30◦; the errors quoted cover all four.

The measured incoming boundary-layer profile of Bastankhah and Porté-Agel (2016, Fig. 1) is imposed as the inflow, fitted to

a logarithmic law and shifted so that the hub-height speed is exactly Uh. The shear lowers the rotor-averaged incoming velocity

of Eq. (3) to ⟨U⟩= 0.991Uh, which rescales the thrust and the near-wake amplitudes and changes the predicted deflection by345

less than 0.01D. The thrust coefficient is CT = 0.82cos1.8 γ (Zong and Porté-Agel, 2021, Eq. 12), giving CT = 0.82, 0.80,

0.73 and 0.63 at the four yaw angles, with induction factors a= 0.29, 0.28, 0.24 and 0.20 from Eq. (26).

The model predicts the lateral velocity as part of the solution, and the deflection follows from it through the skew angle.

Figure 4 compares the lateral velocity with the PIV, whose lateral wake centre (dashed line) is found by fitting an asymmetric

Gaussian at each downstream station. The lateral velocities are at least an order of magnitude smaller than the streamwise350

velocities, and the lateral wake is less sharply defined, but in the far wake, the model reproduces its magnitude, centre, and

shape, as well as the growth of the lateral velocity with yaw angle. Along the streamwise wake centre (solid line), where the

deflection is evaluated, the prediction is consistent with the measurements.

Figure 5 extracts both velocity components along the measured streamwise wake centre. In the far wake, the model agrees

closely with the streamwise velocity and, allowing for the noisier measurement, with the lateral velocity. In the near wake, the355

solutions of Eqs. (25) and (27) are an oversimplification: the streamwise deficit is significantly underpredicted. The small step

in the lateral velocity at the onset comes from the near-wake switch, Eq. (28), a limitation taken up in Sect. 5.

Figure 6 compares the predicted wake centrelines with the measured ones – found by fitting a Gaussian to the streamwise

deficit profile of the PIV at each downstream station – and with the models of Bastankhah and Porté-Agel (2016, Eq. (7.4)) and

Jiménez et al. (2010). The Jiménez et al. (2010) model is PyWake v2.6.19’s JimenezWakeDeflection (Pedersen et al.,360
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Figure 5. Normalised (a) streamwise velocity deficit and (b) lateral velocity along the streamwise wake centreline at hub height for yaw

angles of 0◦ and 30◦ (labelled in each subplot), compared against planar PIV measurements of Bastankhah and Porté-Agel (2016). The

streamwise wake centreline is found by fitting a symmetric Gaussian to the streamwise deficit profile, and the far-wake onset is given by

Eq. (28).
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Present model
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Figure 6. Streamwise wake centreline location in the horizontal (x–y) plane at hub height for a single turbine at (a) γ1 = 0◦ and (b) γ1 = 30◦,

compared against planar PIV measurements by Bastankhah and Porté-Agel (2016) and predictions from the models of Bastankhah and Porté-

Agel (2016) and Jiménez et al. (2010). The far-wake onset for each turbine is given by Eq. (28).
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Table 2. Overview of multi-turbine test cases used in Sect. 4.2.

Case Turbine positions (x/D, y/D) Yaw angles (◦)

Case A0 (0, 0), (5, 0), (10, 0) 0, 0, 0

Case A1 (0, 0), (5, 0), (10, 0) −30, 0, 0

Case A2 (0, 0), (5, 0), (10, 0) −30,−20, 0

Case A3 (0, 0), (5, 0), (10, 0) −25,−15, 0

Case A4 (0, 0), (5, 0), (10, 0) 25, 20, 0

Case S0 (0, 0), (5, 1
3
), (10, 2

3
) 0, 0, 0

Case S1 (0, 0), (5, 1
3
), (10, 2

3
) −20,−20, 0

2023) in its standard and most widely used form, with a fixed wake-spreading rate β = 0.1; tying β to the local turbulence

intensity instead roughly doubles its single-turbine far-wake error (App. C), so the standard form is the stronger baseline. The

present model and that of Bastankhah and Porté-Agel (2016) agree closely, as expected of two models that fit Gaussians to

predict the skew angle, and both compare well with the measured far-wake deflection, least closely at 10◦ and 20◦; the Jiménez

model overpredicts it at every yaw angle, as reported previously (Porté-Agel et al., 2020). Averaged over the yawed cases365

(10◦–30◦), the far-wake RMSE is 0.037D, 0.059D and 0.198D respectively (Fig. 11). The present model thus performs on

par with existing momentum-based approaches for a single turbine, and we turn to the multi-turbine cases.

4.2 Multi-turbine interaction

The three-turbine cases are those of Zong and Porté-Agel (2020, 2021), in which one or more of the first two turbines were

yawed and hub-height velocity fields were measured using planar PIV. An overview is provided in Table 2: five aligned con-370

figurations (denoted A0–A4) and two staggered layouts (denoted S0 and S1), which encompass examples of strong secondary

wake steering (King et al., 2021), yawed wake superposition, partial wake overlap, and both negative and positive yaw angles.

Thrust coefficients for the turbines are calculated as 0.82(cosγi)
1.8 (Zong and Porté-Agel, 2021, Eq. (12)). The cases are run

with uniform inflow: Zong and Porté-Agel (2020, 2021) report no parameterisation of the incoming boundary-layer profile

and themselves take the hub-height velocity as the reference velocity, so we adopt the same assumption rather than impose an375

inflow condition of our own construction.

The Jiménez et al. (2010) model provides only a deflection law, so to predict a velocity field, it must be embedded in

a complete wake model. We embed it in PyWake with the closures the present model uses, with the same coefficients: a

Gaussian deficit whose expansion rate is the kU of Eq. (31), the same added-turbulence model, and the same thrust coefficient;

the wakes are combined by linear superposition of the individual deficits. Matching the closures isolates the deflection and380

wake-interaction physics that distinguish the two models. Two consequences follow. Firstly, the label “Jiménez et al. (2010)”

is used throughout for this composite, of which only the deflection law is due to that reference. Secondly, the wake centrelines
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Figure 7. Cumulative streamwise deficit and lateral surplus fields in the horizontal (x–y) plane at hub height for the aligned three-turbine

configuration of Case A2 (γ1 =−30◦, γ2 =−20◦, γ3 = 0◦; see Table 2), decomposed by turbine. Contours in (a) depict the streamwise

velocity deficits (Ui−1 −Ui)/Uh; contours in (b) show the lateral velocity surpluses −(Vi−1 −Vi)/Uh, as defined in Eq. (6). The bottom

panels present the cumulative fields, (U0 −U1:3)/Uh and −(V0 −V1:3)/Uh. The far-wake onset for each turbine is given by Eq. (28).

of Sect. 4.2.2 are fitted to the composite velocity field, so they depend on the deficit and superposition models as well as on the

deflection law, particularly where wakes merge. Appendix C tests the sensitivity of the comparison to the superposition rule.

4.2.1 Physical insight385

Figure 7 decomposes the field of Case A2 by turbine. In the top row, the wake of WT1 (γ1 =−30◦) is deflected towards

negative y by the ratio of its lateral to its streamwise velocity at δ1, as for the single turbine of Sect. 4.1.

The second row shows ∆Ũ2f2 and−∆Ṽ2g2 for WT2 (γ2 =−20◦), whose lateral surplus has a thrust-driven and an inherited

component (Eqs. (21) and (22)). In the near wake the amplitudes are those of the turbine alone, capped by Eqs. (25) and (27),

so there ∆Ṽ2 =∆Ṽ thr
2 ; the upstream wakes enter only in the far wake. The effect is clearest in the third row: WT3 is unyawed,390
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Figure 8. Decomposition of the wake-centre deflection δi of (a) WT2 (γ2 =−20◦) and (b) WT3 (γ3 = 0◦) in Case A2 into the tracer,

carrier, thrust-driven and inherited components of Eq. (30), stacked from δi = 0; they sum to the total (solid black line) exactly. The shaded

strip is the near wake, upstream of the far-wake onset of Eq. (28) (dotted), where the deflection is thrust-driven by construction. The upper

axis shows the downstream distance from each turbine’s rotor.

so has no thrust-driven component, yet its far wake carries lateral velocity, all of it inherited, and is visibly deflected. The

advected lateral velocity of WT1 and WT2 appears separately, in the cumulative panel.

Figure 8 integrates the four components of Eq. (30) along x. The shares below are of δi at the end of the domain (x= 22D),

not of θi at any one station, and the parts due to the rotor’s presence are front-loaded: just downstream of the far-wake onset,

the skew angle of the unyawed WT3 is 2.4 times the tracer’s, but 8D behind the rotor only 13% steeper. The shares drift395

accordingly: 4D behind each unyawed downstream rotor the carrier still outweighs the tracer (48–52 against 43–47%), whereas

at the end of the domain the tracer leads. The near wake, thrust-driven by construction (Sect. 3), contributes 10.4% of δ2. The

shares attribute the computed deflection; they are not the change that removing a term would cause.

For the unyawed WT3, the tracer accounts for 57.0% of the deflection, the carrier for 38.7% and the inherited lateral

velocity for 4.2%: of the 42.9% due to the rotor’s own presence, almost all is its streamwise deficit amplifying the upstream400

cross-flow, and only 4.2% the lateral velocity its own wake carries. Every unyawed downstream rotor in Cases A1–A3 and

S1 behaves alike (57–66, 31–39 and 3.5–4.2%). For the yawed WT2, the four shares are 43.5, 20.3, 34.1 and 2.1%, so the

upstream wake still contributes more than the turbine’s own yaw. The inherited part is small throughout; its significance is that

it is the one component the linearised balance of Sect. 2 loses. A superposition of prescribed deflections has neither a cross-flow
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for a downstream wake to be advected by nor a slower wake for that cross-flow to act on, nor an inherited lateral velocity, and405

so represents only the thrust part.

4.2.2 Streamwise wake deflection

Figures 9 and 10 compare the predicted wake-centre trajectories for the cases of Table 2 with the PIV measurements of Zong

and Porté-Agel (2020, 2021), together with the model of Jiménez et al. (2010) and, where a published curve is available, that

of Zong and Porté-Agel (2020), with a focus on how well each captures wake interactions and secondary wake steering.410

Wake centrelines are extracted in the same way for all models and datasets: a Gaussian is fitted to the hub-height streamwise

deficit at each downstream station, and its centre is taken; the full procedure is given in the accompanying code. As the wake

centre is not uniquely defined, this standardisation ensures that the comparison reflects differences between the predicted and

measured fields rather than between centreline definitions. One consequence is that the centrelines extracted here from the

PIV of Bastankhah and Porté-Agel (2016) and Zong and Porté-Agel (2020, 2021) differ from those reported in the original415

references, although the underlying velocity fields are the same. Figure 11 reduces each case to a single accuracy measure, the

root-mean-square error (RMSE) of the far-wake deflection (δ/D) relative to the experimental reference, evaluated at the PIV

measurement points beyond the far-wake onset.

The two zero-yaw cases, A0 and S0, confirm that the deflections seen elsewhere are physical rather than artefacts of the model

or the reference data. In Case A0, the present model and that of Jiménez et al. (2010) both predict zero deflection throughout420

the domain, and the PIV centreline remains within roughly 0.05D of y = 0 in the far wake, so the aligned inflow is effectively

symmetrical. In Case S0, no turbine is yawed, yet the measured centreline drifts laterally downstream. Two mechanisms can

produce this drift. The laterally offset wakes superpose asymmetrically, and Zong and Porté-Agel (2021) attribute part of the

drift to the uneven recovery of the two sides of the downstream wake under the lateral shear of the partial-wake inflow. Both

models represent only the first, through their cumulative fields, and both reproduce a drift of the observed sign and order, which425

shows that superposition alone suffices; the agreement may nonetheless absorb a contribution from the second, which neither

model resolves. Of the two, the present model is the closer (Fig. 11).

Across the yawed configurations, the model reproduces the deflection of the directly yawed wakes well. The principal

discrepancy is an underprediction of the near wake, most evident for WT2 in Cases A4 and S1, which a steep far-wake

deflection often corrects; with a more accurate near-wake model, this could lead to an overprediction of the deflection.430

The leading wakes of Cases A1 and A2 raise a question that Fig. 6 anticipates: the Jiménez et al. (2010) baseline, which

markedly overpredicts the single-turbine deflection, agrees closely with them. Two differences in the comparison account for

this. The leading wake can be compared only up to WT2 at 5D, before the overprediction has grown (+0.078D rather than

+0.141D at 30◦), and the leading turbine of Zong and Porté-Agel (2020) deflects some 15% more than that of Bastankhah

and Porté-Agel (2016), consistent with the lower ambient turbulence intensity of the three-turbine experiment (6.0% against435

7.7%). The agreement is thus specific to these conditions (App. C).

The defining capability of the model is that it produces secondary wake steering mechanistically, through the momentum-

conserving velocity field (Sect. 4.2.1), rather than through deflection superposition alone. Case A1 is the cleanest demonstra-
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Figure 9. Streamwise wake centreline location in the horizontal (x–y) plane at hub height for the aligned configuration of three turbines

spaced 5D apart. The schematics denote the rotor footprints with their corresponding yaw angles for (a) Case A0, (b) Case A1, (c) Case A2,

(d) Case A3, and (e) Case A4, as defined in Table 2, compared against PIV measurements by Zong and Porté-Agel (2020, 2021) and

predictions from the model of Jiménez et al. (2010), together with that of Zong and Porté-Agel (2020) where a published curve is available

(panels (b) and (c)). The far-wake onset for each turbine is given by Eq. (28). Predictions labelled Jiménez et al. (2010) are those of the

composite baseline defined in Sect. 4.2 and Appendix C, of which only the deflection law is due to that reference.
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Figure 10. Streamwise wake centreline location in the horizontal (x–y) plane at hub height for the staggered configuration of three turbines

spaced 5D apart. Schematics denote the rotor footprints with their corresponding yaw angles for (a) Case S0, and (b) Case S1, as defined

in Table 2, compared against planar PIV measurements by Zong and Porté-Agel (2021) and predictions from Jiménez et al. (2010). The

far-wake onset for each turbine is given by Eq. (28).

tion. Only the upstream rotor is yawed, so the wakes of WT2 and WT3 carry no thrust-driven lateral velocity; nonetheless, the

measured centreline behind WT3 departs markedly from y = 0, a clear case of secondary wake steering. The present model440

captures this. The model of Jiménez et al. (2010) contains no secondary-steering physics, so its downstream displacement

results solely from the advection of the upstream yawed wake, which it over-deflects (Qian and Ishihara, 2018; Brugger et al.,

2020); where it agrees with the data, it does so for the wrong reason. The residuals show this. In A1 the present model has

the lower error (0.060 against 0.098), and behind the unyawed turbines it slightly overpredicts the deflection, whereas Jiménez

et al. (2010), although it over-deflects the yawed leading wake, underpredicts it there, as nothing in it deflects an unyawed wake.445

The model of Zong and Porté-Agel (2020) does include a secondary-steering mechanism, but it appears to underestimate its

strength (Cases A1 and A2). The cumulative curl model (Bay et al., 2023) also produces secondary steering, but through an

effective yaw angle rather than a solved lateral velocity (Sect. 1); comparing the two on these cases is left to future work.

The staggered cases prove the most difficult, particularly Case S1, for two reasons. Where offset wakes overlap, their deficit

profiles depart from a single Gaussian, so the fitted centreline is least reliable there, for both the modelled and the measured450

fields (Vollmer et al., 2016). Moreover, the asymmetric Gaussian is least accurate on the flanks of the lateral wake (Fig. 2(b)),

and the staggered layout places each successive rotor a further D/3 out on the flank of the upstream wakes, from where it

draws the advected lateral velocity that, with the carrier effect it drives, sets most of its deflection (Fig. 8). For S1, the present

24

https://doi.org/10.5194/wes-2026-183
Preprint. Discussion started: 4 November 2026
c© Author(s) 2026. CC BY 4.0 License.



0.00 0.05 0.10 0.15 0.20 0.25
Far-wake RMSE of δ1:i/D

γ = 0◦

γ = 10◦

γ = 20◦

γ = 30◦

A0

A1

A2

A3

A4

S0

S1

Single turbine

Three turbines

Present model
Bastankhah & Porté-Agel (2016)
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Figure 11. Per-case accuracy of the predicted wake-centre deflection. Each marker shows the root-mean-square error (RMSE) of the far-wake

centreline deflection δ/D for one model relative to the experimental reference (lower is better; see legend for the models). Single-turbine

cases (γ = 0◦,10◦,20◦,30◦) are compared with the Bastankhah and Porté-Agel (2016) PIV measurements; three-turbine cases (aligned A0–

A4, staggered S0–S1) with the deflection reported by Zong and Porté-Agel (2020, 2021). The wake centre is taken as the centre of a fitted

Gaussian, and the error is evaluated over the far-wake region (downstream of the far-wake onset) at the experimental measurement stations.

model is the weaker of the two (0.067 against 0.062); Sect. 4.2.3 returns to this case with a measure that requires no centreline.

Across the three-turbine configurations, the present model attains the lower far-wake error in A1, A2, A3 and S0, the unyawed455

A0 is a tie, and Jiménez et al. (2010) is closer in A4 and, marginally, S1 (Fig. 11).

4.2.3 Streamwise velocity field

The deflection comparison isolates wake steering, but the model exists to predict the velocity field that sets the inflow, and with

it the power, of each downstream turbine. A velocity-field comparison also requires no wake centre, so it remains well defined

where the centreline becomes ambiguous. Because both models are evaluated at the same measurement points and share their460

closures, their residuals differ only in the deflection and interaction physics and in how the wakes are combined.

Figure 12 reduces each case to the RMSE of U/Uh over the hub-height plane resolved by the PIV, evaluated over the far-

wake region and computed identically for both models at the same measurement points, mirroring Fig. 11. The present model

attains the lower field error in every three-turbine case, where the deflection comparison did not clearly separate the two;

averaged over the seven cases, its far-wake field RMSE is 0.050Uh, against 0.087Uh for the model of Jiménez et al. (2010).465
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Figure 12. Per-case accuracy of the predicted hub-height streamwise velocity field. Each marker shows the root-mean-square error (RMSE)

of the normalised velocity U/Uh over the whole hub-height plane resolved by the PIV (common domain 0≤ x/D ≤ 15, |y|/D ≤ 2),

evaluated over the far-wake region, for the present model and Jiménez et al. (2010) against the measurements of Zong and Porté-Agel

(2020, 2021). In contrast to the centreline deflection, the present model attains the lower field error in every case.

Because the baseline is a composite, the margin could depend on how it combines its wakes – the one component that the

baseline chooses and the present model derives. Replacing the linear superposition in turn by three alternatives (Appendix C,

Table C1) leaves the ranking unchanged but for one case: the present model attains the lower error everywhere except Case S1

under the momentum-conserving rule, where the two are a dead heat (0.0670 against 0.0667Uh). The baseline’s mean error

ranges from 0.064 to 0.087Uh across the variants, so the size of the margin is a property of the composite, but its sign is not.470

Figures 13 and 14 show where the two models depart from the measurement. The residuals differ in character. Close behind

each rotor, that of the present model is large and positive: as for the single turbine (Sect. 4.1), the near-wake deficit is under-

predicted. Beyond the far-wake onset it is small and smooth, a mild positive difference along the wakes: the modelled velocity

is slightly too high, and the deficit correspondingly underpredicted. Over the far-wake region this bias reaches +0.026Uh in

Case S1 and stays below +0.006Uh in the aligned cases. The small positive bias is the field-level counterpart of the near-wake475

behaviour of Sect. 4.2.2: an underpredicted streamwise deficit raises the local velocity, which lowers the skew angle and hence

the integrated deflection, so one modest error accounts for both the near-wake deflection and the field bias rather than two

independent shortcomings.

The residual of Jiménez et al. (2010) is larger and has two components: a net negative offset, corresponding to an overpre-

dicted deficit and strongest in the near wakes, and a lateral dipole with opposite signs on the two flanks of each wake, as a480

wake displaced to one side of the measured one produces. The offset is a property of the linear superposition of ambient-scaled

deficits and changes sign under squared summation, as the variants of Appendix C show.

Two caveats bound this interpretation, neither of which affects the ranking. Firstly, the field RMSE reflects the magnitude

of the deficit as much as the steering, so it complements the deflection comparison rather than replacing it. Secondly, neither

model reproduces the near-rotor speed-up, so clipping the PIV at U/Uh = 1 affects them equally.485
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Figure 13. Hub-height streamwise velocity field for the aligned Case A2 (γ1 =−30◦, γ2 =−20◦, γ3 = 0◦): (a) the measured PIV deficit

(Uh −U)/Uh; (b) present model minus PIV; (c) Jiménez et al. (2010) minus PIV. In the difference panels, positive (red) means the model

is faster than the measurement, i.e. it underpredicts the deficit, and negative (blue) that it overpredicts it; the diverging scale saturates at

±0.3Uh. Rotor schematics show the yaw angles and the dotted lines the far-wake onsets. Beyond the far-wake onsets, the present model’s

residual is small and smooth, with an under-deficit, whereas the Jiménez et al. (2010) residual is larger and exhibits a lateral dipole at each

wake, where its wakes are displaced from the measured ones.

5 Summary and future research

In this study, the momentum-conserving framework of Bastankhah et al. (2021) was extended to an analytical wake-steering

model for wind farms, based on the approximate conservation of the momentum deficit in both the streamwise and lateral

direction. By coupling the streamwise and lateral dynamics into a single analytical framework, the model derives the lateral

velocity field and diagnostically predicts wake deflection by integrating the local skew angle, thereby requiring neither effective490

yaw angles nor iterative solution procedures.

A key feature of the framework is the distinction between the streamwise and lateral wakes, which allows the model to

represent the spatial distribution of lateral momentum induced by yaw misalignment. Secondary wake steering then emerges

from the governing equations, without empirical correction factors, through three routes: the cross-flow of yawed upstream

turbines advects each downstream wake; the downstream turbine’s own streamwise deficit slows the flow carrying that cross-495

flow, and so amplifies it; and the turbine’s lateral wake inherits lateral momentum from the upstream flow, even when the
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Figure 14. As Fig. 13, for the staggered Case S1 (γ1 =−20◦, γ2 =−20◦, γ3 = 0◦) – the configuration in which the wake centreline is least

well defined. Even here, the field comparison separates the two models: the present model’s difference field (b) is smaller and smoother than

that of Jiménez et al. (2010) (c).

turbine is unyawed. For the unyawed turbines studied here, these account for 57–66, 31–39 and 3.5–4.2% of the deflection at

the end of the domain, respectively, so over a third of where a wake goes is owed to the rotor’s own presence.

The model was evaluated against wind-tunnel PIV measurements for both single- and multi-turbine configurations. In the

single-turbine cases, it reproduced the principal features of the streamwise and lateral wakes, with good agreement in the500

far wake and a lower far-wake deflection error than the model of Bastankhah and Porté-Agel (2016) at every measured yaw

angle; both improved on the systematic overprediction of Jiménez et al. (2010). In the three-turbine cases, it reproduced the

deflection of the directly yawed wakes and, more importantly, captured secondary wake steering mechanistically – including

the deflection of an unyawed downstream rotor, which carries no thrust-driven lateral velocity: its wake is deflected by the

upstream cross-flow, and the rotor’s own streamwise deficit, by slowing that wake, accounts for about a third of the result.505

Quantitatively, it returned the lower far-wake deflection error than the Jiménez et al. (2010) baseline in four of the seven three-

turbine configurations, tying one and losing two, one of them marginally (Fig. 11); assessed over the full hub-height velocity

field, which requires no fitted centreline, it attained the lower error in every configuration (Fig. 12). The main discrepancies

are confined to the near wake, where the simplified treatment underpredicts the streamwise velocity deficit; because deflection

is a non-local, integrated quantity, this error propagates downstream and is most pronounced for the staggered layouts, where510
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the centreline is least well defined and each rotor sits out on the flank of the upstream wakes (Sect. 4.2.2). That the velocity

field set up by upstream wakes can reinforce or suppress the deflection of an internal turbine, depending on the relative lateral

positions of the turbines, has also been observed in operational data (Siguenza-Alvarado et al., 2026, Fig. 9).

Whilst the present results are encouraging, several limitations remain that motivate future work:

1. Near-wake modelling. The representation of the near wake, where simplified modelling assumptions lead to underpre-515

diction of the induced streamwise velocity deficit and discontinuities between the near- and far-wake regimes, should be

examined. At the switch, the skew angle of a waked rotor steps by 7–13◦, because the near-wake branch of Eq. (29) omits

advection. A recent comparison of analytical yaw models by Thompson et al. (2025) found that wake-shape formulations

more flexible than the single Gaussian – in particular, double-Gaussian (Keane, 2021) and super-Gaussian (Blondel and

Cathelain, 2020) profiles – substantially improve near-wake predictions for yawed turbines. Future work could therefore520

focus on developing a unified wake-shape formulation based on such flexible functional forms and accounting for pres-

sure variations in the near wake (Bastankhah et al., 2026), provided it remains analytically integrable within the present

momentum-deficit framework.

2. Lateral wake modelling. The assumption of an asymmetric Gaussian profile may not be appropriate for small yaw

angles, where the profile exhibits both a positive and a negative peak. Its behaviour on the flanks also deserves attention:525

beyond about 2σ from the lateral wake centre, it captures neither the change of sign of the measured surplus on one side,

nor the tail that persists on the other. Neither shortcoming bears on an isolated rotor, whose deflection is evaluated close

to the lateral wake centre, but the staggered cases of Sect. 4.2.2 show that both can bear on a rotor positioned out on the

flank of an upstream wake, and so on the predicted lateral momentum transport and deflection.

3. Neglected terms of the governing equation. As noted by Bastankhah et al. (2021), the applicability of the conservation530

of momentum deficit equation (Eq. (2)) – now for lateral as well as streamwise momentum – should be investigated for a

range of inflow conditions and layout geometries; this study assumes that their budget analysis carries over to the lateral

equation. It also bears on the choice of α= 2 in Eq. (11): the modified value α= 1 of Bastankhah et al. (2021) was

proposed as an empirical correction for precisely these neglected terms. Retaining the exact value keeps the streamwise

and lateral solutions mutually consistent, at the cost of forgoing any potential compensation; the agreement reported535

in Sect. 4 suggests the cost is small for the conditions examined here, but this warrants revisiting alongside the budget

analysis.

4. More comprehensive validation. The current model has primarily been evaluated against idealised wind-tunnel data

and requires more comprehensive validation against high-fidelity simulations and full-scale field measurements across a

wider range of atmospheric and operational conditions (Bao et al., 2024; Siguenza-Alvarado et al., 2026). In particular,540

the model’s behaviour under various atmospheric stabilities and wind veer remains to be assessed, as does its behaviour

in heterogeneous inflow, where two questions separate. Kinematically, a background cross-flow V0(x,y,z) enters the

far-wake branch of Eq. (29) directly, so that as CT,i→ 0 the far wake follows the background streamline, although every

29

https://doi.org/10.5194/wes-2026-183
Preprint. Discussion started: 4 November 2026
c© Author(s) 2026. CC BY 4.0 License.



case here has V0 = 0. Dynamically, the background-gradient terms Ui ∂U0/∂xi of Eq. (1) are neglected and the closed-

form solutions take U0 = Uh, so the momentum-deficit balance itself is untested where complex terrain or gravity waves545

make the background flow vary on the scale of the wakes.

5. Robust, power-relevant validation metrics. The headline deflection comparison reduces each case to a fitted wake

centreline, which becomes ill-defined where wakes merge and is least reliable for the staggered layouts. The hub-height

field comparison of Sect. 4.2.3 is a first step towards a metric that needs no centreline and is closer to what matters

for power. A fuller assessment should pair a centreline definition that remains robust for merged wakes with directly550

power-relevant scalars – rotor-effective wind speed and turbine power ratios – validated against operational data from

wake-steering campaigns (Siguenza-Alvarado et al., 2026).

Finally, the analytical framework introduced here provides a foundation for future wind farm control and optimisation

studies. Because the model predicts lateral velocities directly and maintains a computationally efficient analytical structure,

it may prove useful for applications requiring physically interpretable low-order models, including closed-loop wind farm555

control, layout optimisation, and wind-farm co-design.

Appendix A: Wake widths and lateral wake centre

A1 Streamwise width and far-wake onset

Bastankhah and Porté-Agel (2016) give the lateral and vertical wake widths at the end of the potential core as

σy0

D
=

√
1+
√
1−CT cosγ

8
(
1+
√
1−CT

) cosγ,
σz0

D
=

√
1+
√
1−CT cosγ

8
(
1+
√
1−CT

) , (A1)560

with the subscript 0 denoting, as in Bastankhah and Porté-Agel (2016), the end of the potential core. The self-similar profile of

Eq. (9) carries a single width in both directions, so we take the geometric mean,

σ0 =
√
σy0

σz0 , (A2)

which is the unique isotropic width that leaves the integrated deficit unchanged, since
∫
f dA= 2πσyσz for an anisotropic

Gaussian and 2πσ2 for an isotropic one. Each component then grows linearly as in Eq. (31), and Ilocal,i adds to the ambient565

value, in quadrature, the largest added turbulence from the upstream turbines, each contribution given by the turbulence-

optimised form of the Crespo and Hernández (1996) correlation of Zehtabiyan-Rezaie et al. (2024, Eq. 8) and weighted by the

fraction of the rotor of WTi inside that turbine’s wake (Niayifar and Porté-Agel, 2016). The length of the potential core is that

given by Bastankhah and Porté-Agel (2016),

x0,i

D
=

cosγi
(
1+

√
1−CT,i

)
√
2
(
α∗Ilocal,i +β∗ (1−

√
1−CT,i

)) , (A3)570

30

https://doi.org/10.5194/wes-2026-183
Preprint. Discussion started: 4 November 2026
c© Author(s) 2026. CC BY 4.0 License.



where α∗ = 2.32, β∗ = 0.154. It serves only to position the width line of Eq. (31). The far-wake self-deficit falls monotonically

as the wake widens, so the switch of Eq. (28) turns off once. Equating Eq. (10) without its upstream sums to Eq. (25) gives the

onset width in closed form,

σ2
ℓ,i

D2
=

cosγi
8

ri (1− ai)

1− airi
, ri =

⟨U1:i−1⟩(i,xi)

Uh
, (A4)

and inverting Eq. (31) for it is a quadratic, so the onset lies a distance575

ℓi = x0,i +

√
(σy0
−σz0)

2
+4σ2

ℓ,i− (σy0
+σz0)

2kU
(A5)

downstream of the rotor, at xχ,i = xi + ℓi. For a rotor in undisturbed uniform inflow, ri = 1 and Eq. (A4) reduces to σℓ =

D
√
cosγ/8, independent of CT . This equals σ0 of Eq. (A2) at zero yaw, so the onset then coincides with the end of the

potential core exactly. With yaw it falls 0.11–0.26D upstream of it in the cases considered here, and for a waked rotor, ri < 1,

0.4–1.2D upstream.580

A2 Lateral wake centre

Figure A1 tests the approximation of Sect. 3, that ∂V/∂y = 0 where ∂2U/∂y2 = 0, against the experimental data of Bastankhah

and Porté-Agel (2016). It holds reasonably well, and best on the side of the wake where the streamwise wake centre lies (y > 0),

which is where the model applies it.
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Figure A1. (a) Second derivative of normalised streamwise velocity, (b) first derivative of wake skew angle, and (c) first derivative of

normalised lateral velocity with respect to lateral coordinate at a downstream distance of x/D = 3.0 for a turbine operating at a yaw angle

of γ = 20◦. Dashed grey lines show the location of the zero-crossing closest to y = 0 on each side.

A3 Deflection-side onset width585

At the far-wake onset, the near-wake solution is given at the streamwise wake centre, which is not co-located with the lateral

wake centre; by Eq. (16), the lateral velocity there depends only on the deflection-side width τAℓ
. For a single turbine, evaluated

at the hub height zh, Eq. (7) gives

Vℓ

Uh
=

V0

Uh
− ∆Ṽℓ

Uh
gℓ (y = δ,z = zh), (A6)

with gℓ(y = δ,z = zh) = exp(−σ2
ℓ/2τ

2
Aℓ
) from Eq. (16) and, from Eq. (18),590

∆Ṽℓ

Uh
=

−
(
CT

8

)
sinγ

(τAℓ

D

)2
+
(τBℓ

D

)2
− ∆Ũℓ

Uh

(σℓ

D

)2
νℓ

, (A7)

with

νℓ =


1+ erf


 τAℓ√

2
(
σ2
ℓ + τ2Aℓ

)




 τ2Aℓ

σ2
ℓ + τ2Aℓ

exp

(
− σ2

ℓ

2
(
σ2
ℓ + τ2Aℓ

)
)
+


1− erf


 τBℓ√

2
(
σ2
ℓ + τ2Bℓ

)




 τ2Bℓ

σ2
ℓ + τ2Bℓ

exp

(
− σ2

ℓ

2
(
σ2
ℓ + τ2Bℓ

)
)
.
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(A8)

This has two unknowns, ∆Ṽℓ and τAℓ
. The first is given by Eq. (27); the second requires a skew angle independent of the

present model’s own lateral velocity, since Eq. (24) evaluated with Eq. (27) would merely return the near-wake solution and595

determine nothing. We therefore take θc0 of Eq. (34) as the skew angle at the onset: the potential core of Bastankhah and

Porté-Agel (2016) ends at xi +x0,i, which for a rotor in uniform inflow coincides with the onset at zero yaw and lies within

about a quarter of a diameter of it in yaw (Eq. (A5)). Consistent with this, and assuming ⟨U0⟩= Uh, the streamwise velocity at

the streamwise wake centre is taken from the same potential-core solution, Eq. (25), giving ∆Ũℓ/Uh = 2a. The skew angle at

the far-wake onset is then600

θℓ =
Vℓ

Uh−∆Ũℓ

=

V0−∆Ṽℓ exp

(
− σ2

ℓ

2τ2
Aℓ

)

Uh−∆Ũℓ

, (A9)

in which the only far-wake quantity is the Gaussian factor that attenuates the peak ∆Ṽℓ to its value at the streamwise wake

centre. Solving for τAℓ
,

τAℓ

D
=

σℓ

D√√√√2ln

(
∆Ṽℓ

V0− θℓ(Uh−∆Ũℓ)

) , (A10)

and substituting θℓ = θc0 , V0 = 0 and the near-wake solutions of Eqs. (27) and (25) gives Eq. (35).605

A4 Non-deflection-side onset width

Equating Eq. (A7) with Eq. (27) and substituting Eq. (25) gives

(τAℓ

D

)2
+
(τBℓ

D

)2
− 2a

(σℓ

D

)2
νℓ−

1

2
= 0, (A11)

which has no closed-form solution for τBℓ
, since νℓ is itself a function of it, and would have to be solved iteratively for every

turbine.610
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Figure A2. Variation in (a) the ratio of lateral wake width to streamwise wake width, and (b) various characteristic wake width ratios at the

far-wake onset, over a range of values of thrust coefficient.

Figure A2 shows the onset widths over 0.2≤ CT ≤ 0.95 – the windmill state assumed by Bastankhah and Porté-Agel (2016),

from whom the onset relations derive – with σℓ, τAℓ
and τBℓ

from Eqs. (A4), (35) and (A11). The ratio (τAℓ
+τBℓ

)/2σℓ varies

by at most about 7% (panel a), supporting 2σ ∝ (τA + τB). The half-widths differ (panel b): τBℓ
departs from 2σℓ by at most

about 10%, whereas τAℓ
falls by as much as 43%, from 0.97σℓ at CT = 0.2 to 0.56σℓ at CT = 0.95 for γ = 30◦, passing 0.75σℓ

near CT ≈ 0.72. Fixing τBℓ
therefore costs at most that 10%, whereas fixing τAℓ

would introduce a systematic, CT -dependent615

error in the predicted deflection away from CT ≈ 0.72.

Appendix B: Implementation

Algorithm B1 summarises the model in the order in which it is computed.

Algorithm B1. Analytical wake steering model

1: Input: turbine set {(xi,yi,zi,D,γi)}ni=1, provided in upstream-to-downstream order620

2: Input: inflow quantities (Uh,Vh, I0) [with Vh ≡ V0|z=zh ] and computational grid (x,y,z)

3: Allocate: arrays σ,τA, τB , δ, ϵ,θ,∆Ũ,∆Ṽ , and the deflection components δtr, δcar, δthr, δinh

4: for each turbine i= 1, . . . ,n do

5: Evaluate the flow of turbines 1, . . . , i− 1 (Eq. (7)) analytically at quadrature points on the rotor disc of WTi, giving the

rotor-averaged streamwise velocity ⟨U1:i−1⟩(i,xi)
of Eq. (3) and the hub lateral velocity Vlocal,i of Eq. (17)625

6: Compute thrust coefficient CT i (Zong and Porté-Agel, 2021, Eq. 12), then induction ai (Eq. (26)), and the deflection-

side sign si (Eq. (17))

34

https://doi.org/10.5194/wes-2026-183
Preprint. Discussion started: 4 November 2026
c© Author(s) 2026. CC BY 4.0 License.



7: Compute near-wake reference values ∆Ũi,nw (Eq. (25)) and ∆Ṽi,nw (Eq. (27))

8: Compute the local turbulence intensity Ilocal,i and the growth rate kU,i as in Sect. 3, taking the largest added turbulence

over the upstream turbines, each weighted by the fraction of the rotor of WTi inside that wake630

9: Compute the potential-core length x0,i (Eq. (A3)) and the widths σy0,i,σz0,i there (Eq. (A1)); build σi(x) for x≥ xi

from Eq. (31)

10: Compute the far-wake onset width σℓ,i (Eq. (A4)) and its station xχ,i = xi + ℓi (Eq. (A5))

11: Evaluate τA,ℓ,i in closed form (Eq. (35)) and set τB,ℓ,i = 2σℓ,i

12: Set kVB ,i = kU,i and kVA,i = (τA,ℓ,i/τB,ℓ,i)kU,i (Eq. (36))635

13: Build τAi(x) and τBi(x) growing linearly from their onset values at xχ,i; upstream of xχ,i, ramp linearly from τAϕi
=

(τA,ℓ,i/σℓ,i)σϕi and τBϕi
= 2σϕi at the rotor, where σϕi = σi(xi)

14: for each streamwise index j such that xj ≥ xi and j < nx− 1 do

15: Set the lateral wake centre ϵi,j = δi,j − siσi,j (Eq. (32)), which µii requires

16: Build upstream interaction terms λij (Eq. (11)) and µij ,µji (Eq. (20)) from turbines 1, . . . , i− 1 at xj640

17: Compute ∆Ũ self
i,j , the single-turbine balance with the farm’s inputs, i.e. Eq. (10) without the upstream sums

18: Evaluate the near-wake switch χnw
i,j (Eq. (28)), i.e. whether ∆Ũ self

i,j >∆Ũi,nw at xj ≥ xi

19: if χnw
i,j then

20: Cap the turbine alone at the near-wake values:

∆Ũi,j ←min
(
∆Ũ self

i,j ,∆Ũi,nw

)
, ∆Ũ int

i,j ← 0645

21: Compute ∆Ṽi,j from Eq. (18) without either upstream sum, capped in magnitude at |∆Ṽi,nw|; set ∆Ṽ thr
i,j ←∆Ṽi,j

and ∆Ṽ inh
i,j ← 0

22: Evaluate θi,j from the near-wake branch of Eq. (29); set θthri,j ← θi,j and θtri,j = θcari,j = θinhi,j ← 0

23: else650

24: Compute ∆Ũi,j from Eq. (10), capped at ∆Ũi,nw, and ∆Ũ int
i,j =∆Ũi,j −∆Ũ self

i,j

25: Compute ∆Ṽi,j from Eq. (18), and its thrust-driven and inherited components from Eqs. (21) and (22)

26: Sample the flow of turbines 1, . . . , i− 1 at the wake centreline (xj , yi + δi,j , zi), giving Uup
i and V up

i

27: Evaluate θi,j from the far-wake branch of Eq. (29), and its components θtri,j ,θ
car
i,j ,θ

thr
i,j ,θ

inh
i,j from Eq. (30)

28: end if655

29: Update the wake-centre deflection and each of its components c ∈ {tr,car,thr, inh} (forward Euler):

δi,j+1← δi,j + θi,j (xj+1−xj), δci,j+1← δci,j + θci,j (xj+1−xj), δi(xi) = δci (xi) = 0

30: end for
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31: (Optional, for the velocity field only.) Apply the wake of WTi downstream, with streamwise shape fi (Eq. (9)) and

lateral shape gi (Eq. (16)), its side selected pointwise by si:660

U ← U −∆Ũifi, V ← V −∆Ṽigi, starting from U = U0, V = V0

32: end for

Appendix C: Sensitivity of the Jiménez et al. (2010) baseline to the superposition rule and the spreading rate

The baseline combines its wakes by a rule chosen on its behalf. The present model also sums its wake deficits (Eq. (7)), but

the amplitude of each follows from the momentum-deficit balance with the wakes upstream of it, so there is no rule to choose.665

Table C1 repeats the field comparison of Sect. 4.2.3 under four superposition rules, with the deflection, deficit and turbulence

models and the thrust coefficient held fixed.

Table C1. Sensitivity of the hub-height field comparison to the wake superposition used in the Jiménez et al. (2010) baseline: the RMSE of

U/Uh over the far-wake region of the common PIV domain, as in Sect. 4.2.3. Only the superposition differs: linear summation of ambient-

scaled deficits (as used throughout the paper), squared summation, linear summation of deficits scaled by the local inflow (Niayifar and

Porté-Agel, 2016), and the momentum-conserving superposition of Zong and Porté-Agel (2020). The present model attains the lowest error

in every case under every variant except Case S1 under the momentum-conserving superposition, a dead heat. Lower is better.

Present Jiménez et al. (2010) baseline

Case model Linear sum Squared sum Local-inflow linear Momentum-conserving

A0 0.039 0.083 0.060 0.046 0.070

A1 0.052 0.087 0.084 0.064 0.077

A2 0.045 0.092 0.078 0.063 0.079

A3 0.048 0.086 0.078 0.061 0.071

A4 0.047 0.092 0.075 0.065 0.073

S0 0.054 0.083 0.094 0.069 0.068

S1 0.067 0.084 0.101 0.076 0.067

Mean 0.050 0.087 0.081 0.064 0.072

The deflection law of the baseline has a fixed spreading rate, β = 0.1, which corresponds through k∗ = 0.38I +0.004 to

I ≈ 25%, some three times the turbulence intensities of the experiments considered here. Tying it to the local turbulence

intensity instead worsens the overprediction: the mean far-wake deflection error rises from 0.198D to 0.394D over the yawed670

single-turbine cases (10◦–30◦), and from 0.056D to 0.071D over the three-turbine cases.
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Code and data availability. The Python implementation of the model and the scripts to reproduce the simulations and figures are archived

at https://doi.org/10.5281/zenodo.23206868 (Gaukroger and Siguenza-Alvarado, 2026) (version v1.0.1) and developed at https://gitlab.

windenergy.dtu.dk/njoga/awsmf (MIT Licence). The experimental PIV data of Bastankhah and Porté-Agel (2020) are openly available

at https://doi.org/10.5281/zenodo.3607598; the wake deflection and centreline-deficit curves used here are derived directly from those675

fields by the reproduction scripts. The numerical comparison data of Zong and Porté-Agel (2020, 2021) were provided directly by the

authors and are used with their permission; they are not redistributed here and will be made available by the authors through their own

repository. Neither third-party dataset is included in the software archive; reproducers must obtain them as described in the repository

(data/third_party/).
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