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Abstract. Solving optimal control problems (OCPs) to estimate the performance of airborne wind energy (AWE) systems can

raise the question: "How should one include a vortex-filament model into an OCP on an irregular flight path, specifically where

there are also a substantial number of inequality constraints?" Since a rigidly-convected, lifting-line vortex (RLL) model might

balance computational expense against sensitivity to geometric assumptions, we construct a solvable problem by judiciously

lifting certain algebraic variables into an AWE OCP’s decision variables. This RLL model makes predictions that are consistent5

considering modeling assumptions with independently-published Large Eddy Simulations, during rotationally-steady as well as

dynamic situations. Further, demonstrating the importance of including wake-modeling in airborne wind energy applications,

solving an AWE OCP including this RLL model finds a substantial difference in power compared to solving an AWE OCP

assuming negligible induced velocity; this paper’s demonstration problem, with a two-kite (Ampyx-AP2) system and a single-

winding trajectory, predicts a 20%-30% loss in harvestable power (depending on initialization and objective). Unfortunately,10

solving such an RLL AWE OCP is also quite expensive: in the problem instances and solver configurations tested within this

work, the required computational memory scales with the total number of vortex elements instantiated in the entire problem,

while the processor time scales with more than that number squared. In conclusion, it is possible to include a RLL model into

a solvable AWE OCP with an irregular trajectory and many inequality constraints, though the solution is quite expensive and

is heavily influenced by the homotopy strategy used for initialization.15

1 Introduction

With Hansen et al. (2026) confirming that 2026 is on-track to be yet another ‘hottest year’ on record, we’re again reminded

of the importance of transitioning to a diverse portfolio of clean, renewable energy sources. Among these options is airborne

wind energy (AWE). In lift-mode AWE energy systems, tethered drones - also called ‘kites’ - fly variable-lift trajectories, so

that a tether wound around a generator drum can be unrolled under high tension and re-rolled again under low tension. In the20

particular system variant considered here (see Figure 1), multiple kites are held by secondary tethers that branch off of a main
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ẑ
ŷ
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Figure 1. A sketch of an airborne wind energy system. In this sketch, the number of kites K= 2, and the winding number of the trajectory is

L= 4. The example problem used in Sections 4 and 5 similarly uses two K= 2 kites, but only one winding L= 1.

tether, in a manner that roughly balances the forces perpendicular to the tether so that the losses due to the drag on the main

tether can be kept small (Payne and McCutchen, 1976; Houska and Diehl, 2007; Zanon et al., 2013).

As with all energy sources, the contribution of AWE to an energy portfolio depends on the ability of system designers and

purchasers to make accurate predictions of the performance of any particular system at any particular site. As reported in25

Vermillion et al. (2021), one of the main methods of estimating this performance uses the offline solution of optimal control

problems (OCPs), wherein parameters, states, and controls are found for the system by maximizing - minimizing the negative

of - a relevant figure-of-merit, while satisfying some long list of constraints, including a model of the system’s dynamical

behavior and additional constraints that ensure safety in the system’s operation. This approach was introduced to AWE by

Houska and Diehl (2007).30

To date, there exists at least one open-source, user-friendly, and modular toolbox that will formulate and solve these AWE

OCPs, the awebox (De Schutter et al., 2023). However, the solution of an AWE OCP can only be as good as the models in-

cluded in its constraints. The gap being considered in this paper specifically concerns wake modeling. Betz optimality suggests

that representing the conservation of momentum within the flow among the physical-model constrained by an AWE OCP will

impact that OCP’s solution, especially in AWE systems with multiple kites. Indeed, previous work - eg., Zanon et al. (2014)’s35

two-kite OCP and Leuthold et al. (2017)’s three-kite rotationally-steady optimization - has shown that there can be a large
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difference in the predicted system power output using a low-fidelity (actuator-based) wake model compared to no wake model

at all. This, of course, naturally leads to the question: what happens to this difference if we use a higher-fidelity wake model?

There has been a decent amount of work in the last years including wake models into OCPs, such as including wake steering

in wind turbine farms and adding realistic induction effects to formation flight. Much of this work uses either actuator-surface40

models (see, for example, Zanon et al. (2014), Leuthold et al. (2018), Trevisi et al. (2022), and Sterle et al. (2024)) or high-

fidelity CFD models such as Large Eddy Simulations (see, for example, Goit and Meyers (2015), Goit et al. (2016), Munters

and Meyers (2017), Munters and Meyers (2018), Vali et al. (2018), and Janssens and Meyers (2024)) - not including the

cases following partitioned approaches where the determination by optimal control of a trajectory or control input has been

performed separately from the high-fidelity flow simulation (see, for example, Haas et al. (2019), Haas et al. (2022), Crismer45

et al. (2024), and Crismer et al. (2026)).

The difficulty with using high-fidelity computational fluid dynamics (CFD) models in AWE OCPs generally has to do

with computational cost. As an example of this high cost: Munters (2017)’s optimal control problem maximizing the power

harvested by 16 wind turbines - each controlled by the rate-of-change of its thrust coefficient as well as its yaw rate - over an

optimization period of 300 s is reported as requiring "35,000 corehours per optimization case" once a Large Eddy Simulation50

(LES) wake model is included among the constraints. Computational costs on the order of multiple-thousands of core-hours

would be appropriate during the later phases of a detailed design, but not during the rough, initial sorting through conceptual

designs.

Unfortunately, the actuator-surface models on the other side of the literature have historically been developed for rotors, with

the downside that they are built on assumptions of regular actuator geometries. Even the most general sorts of actuator-based55

models, such as Paraschivoiu (1988)’s double-multiple streamtube model which was developed for vertical-axis wind turbine

geometries, require some underlying geometrical definitions. In an AWE context, where OCP-solutions generate trajectories

(from the butterfly-shaped trajectories of Houska and Diehl (2007), to the stacked figure-eights of Licitra et al. (2019), to the

expanding helices of Haas et al. (2022)) that are generally non-circular, non-planar, and non-symmetrical, it is not immediately

obvious how one should define the sorts of geometric-parameters that these actuator-surface models require.60

So, if the high- and low-fidelity ends of the modeling spectrum are both unsatisfactory, this leaves mid-fidelity modeling: for

example, vorticity-based modeling. Within the field of vorticity-based methods, point-vortices require too many elements, while

three-dimensional, structural vortices like cylinders appear to be vulnerable to the same difficulty with geometric assumptions

that limit actuator-surface models. Narrowing our view to two-dimensional vortex objects, vortex-ring models - as used in

van den Broek et al. (2022) and van den Broek et al. (2023)’s wake-steering OCPs or proposed for simulation by Trevisi et al.65

(2023) - and engineering models derived from vortex-ring models like Leuthold et al. (2019), Gaunaa et al. (2020), and Trevisi

et al. (2025) again suffer from the aforementioned problematic geometric over-specificity. This suggests trying to represent

wake effects within an AWE OCP, using a vortex filament model.

Encouragingly, there has been research into modeling the wakes of systems similar to the multi-kite AWE system using

vortex filament models: see, eg., Rancourt and Mavris (2018)’s simulation of two tethered-drones in vertical take-off and70

landing (VTOL), which explicitly concerns itself with reducing the necessary computational memory by consolidating the
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trailing vortices of a lifting-line model. However, the OCPs presented in the associated thesis (Rancourt, 2016, secs. 5.2, 5.4)

turns out neither to use Rancourt and Mavris (2018)’s wake model (instead, relying on a pre-computed rigid, straight, steady

lifting-line wake for their OCPs, then performing higher-fidelity free-wake lifting-line simulations on trajectories that have

been perturbed from the OCP solution) nor to include the irregular trajectory used in Rancourt and Mavris (2018) (instead,75

reducing the trajectory to a phase-shifted ellipse). That particular presentation suggests that the authors of this work are not

the only ones who have found it difficult1 to include classical vortex filament simulation techniques into OCPs with irregular

trajectories and inequality constraints.

To the authors’ knowledge, there have been few successful solutions of OCPs that have included vortex models. The most

relevant example may be the work of van den Broek et al. (2024), wherein free-wake vortex filaments - shed in a ring-layout80

from the blades’ tips - are used to represent the wake in an inequality-constrained OCP that maximizes the mean power of a farm

of wind turbines. Other examples in the literature are DeVries and Paley (2013)’s and Zheng and Lyu (2023)’s inclusions of

quasi-steady lifting-line effects into tracking problems related to formation flight; Lee et al. (2022)’s use of an unsteady vortex-

lattice method to find an optimal trajectory over the 4-second transition of an insect-like, flapping-wing micro air vehicle from

hovering to forwards flight; van den Broek et al. (2022)’s and van den Broek et al. (2023)’s use of unsteady (free-wake) vortex85

rings to describe the vorticity in the flow behind two two-dimensional turbines, one downstream of the other, in economic

nonlinear model predictive control problems; Tagg et al. (2024)’s use of a vortex-particle method in their energy-minimizing

trajectory-optimization of an electric VTOL aircraft’s transition maneuver; and De Schutter et al. (2026)’s use of a vortex-patch

near-wake and trailed-dipole far-wake on a half-periodic AWE trajectory optimization. We might make the brief observation

that while DeVries and Paley (2013), Zheng and Lyu (2023), Tagg et al. (2024) and De Schutter et al. (2026) include inequality90

constraints into their OCPs, neither van den Broek et al. (2022) nor van den Broek et al. (2023) do.

The above summary leaves a gap in the state-of-the-art, not just as relates to the question, ‘How should one include a vortex-

filament model into an AWE OCP?’ but also in relation to the broader question of ‘How should one include a vortex-filament

model into an OCP on an irregular flight path, specifically where there are also a substantial number of inequality constraints?’

This gap is what this paper will attempt to address.95

2 Model and optimal control problem

2.1 Optimal control

The basic idea behind optimal control is that one doesn’t determine the desired controls alone, but rather the entirety of a

system’s planned trajectory - the history in time t ∈ [0, tfinal] of the states x(t), the algebraic variables y(t), and the controls

u(t), as well as any relevant finite-dimensional system parameters θ - by setting the contents of this trajectory as the deci-100

sion variables w = [x(·)⊤,y(·)⊤,u(·)⊤,θ⊤]⊤ of an optimization problem that maximizes or minimizes some figure-of-merit,

called the objective function ψ. It falls to the enforced equality constraints g and inequality constraints h to ensure that only

1The reader is kindly referred to the footnotes of this paper for brief summaries of some of the authors’ previous unsuccessful approaches at solving the

problem of including a vortex-filament model into an AWE OCP.
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those trajectories that are physically-possible and acceptable-to-the-user will actually be selected.

w⋆ = arg.min.
w

ψ (x(·),y(·),u(·),θ) (1)

subj. to g (ẋ(t),x(t),y(t),u(t),θ) = 0 ∀t ∈ [0, tfinal]105

h(x(t),y(t),u(t),θ) ≤ 0 ∀t ∈ [0, tfinal].

These equality constraints always include the requirement that the selected trajectory must satisfy some physics-derived

model of the system dynamics d, frequently given as an Index-1 differential-algebraic-equation (DAE) that has the right

number of independent entries to uniquely determine all of the states’ derivatives ẋ and all of the algebraic variables y,

at any modeled instance. However, since numerical solvers don’t typically accept functionals as arguments, so-called di-110

rect optimal control methods will discretize this continuous-time problem prior to solution. This means that we divide the

optimization period [0, tfinal] into I control intervals, each between [ti, ti+1], so that 0 = t0 < t1 < ... < tI−1 < tI = tfinal.

In the case of discretization by direct collocation - as we will use in this paper - we further augment this time grid by

introducing the intermediate times of the integration-stages (the ‘collocation nodes’) ti,d within each control interval, as

ti < ti,0 < ti,1 < ... < ti,D−1 = ti+1. In this way, the continuous time variables w are replaced by their discrete-time counter-115

parts2 W = [X⊤
0 ,X

⊤
0,0,Y

⊤
0,0,X

⊤
0,1,Y

⊤
0,1, ...,X

⊤
0,D−1,Y

⊤
0,D−1,U

⊤
0 ,X

⊤
1 ,X

⊤
1,0,Y

⊤
1,0, ...X

⊤
I−1,D−1,Y

⊤
I−1,D−1,U

⊤
I−1,X

⊤
I ,θ

⊤]⊤.

Then, the continuous-form equality g = 0 and inequality h≤ 0 constraints are replaced by the discrete-form equality G= 0

and inequality H ≤ 0 constraints, a large set of equations that are applied to the discrete-form variables W . Further replacing

any integrals in the objective function with numerical integrals transforms the continuous ψ(w) to a discrete Ψ(W ), after

which we have a discrete-form OCP that can be solved with any desired optimization solver.120

W ⋆ = arg.min.
W

Ψ(W ) (2)

subj. to G(Xi+1,Xi,Xi,0,Yi,0,Xi,1,Yi,1, ...,Xi,D−1,Yi,D−1,Ui,θ) = 0 ∀i ∈ {0,1, ...,I− 1}

H(Xi,Yi,Ui,θ) ≤ 0 ∀i ∈ {0,1, ...,I}.

2.2 Baseline optimal control problem

Having given that brief background, this paper’s story starts with the continuous-time average-power-maximization AWE OCP125

described in De Schutter et al. (2023); implemented in the open-source software tool, the awebox; and solved (off-line) to

generate the sorts of reference trajectories that one might later attempt to track (on-line) with a simpler controller. This baseline

2The discrete variables are also re-scaled to keep the condition number of the resulting problem’s Karush–Kuhn–Tucker matrix down. But, we’re presently

leaving that portion out of the story for clarity’s sake.
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problem includes no wake model - either in the dynamics dbsln or otherwise in the OCP - and reads as:

w⋆ = arg.min.
w

ψ (x(·) ,y (·) ,u(·) ,θ,ς) (3)

subj. to dbsln (ẋ(t),x(t),y(t),u(t),θ,ς) = 0 ∀t ∈ [0, tfinal]130

hpath (x(t) ,y (t) ,u(t) ,θ,ς) ≤ 0 ∀t ∈ [0, tfinal]

gθ (x(tswitch),x(tfinal),θ,ς) = 0

hθ (θ,ς) ≤ 0

ξ (x(0) ,x(tfinal)) = 0

where we introduce a new variable-type, the homotopy parameters ς (pronounced ‘sigma’), and enforce as constraints a set135

of path equalities that include the dynamics dbsln, path inequalities hpath, parameter equalities gθ, parameter inequalities hθ,

and a set of periodic boundary conditions ξ. We also include a switching time tswitch ∈ (0, tfinal) into the system parameters,

which describes the moment when the system switches from reeling-out motion to reeling-in motion.

As mentioned above, the components of this baseline problem are discretized then scaled, steps that are not printed here

for the sake of legibility; we refer the reader to De Schutter et al. (2023) for expanded definitions of the problem components.140

Reproducibility and the story-to-follow do require, however, a bit of expansion about the nature of the objective function and

the path constraints.

First, the objective function of the above AWE OCP is constructed so that the problem can be deformed from a ‘tracking

problem’ whose objective is dominated by an L2-penalization (with weight k
x

) of the difference between the states (x) and

a given reference (xRef ), to a ‘power problem’ whose objective should allow us to maximize the system’s average power P145

(weighted with a factor kP), by decreasing the power homotopy parameter ςP from 1 to 0.

ψ = ςP



∫ tfinal

0

(
(x(t)−xRef(t))

⊤
k
x
(x(t)−xRef(t))

)
dt

tfinal


+(1− ςP)

(
−kPP

)
+ψreg +ψhmtp. (4)

In both the tracking- and power- problems, we additionally penalize extreme inputs and system designs using a regularization

cost ψreg. We also have a homotopy cost ψhmtp that we’ll use to push our problem through the predictor-corrector steps of the

penalty-based homotopy.150

The average power P mentioned in (4) is the temporal-average of the instantaneous mechanical power P (t) over the entire

optimization period tfinal. This instantaneous power is itself found - following the approach of Gros and Diehl (2013) - as

the product of the main tether’s reel-out speed ℓ̇t, the main tether length ℓt and the tension-per-unit-length in the main tether

τ1, which happens in Gros and Diehl (2013)’s specific approach to be the multiplier of the Lagrangian dynamics’ holonomic

constraint on the main tether length. This reads as:155

P =

∫ tfinal
0

P (t)dt

tfinal
, P (t) = (τ1ℓt)ℓ̇t. (5)

One point that will become relevant in the final section of this paper, is that these three values - ℓ̇t, ℓt, and τ1 - are all directly

represented among the AWE OCP’s model variables, ℓ̇t and ℓt among the problem’s states, and τ1 among its algebraic variables.
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Second, the awebox allows a user to modularly select path-inequalities. As such, the example problems of Sections 4 and 5

will use a ‘tether stress’ inequality, which prevents the tether elements from experiencing stress above a safety factor Φsafetyσ160

of the tether material’s yield stress σub; an ‘airspeed’ inequality, which acts as a substitute for a stall- and compressibility-

model by keeping the kite’s effective airspeed (norm of the effective velocity) within the bounds veff,klb and veff,kub; an

‘aerodynamic validity’ inequality, which prevents each kite’s effective velocity from leaving the linearization-range of the

stability derivatives that are used to relate the aerodynamic forces on the kite to the effective velocity, applying bounds on the

angle of attack αklb and αkub, and sideslip angle βklb and βkub; an ‘anti-collision’ inequality, which prevents collisions by165

ensuring that the kites remain farther apart than Φsafetyacoll-multiples of the wingspan; and a ‘yaw-rotation’ inequality, which

limits each kite’s maximum yaw-angle to remain between φyawklb
and φyawkub

.3 We also apply a number of simple bounds

on various decision variables including the tether length and the tether acceleration, and impose a schedule on the tether’s

reeling-out and -in motion to give the optimizer a preference in the temporal-orientation of the trajectory. Some specific values

for these bounds, which we’ll use in this paper unless otherwise specified, are given in Table B3.170

Following the discretization procedure summarized in Section 2.1 and some cosmetic rearrangement, the continuous-form

AWE OCP (3) can be converted into a discrete-form AWE OCP (6):

W bsln
⋆ = arg.min.

W bsln

ςPΨtrack +(1− ςP)
(
−kPP

)
+Ψreg +Ψhmtp from (4) (6)

subj. to Gbsln(W bsln) = 0 from (3)

Hbsln(W bsln) ≤ 0 from (3)175

where W bsln are the discrete-form baseline AWE OCP decision variables, Ψtrack, Ψreg, and Ψhmtp are the discrete versions of

the tracking, regularization, and homotopy costs from (4); and Gbsln and Hbsln are the discrete versions of the concatenated

equality and inequality constraints, respectively, from (3).

2.3 Model concept

The goal of this paper is to introduce a vortex filament model into the baseline AWE OCP (6), with the problem remaining180

tractable. To do this, we will model only a certain portion of the vorticity trailed and shed behind the kites: no matter at what

time t one considers, only the vorticity shed during the last A discrete time-steps into the past will be represented. Conceptually,

this is similar to the forward-simulation practice (see Katz and Plotkin (2010)) of either forgetting or consolidating the oldest

vortex element each time a new vortex element is shed.

More specifically, this wake model will be built from vortex filaments, with constraints that will fix the filaments’ positions185

and strengths over time. We will specifically discretize the wake using 3AK vortex filaments, comprising: one (per kite) bound

filament; (A− 1) (per kite) shed filaments of originally-spanwise shed vorticity that have now been convected downstream;

2(A− 1) (per kite) trailing filaments that connect the wingtips’ bound- and previously-shed- wake nodes into two irregular

3The letter "k" is pronounced as "k" and corresponds to that letter in LATEX’s old-Germanic font mathfrak. For help recognizing other unusual characters,

the reader is kindly referred to this work’s nomenclature, which begins on page 55.
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helices; plus two (per kite) semi-infinite filaments parallel to the freestream, leaving from the most-downstream wake-nodes as

a stand-in for the vorticity shed over the history of the system’s periodic motion. This structure is sketched in Figure 2, with a190

detailed explanation of the various filaments’ strengths, starting positions, and ending positions listed in Table A1.

Naturally, there are many ways that someone could fix the positions and strengths of those wake nodes shed prior to the

actual start of the optimization period t < 0 s. But since the baseline AWE OCP given in (3) already includes periodic boundary

conditions, we will simply recycle our current trajectory to give the necessary ‘historical’ information. Returning the method

to a non-periodic trajectory for either launch and landing or non-AWE applications would hopefully only require a small195

adjustment from the method laid out here.

2.4 Wake structure

In order to limit computational memory, we will separate the wake into three regions: the bound vorticity along the lifting-line

of the kite; a near-wake region where the vorticity in the flow is resolved; and a far-wake region where the only modeling of

vorticity serves to close open horseshoe-vortices, conserving vorticity in this assumed externally-potential flow and represent-200

ing the periodic history of the system’s motion. This free-wake region, specifically, is intended to help avoid spurious vortex

roll-up in the future step after progressing from rigid convection (this paper) to free-wake convection (future work).

Since this method is intended primarily for applications where little information is known about the exact kite geometry

and load distribution - the kite is modeled only as a rigid, 6 degree-of-freedom (DOF) object with a known mass, wingspan,

moment of inertia, and stability derivatives, rather than a schematic layout of the geometries of all lifting and control surfaces205

- describing the bound vorticity in any more specificity4 than a single lifting-line vortex of constant circulation would not just

require significantly more computational effort because the vorticity shed from additional spanwise-positions would also need

to be tracked, but also risks producing misleading5 results.

Therefore, the near-wake region is formed by connecting a collection of convected wake nodes - each shed from one end

of a lifting-line - with straight, constant-strength vortex filaments. At any moment in the (discrete) time within the modeled210

universe, this discretization includes A wake nodes per wing-tip, per kite. That is, when A= 1, the only wake nodes to be

modeled would be the end-points of the bound-vortices at each of the kites’ wingtips; for every additional increment to A,

the vorticity shed during one previous control interval is included in the tracked wake. We’ll use the wake node index a to

4The idea is that we don’t know what circulation distribution is correct, but we anyways need to choose one. And, since a ‘trajectory optimization problem

based on very-little information about the kite’s geometry but nevertheless solved for the purpose of performance optimization’ is a problem that is likely to be

especially relevant at the beginning of an iterative design process, we specifically want to choose a circulation distribution that will introduce the least amount

of bias into the problem’s solution. As such, this question seems conceptually similar to the choice of ‘prior’ for a Bayesian update, for which - we observe -

uniform priors are the classical (Bayes, 1763) recommendation.
5Using any more-specific circulation distribution risks accidentally suggesting to readers, awebox users, and the authors themselves, that the additional

specificity represents additional knowledge about the actual circulation distribution on the kites, whereas using a uniform distribution should hopefully make it

clear - immediately, from a single glance at the two-trailing-vortices-per-kite in the plots - that no such distribution knowledge exists. This visual-demonstration

of uncertainty would not happen if we assumed, instead, an elliptical circulation distribution. Furthermore, considering the fact that elliptic circulation wings

are known (Raymer, 1992) to perform badly in stall conditions and that AWE OCPs typically return solutions with saturated angle-of-attack upper bounds, we

consider it unlikely that an assumption of elliptical circulation would improve the physicality of the method.
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Figure 2. A sketch (in four viewpoints) to illustrate the vorticity in the wake behind a single kite according to the RLL model with A= 6.
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Figure 3. A sketch showing the time-grids of the AWE OCP as well as the rigid convection of the wake nodes - also explaining why the

computational cost of the RLL AWE OCP will be so large.
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count through the downstream locations of these wake nodes. Then, the wake node described by a= 0 is located at the kite’s

wingtip on the lifting-line, where it is - in that specific instance - being shed; whereas the wake node described by a= A−1 is215

positioned where the downstream edge of the near wake meets the far wake.

These wake nodes are shed from the kite’s wingtips, with ‘past shedding’ times being the associated number of control-

lengths6 prior to the ‘present shedding’ time. The shedding-time-grid is coupled to the time-grid of the OCP’s discretization,

because the chosen method of discretization means that the dynamics and inequality constraints are only enforced on the

collocation nodes7, and the optimizer is judged to have less room to artificially improve the objective by manipulating the220

discretization error - that is, by cheating physics8 - if vortex shedding occurs from time-points where the constraints are

enforced. Following this strategy, we specify the shedding time tshed (a, ti,d) of the wake node that is the ath wake node at the

discretized time ti,d at control index i and collocation index d. (This is sketched in Figure 3.) If this ath wake node was shed

within this optimization period, then the shedding time must have been a control intervals before ti,d; since the trajectory is

periodic, any wake node shed prior to the optimization period, needs its shedding time to be corrected according to the number225

of integer whole-optimization-periods into the past, that the node was shed. This reads as:

tshed (a, ti,d) = ti−mod(a,I),d −floor
(a
I

)
tfinal, (7)

where I is the number of control intervals, tfinal is the optimization period (the period of the AWE system’s entire periodic

orbit, during which the trajectory may make more than one winding or looping L), and floor() is the floor function.

We can similarly relate the number of wake nodes A and the number of control intervals I to describe how many periods230

‘worth’ of the wake are resolved P:

P=
A− 1

I
. (8)

Those wake nodes that are immediately being shed (a= 0) can be found on the wingtip qtip,s,t from which they are being

shed:

rtip =
(
qwake,s,t,0 (t)− qtip,s,t (t) for s ∈ K, t ∈ T

)
= 0, (9)235

qtip,s,t (t) = qs (t)+
b

2




(+1) ê2,k,s(t) if t= ‘+ ’

(−1) ê2,k,s(t) if t= ‘− ’

when s is the index of the architectural-node containing the vortex-shedding kite within the set of all kites K, t is the index of

the wingtip within the set of wingtips T = {‘+’, ‘−’ }, b is the kite’s wingspan, and ê2,k,s is the unit vector pointing along the
6The collocation nodes are unevenly spaced in time; shedding vorticity at time-intervals determined by the collocation grid (instead of the more-regular

control grid) would lead to a substantial difference in filament length, rendering the numerical work done in relation to the vortex-model variables less

cost-effective for the short filaments shed at the end of a control interval than for the long filaments shed at the beginning of a control interval.
7More precisely: the inequality constraints are enforced on all collocation nodes, except for the simple bounds on the states that are the first anti-derivatives

of piecewise constant controls, which would otherwise cause linear-constraint-dependence when active (ℓ̇tlb ≤ ℓ̇t ≤ ℓ̇tub and δcslb ≤ δcs ≤ δcsub). The

approach of avoiding this mode of LICQ-violation while also reducing computational cost, by only enforcing the inequalities on the control nodes is not

recommended if the inequality constraints include the validity bounds of sub-models, such as bounds on the angle-of-attack and airspeed; practical experience

suggests that the optimizer will violate these particular constraints as far as the enforcement-spacing allows.
8The famous ‘Theerum’ of Betts (2010) applies: "If there is a flaw in the problem formulation, the optimization algorithm will find it."
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sth kite’s span from the ‘negative’ to ‘positive’ wingtip. Meanwhile, all other wake nodes are ‘fixed’ at the positions to which

they have been convected during the preceding control interval. Under the assumption that the induced velocities are relatively240

low, the convected wake nodes will be convected rigidly by a freestream velocity v∞, which is constant in time and in the

downstream and horizontal directions x̂ and ŷ, but which may vary in the vertical direction ẑ.

Since this position-fixing procedure relates the algebraic variables between different time instances, we can’t include the

convection constraint into the dynamics9. Instead, we’ll lift the positions qwake,s,t,a of the ath wake node, shed from the

sth kite’s tth wingtip, at all of the discretized collocation nodes into the OCP’s algebraic variables. These additional variables245

(qwake,s,t,ai,d ∈ R3, for s ∈ K, t ∈ T ,a ∈ A, i ∈ {0,1, ...,I−1},d ∈ {0,1, ...,D−1}) are pinned to the appropriate positions at

the collocation nodes by including (9) into the dynamics, and separately introducing the following convection relation directly

as an equality constraint into the discrete-form of the problem:

GRLL,q =


 qwake,s,t,ai,d −

(
qwake,s,t,ai−1,d ... for s ∈ K, t ∈ T ,a ∈ {1,2, ...,A− 1}, ...

+(ti,d − ti−1,d)v∞
(
qwake,s,t,ai−1,d

))
, i ∈ {0,1, ...,I− 1},d ∈ {0,1, ...,D− 1}


= 0, (10)

where D is the number of collocation nodes.250

2.5 Filament strengths

The AWE OCP described in (3) and formulated in the awebox assumes that the user knows the relationship between the

inflow experienced on-board the kite and the aerodynamic force on the kite:

F aero,s = (CD,eff,s êD,eff,s +CS,eff,s êS,eff,s +CL,eff,s êL,eff,s)s

(
1

2
ρair (qs)∥veff,s∥22

)
=Deff,s +Seff,s +Leff,s, (11)

where F aero,s is the aerodynamic force on the sth kite; êD,eff,s, êS,eff,s, and êL,eff,s are the unit vectors for projecting the255

aerodynamic force in the drag-, side-, and lift-force directions according to the effective velocity; and CD,eff,s, CS,eff,s, and

CL,eff,s, and Deff,s, Seff,s, and Leff,s are the respective coefficients and aerodynamic forces in those directions, as determined

by projecting the total aerodynamic force in the effective-velocity-determined coordinate frame. We can further specify that s

is the kite’s planform area; qs is the position of the sth kite; ρair (qs) is the air density at the sth kite’s position; and veff,s is

the effective velocity observed by the sth kite. This effective velocity is the sum of the freestream velocity at the kite’s position260

v∞ (qs), the induced velocity at the kite’s position vind,s, and the relative inflow due to the kite’s own motion q̇s. Put together,

this reads as:

veff,s = v∞ (qs)+vind,s − q̇s. (12)

9Formulating this problem by representing the wake node positions as states - whose convection could be easily handled by adding the convection PDE

to the OCP’s dynamics - and shedding the circulation directly from the kites onto the vortex elements moving past them, unfortunately requires many more

vortex elements than can be meaningfully solved with a personal computer. First, because the tracked wake needs to be long enough to give a reasonable

representation of the historically shed vorticity already at the start of the optimization period and not just at the end. And, second, because any insufficiently-

fine resolution of the wake passing over the kites will encourage the optimizer to manipulate the integration error to create a non-physical advantage (Harzer

et al., 2025), such as by ‘flapping’ the control surfaces.
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The decision to use the effective velocity as both the reference velocity for the linearized stability derivatives and the pro-

jection direction for the aerodynamic forces - F aero,s = F aero,s (veff,s) = F aero,s (v∞ (qs)− q̇s +vind (qs)) , and T aero,s =265

T aero,s (veff,s) = T aero,s (v∞ (qs)− q̇s +vind (qs)) - was made because it renders the process of including any desired wake-

model into the AWE OCP very straightforward without risking ‘double-counting’ the induction effect, as rightly cautioned by

Gaunaa et al. (2020) and Trevisi et al. (2023). (And, having decided to represent the aerodynamic force as a function of the

effective velocity, we then decide to use the Ampyx AP2 as a test-kite in the example problems of Section 4 and 5, because

textual clues in Malz et al. (2019), Malz (2020, pp.30-31), and Licitra (2018, Ch.3 & p.134) suggest that the stability deriva-270

tives of the Ampyx AP2 reported in Malz et al. (2019) (see Table B2) might have been given in relation to the inflow velocities

measured on-board10 the kite.) However, for the case of stability derivatives that are not based on the effective velocity, the

here-described method could still be used, though it would require a local correction to find the approximate apparent velocity

(v∞−q̇s) that a kite must have had to experience the effective velocity described in (12) but with a wake of whatever-geometry

was flown-or-simulated when the stability derivatives were determined.275

Then, the aerodynamic forces are carried into the sth kite’s translational dynamics using a Lagrangian formulation:
d

dt

∂Lmech

∂q̇s

− ∂Lmech

∂qs
= F aero,s +F LMCs +Dt,s + ςfictF ficts, (13)

where F LMCs is a momentum correction for open systems, such as lift-mode AWE systems whose main tether is being rolled

or unrolled from an unmodeled generator drum; Dt,s is the portion of the tether drag that has been assigned to the architectural

node s; and F ficts is an imaginary ‘fictitious’ force acting on the sth kite that is used to stabilize the problem early in the280

solution homotopy but which is later eliminated during the specific ‘fictitious-forces’ predictor-corrector homotopy step, when

the corresponding homotopy parameter ςfict is driven to zero, in a process similar to that developed by Horn et al. (2013).

For more detail about the various components of the translational dynamics (13), as well as an analogous expression of the

rotational dynamics, the reader is referred to De Schutter et al. (2023).

In any case, having a known aerodynamic force means that we can determine the lift force due to the effective velocity Leff,s285

by projecting the aerodynamic force in this lift-due-to-effective-velocity direction Leff,s = (F⊤
aero,sêL,eff,s)êL,eff,s. Then, we

can use generalized Kutta-Joukowski (Katz and Plotkin, 2010; Saffman, 1995) to determine that the circulation experienced by

the sth kite, at any instant in time, must read as:

Leff,s

b
= ρairΓk,s (veff,s × ê2,k,s) ⇒ Γk,s =

1

bρair

(F⊤
aero,sêL,eff,s)

ê⊤L,eff,s (veff,s × ê2,k,s)
. (14)

(Recall from (12), that we’ve evaluated the effective velocity veff,s at the sth kite’s position, which serves here both as center290

of mass and center of lift.) Notice that the latter force terms of (13) have no impact on the bound - and, later, shed - circulation:

the drag on the tether’s non-rotating cylinder not being associated with circulation in the highly-simplified externally-potential

flow, the momentum correction not being produced aerodynamically, and the fictitious forces being entirely nonphysical.

Since the length of the optimization period in seconds stretches with the decision variable tfinal, while the homotopy solution

method tends to maintain the number of windings L from the initial guess into the final trajectory, it makes most sense to295

10most probably, at the Pitot tube. But, as the method specifically precludes knowledge of the kite’s planform layout, we will here use the induced velocity

evaluated at the center of mass.
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consider the shedding frequency in terms of ‘shedding-instances-per-winding’. At roughly 20-30 control nodes (shedding

instances) per winding, the vortex elements in the RLL AWE OCP are likely to be shed at relatively long intervals. For

comparison, the above number of shedding-instances-per-winding is roughly half that used11 in the two-kite vortex filament

simulation of Rancourt and Mavris (2018). Due to the resulting relatively-large vortex rings, the bound vortex on the sth kite,

has its strength set as the time-averaged12 circulation Γs,a during the time interval between shedding the ath wake node and the300

(a+1)th wake node. This averaging interval changes very little13 over the optimization period, and has the same length as a

full control interval.

One of the major advantages of elementary solutions of the Biot-Savart integral with constant vorticity distributions, is

that the resulting induced velocity is linearly dependent on the vortex strength. To preserve this feature, as well as isolate

the complication due to the averaging, we’ll lift14 the individual average-circulation Γs,a terms into the AWE OCP’s decision305

variables. On the other hand, we won’t lift the filament strengths of the vortex elements Γe because there are three times as

many elements e in the set of all elements E as there are paired shedding kite indices s and wake nodes a in, respectively, the

set of all kites K and the set of all wake nodes A; and, anyways, the relationship between Γs,a and the shed horseshoe-vortices’

elements’ strengths Γe is linear.

Lifting the average circulation of the shed kite at the time of shedding each wake node at all of the discrete colloca-310

tion nodes into the OCP’s decision space, introduces the following algebraic variables: Γs,ai,d ∈ R1, for s ∈ K,a ∈ A, i ∈
{0,1, ...,I− 1},d ∈ {0,1, ...,D− 1}. The additional degrees of freedom introduced by these newly lifted decision variables

are removed by adding a circulation-fixing constraint to the discrete-form OCP:

GLL,Γ =




Γs,0i,d −
∫ tshed(0,ti,d)
tshed(1,ti,d)

Γk,s(ϕ)dϕ

∫ tshed(0,ti,d)
tshed(1,ti,d)

dϕ

, for s ∈ K, i ∈ {0,1, ...,I− 1},d ∈ {0,1, ...,D− 1}

Γs,ai,d −Γs,0i−mod(a,I),d, for s ∈ K,a ∈ {1,2, ...,A− 1}, i ∈ {0,1, ...,I− 1},
d ∈ {0,1, ...,D− 1}




= 0, (15)

where Γk,s(tshed (a, ti,d)) is the instantaneous circulation on the sth kite at the time when the ath wake node was shed, as315

determined with (14), and Γs,0i−mod(a,I),d refers back to (7) as the average circulation on the sth kite during the control interval

11Flying "a 24-m-radius flight path... at 30m/s" implies a roughly 151m-circumference flight path, traversed in roughly 5 seconds-per-winding. Since

"[t]he simulation lasts for 20s, with 200 equally spaced time steps", this implies 0.1 seconds between shedding instance, a.k.a. 50 shedding instances per

winding.(Rancourt and Mavris, 2018, p. 9)
12Experience shows that using the typical ‘Forwards Euler’-style method of representing the strength of a bound vortex (and its following vortex ring) with

the circulation experienced by the lifting surface at the exact instant of shedding, enables the optimizer to choose strange flight patterns that happen to result

in beneficial circulation values at only the control nodes.
13Only ‘very little’ as opposed to ‘not at all’, because the lengths of the control intervals may be deliberately designed on a nonuniform temporal-grid, as

occurs when using a phase-fixing strategy.
14To ‘lift’, here, refers to the reformulation strategy of representing a term of the larger model as an algebraic variable among the OCP’s decision variables

- with an additional equality constraint of the same dimension introduced simultaneously to ensure that the solution has not actually gained any additional

degrees of freedom - in order to trade an increased problem size for ‘less-nonlinear’ constraints that will require fewer Newton-iterations during root-finding.
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when the ath wake node was shed. The above integral has to be computed with whatever numerical integration approach is being

used to discretize the OCP (here, Radau-IIA direct collocation).

In the form given in (15), the assumption of periodicity is used to find the average circulation for even those wake nodes

shed ‘prior’ to the start of the optimization period. If the trajectory is not assumed to be periodic, some other method has to320

be used to determine the average circulation values for a> i. Luckily, once the vortex elements have been shed, the inviscid

assumption means that the associated average circulation values do not need to be adjusted. This means that we do not need

to include the computation of the circulation’s integral AKID times in the OCP constraints, but we can instead include the

integral in (15) only KID times and rely on linear equality constraints to fix the remaining average circulation values.

2.6 Induced velocities325

Next, we need to include the induction predicted at each kite into the OCP, by including the Biot-Savart relationship into the

constraints. The difficulty, when using Newton-type solvers, is that analytical solutions of the Biot-Savart integral necessarily

have very nonlinear behavior15 when the observer is close to the vortex core, while the region far from the core has asymptotic

behavior that is much more linear. This nonlinearity imposes the danger of producing a numerical instability as the optimizer

pushes one or another observation point into or through the Biot-Savart’s nonlinearity. To avoid this, we will adjust our solution330

process to introduce some separation between the induced velocity applied in (12) and the sum of the Biot-Savart contributions.

We specifically want to create this separation when we’re early on the homotopy path, and the simplified circular-trajectory

initial guess leads to poor estimates of the constraint multipliers and rapid changes to the decision variables. Therefore, we’ll

introduce a new homotopy predictor-corrector step into the sequence of predictor-corrector steps described in De Schutter et al.

(2023): specifically, rather than applying the total superposed induced velocities at the kite’s mid-span (12) already from the335

beginning of the homotopy path, we will instead wait to introduce that total superposed induced velocity into the calculation

of the aerodynamic forces on the kite during a new homotopy step after the fictitious-forces F fict have been eliminated but

before16 the trajectory leaves the circular flight path within the homotopy’s power step. In this new homotopy step, we’ll

require that the induced velocity of the kth observer kite vind,k that is applied in the effective velocity (12) and determines

the aerodynamic forces in (11), must be equal to the total induced velocity vind,
∑

,k calculated from the superposition of the340

induced velocities of all of the vortex elements.

To do this, we’ll lift both the applied induced velocity (vind,k(t) ∈ R3 for k ∈ K) and the total calculated induced velocity

(vind,
∑

,k(t) ∈ R3 for k ∈ K) into the (continuous-form) problem as algebraic decision variables, as well as introduce a new

induction homotopy parameter ςind ∈ R that will be driven from 1 to 0 in a predictor-corrector step.

These lifted variables are related by adding the following induction-homotopy residual function to the dynamics:345

rind,hmtp,k = (vind,k −0) ςind +
(
vind,k −vind,

∑
,k

)
(1− ςind) = 0, (16)

15in the non-regularized forms, even a discontinuity
16This specific ordering is carried over from the inclusion of actuator models into the awebox, since actuator models require the determination of geometric

properties like a radius and a normal-vector.
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with the above-mentioned total calculated induced velocity vind,
∑

,k constrained by a superposition residual17 that equates each

kth total induced velocity value to the sum of the Biot-Savart contributions from all of the vortex elements:

rind,sprptn,k = vind,
∑

,k(t)−
EFfil∑

e

vind:Ffil (qk(t);Γe(t),qstart,e(t),qend,e(t),Rc) ... (17)

−
ESIfil∑

e

vind:SIfil (qk(t);Γe(t),qstart,e(t), x̂,Rc) = 0,350

EFfil = {0,1, ...,E− (2K+1)}, ESIfil = {E− 2K, ...,E− 1}, (18)

where EFfil and ESIfil are the set of all, respectively, finite- and semi-infinite- filament elements modeled at that instance in

time; qk is the position of the kth kite’s center of mass, where we observe the induced velocity given the lack of any definite

information about the locations of the kite’s Pitot tube and aerodynamic center; and e is the index of one of the various vortex

elements in the set of all vortex elements E . Meanwhile, Γe(t),qstart,e(t),qend,e(t),Rc are the eth element’s strength, starting355

position, ending position, and core radius, as listed in Table A1. These values are the inputs of the simplest common (see

(Branlard, 2017)) regularization (the ‘cut-off’ model) of the analytical solutions to the Biot-Savart integral for a finite-length

vortex filament vind:Ffil and for a semi-infinite18 vortex filament vind:SIfil:

vind:Ffil(q;Γ,q0,q1,Rc) =
Γ

4π
· · · (19)


 (∥q0 − q∥2 + ∥q1 − q∥2)((q0 − q)× (q1 − q))(

∥q0 − q∥22 ∥q1 − q∥22 + ∥q0 − q∥2 ∥q1 − q∥2 (q0 − q) · (q1 − q)
)
+R2

c ∥q1 − q0∥22


 ,360

vind:SIfil(q;Γ,q0, ℓ̂,Rc) =
Γ

4π

(q0 − q)× ℓ̂

∥q0 − q∥22 + ∥q0 − q∥2
(
ℓ̂
⊤
(q0 − q)

)
+R2

c

(20)

where the core radius Rc is a positive, real value with units of meters. The term containing the core radius is negligible unless

the observer q is roughly on the filament.

Since we are here already relying on an assumption of a rigidly-convected wake and using relatively large vortex elements,

we choose the vortex core radius in relation to the generating airfoil’s thickness (in the style of Leishman (2006) and Sant et al.365

(2006)) rather than according to the size of the vortex elements (as discovered by Beale and Majda (1982) and recommended

by Branlard (2017, Ch. 41)). Therefore, we’ll assume that the vortex core radius can be meaningfully fixed at 5 percent of the

kite mean aerodynamic chord cMA, as suggested by van der Wall and Richard (2006) and Mula et al. (2013). Beyond this, an

assumption of externally potential flow removes any viscous core growth, so that the core radius can remain constant even as

the vortex elements convect.370
17Notice that attempting to lift or rearrange the various components of (19) within (17) will tend to make that constraint more non-linear rather than less.
18We find this cut-off regularized semi-infinite-filament analogue to the well known finite-filament expression of (19) by taking the limit

limϕ→∞
(
vind:Ffil(q;Γ,q0,q0 +ϕℓ̂,0)

)
and re-introducing an additive, unit-appropriate smoothing term based on the core radius back into the denomi-

nator.
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The expression for the (continuous-form) dynamics that constrains the position of the 0th wake nodes, the computed induced

velocities, and the applied induced velocities, now reads as:

dLL =




rtip (x(t) ,y (t)) from (9)

rind,sprptn,k (x(t) ,y (t)) for k ∈ K from (17)

rind,hmtp,k (y (t) , ςind) for k ∈ K from (16)


= 0. (21)

These RLL dynamics - which allow a relaxed relationship between the induced velocities on the kites and the vortex element

positions and strengths until the induction homotopy parameter reaches its final, Biot-Savart-enforcing value of ςind = 0 - can375

be discretized according to the process described in Section 2.1 to give a set of discrete equality constraints GLL,dyn.

2.7 The AWE OCP with a rigidly-convected, lifting-line vortex model

In addition to the discrete-form baseline AWE OCP decision variables W bsln, we have now introduced several lifted (al-

gebraic) wake variables which we will group together under the symbol Wwake: the wake node positions qwake,k,t,ai,d, the

average circulations Γk,ai,d, the computed induced velocities vind,
∑

,ki,d
, and the applied induced velocities vind,ki,d, instan-380

tiated according to the subscripts for i ∈ {0,1, ...,I− 1}, d ∈ {0,1, ...,D− 1}, k ∈ K, t ∈ T , and a ∈ {0,1, ...,A− 1}. When

concatenated, the above combination of the discrete variables - W bsln and Wwake, as well as the induction homotopy pa-

rameter ςind - together give a set of decision variables WRLL for an AWE OCP with a rigidly-convected, lifting-line vortex

model (RLL AWE OCP). Notice that the number of wake-model-related variables and constraints is substantially higher in this

optimal control formulation than in a typical forward-simulation approach because the wake’s state at every discretized time385

instance is simultaneously represented- and solved- using one monolithic body of equations.

We can construct this RLL AWE OCP by starting with the discrete-form baseline AWE OCP of (6) and appending all of the

constraints that we’ve developed to uniquely determine the discrete lifted wake variables.

WRLL
⋆ = arg.min.

WRLL

ςPΨtrack +(1− ςP)
(
−kPP

)
+Ψreg +Ψhmtp from (6) (22)

subj. to Gbsln(W bsln) = 0 from (6)390

Hbsln(W bsln) ≤ 0 from (6)

GLL,dyn(WRLL) = 0 from (21)

GRLL,q (Wwake,θ) = 0 from (10)

GLL,Γ (WRLL) = 0, from (15)

where the concatenation of GLL,dyn, GRLL,q , and GLL,Γ has an invertible Jacobian with respect to the discrete lifted wake395

variables Wwake.

As already mentioned, the formulation given above relies on an assumption of periodicity to build the wake’s history prior

to the initial time t0 = 0 s. But, the RLL AWE OCP can be adjusted fairly straightforwardly for non-periodic trajectories by

correcting (7) and (15) to reflect the desired system history.
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In all of the following problems, the AWE OCPs are formulated in the CasADi-based(Andersson et al., 2019) awebox,400

using Radau-IIA direct collocation with D= 4 collocation nodes per control interval19 for discretization and the awebox

default options, unless otherwise noted. These default inputs - including the selection of an Ampyx AP2 kite - were chosen

(De Schutter et al., 2023) after considering many combined factors, including the availability of modeling data, the presence of

independently-generated AWE OCP solutions for comparison, and experience building problems that are numerically tractable.

After formulation, the problems are solved using the interior point solver IPOPT (Wächter and Biegler, 2006), exact-Hessian405

Newton-steps20, the linear-algebra pre-conditioner Metis (Karypis and Kumar, 1997) and the highly-parallelizable but, un-

fortunately, not necessarily repeatable21 linear solver MA86 (SCD Computational Mathematics Theme, 2024)22.

2.8 Modeled wake resolution

Having now defined our RLL model and the RLL AWE OCP, the next logical steps are to demonstrate that the implemented

model makes reasonable predictions, to explore the tradeoffs of including the RLL model into the AWE OCP, and to use a410

test problem to determine whether there’s actually any practical value gained by solving the RLL AWE OCP over the baseline

AWE OCP. But before we move on to those questions, we first need to briefly consolidate the definitions we’ve already seen

about the wake resolution.

The resolution of the RLL model in the RLL AWE OCP can be adjusted by tuning two values: the number of control intervals

dividing the optimization period I and the number of periods’ worth of wake being tracked P, as defined in (8). Increasing415

the number of periods tracked will lengthen the amount of the wake that’s resolved, whereas increasing the number of control

intervals will make the resolution within the resolved-region finer. The impact of these two parameters is shown by presenting

the solution to (22) with two different resolutions in Figure 4: the solution A3, which is shown above and boxed in orange, has

a small I and a long P, compared to the solution A1, shown below and boxed in black, with a larger I and a short P.

19The integration error in a Radau-IIA collocation scheme is proportional to the control interval timestep to the (2D− 1)th power (Biegler, 2010). So,

reducing the number of collocation nodes risks giving the optimizer an incentive to artificially improve its objective by increasing the integration error.

In addition, a low collocation order also means that the number of control intervals I needs to be increased in order to sufficiently enforce the inequality

constraints. And, unfortunately, increasing I means increasing the number of wake nodes needed to resolve the same length of wake. The result is that:

experience suggests that the superficial appeal of decreasing D to 2 (or below) does not ultimately lead to reducing computational expense.
20Attempts at reducing the necessary memory using the L-BFGS Hessian approximation, as available via IPOPT (Kawajir et al.) and suggested by van den

Broek et al. (2024) (whose inequality-constraint-free problem doesn’t have complementarity conditions that need to be handled by, e.g., a barrier-parameter-

tightening homotopy), tend to get stuck in IPOPT’s barrier-parameter-tightening homotopy (ςcomp → 0) for the RLL AWE OCP. This may be related to

the fact that the tuning of the problem is still imperfect (see the non-constant relationship between iterations and problem-size in the exact-Newton solution,

in Figure 11, bottom-left) and L-BFGS is known to perform badly on ill-conditioned problems "where the Hessian matrix contains a wide distribution of

eigenvalues" (Nocedal and Wright, 2000).
21While Metis (Karypis, 2013) can use a random-seed during sparse-matrix reordering, the ’non-repeatability’ mentioned here is most-likely the result

of the heuristics and solution techniques used by IPOPT (automatic re-scaling and re-regularization) and the Coin-HSL solvers (automatic pivot selection,

see Hogg and Scott (2013)) to allow solution of even ill-conditioned problems. The result is that floating-point differences can lead different paths of Newton

iterates to possibly-different local minima, a fact that becomes especially relevant when the linear algebra is broken up for parallel solution.
22Practical experience finds that the non-repeatable MA86 still performs better than the guaranteed-to-be-repeatable-on-equivalent-linear-systems-with-

equivalent-computational-resources Coin-HSL solvers MA57 (requires more clock-time) and MA97 (frequently gets caught in infeasible pockets during the

initial homotopy step).
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Figure 4. The vorticity distribution found in the solution of a two-kite RLL AWE OCP: top-subfigures (a and b) with I= 10 control

intervals and P= 4.33 periods tracked; bottom-subfigures (c and d) with I= 30 control intervals and P= 1.86 periods tracked. Each of

these snapshots is ‘taken’ when the kites (blue and green) have just finished the reel-in (low lift) phase and are about to begin reeling-out

again (at high lift, to harvest power). This can be seen by the comparatively weaker vorticity (pale red-and-blue filaments) behind the kite’s

shown locations, as compared to the stronger vorticity (darker red-and-blue filaments) in the remainder of the shed vorticity.
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Many of the following figures within this paper will show solutions of the RLL AWE OCP for various combinations of420

control intervals I and periods tracked P. To allow trends to be identified in these plots, the constant-I series are identified by

color, with lighter colors corresponding to coarser resolutions and smaller values of I, and darker colors corresponding to finer

resolutions and larger values of I. Where knowledge of the length of the tracked-wake (P) is necessary to understanding the

plot but not otherwise visible, the P values are labeled next to their respective data-points.

3 Verification of the wake model against higher-fidelity simulations425

In equation (4), we described an objective function that can be shifted via the power homotopy parameter ςP from a tracking

problem to a power problem. The advantage of the homotopy approach is, most generally, that it can control the solver’s path

from uninformed initial guess to final solution, rendering the problem more tractable. But, this homotopy approach also has

the advantage that we can decide to terminate the homotopy path early, for example at the solution of the tracking problem.

This control over the homotopy-path, effectively allows us to simulate the models included in the OCP constraints exactly as430

they will behave when formulated in the OCP and solved with the chosen OCP solvers. This means that it is fairly simple to

modify the RLL AWE OCP (22), so that we can use it as a simulator of the rigidly-convected, lifting-line vortex model.

We create this RLL Simulation OCP by: following only the homotopy steps that drive the problem towards the desired

goal - in the case of simulation, this means progressing through the induction- and interior point- homotopy steps (sending

parameters ςind and ςcomp to zero) and skipping the homotopy steps to eliminate the fictitious forces and switch into the power435

problem (parameters ςfict = ςP = 1); disabling as many of the inequality constraints as possible, to reduce expense and ensure

feasibility; choosing regularization weights that penalize deviation from the reference in relation to the importance and scaling

of that variable, without damaging the problem’s second order sufficiency; applying whatever trajectory we intend to simulate

as the initial guess and reference of what is now a pure tracking problem; and finally, using whatever custom determination of

aerodynamic coefficients is needed to produce in (11) the specified aerodynamic forces.440

After these modifications, the RLL Simulation OCP reads as:

W ⋆
sim = arg.min.

WRLL

Ψtrack +Ψreg +Ψhmtp from (6) & (24) (23)

subj. to Gbsln(W bsln) = 0 from (6) & (24)

Hsim(W bsln) ≤ 0 from (24)

GLL,dyn(WRLL) = 0 from (21)445

GRLL,q (Wwake,θ) = 0 from (10)

GLL,Γ (WRLL) = 0, from (15)
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Figure 5. The vorticity distribution predicted with the awebox, when simulating with the RLL model for I= 30 and P= 2, under the

steady-flow situation described by Haas and Meyers (2017). Left shows a back view into the wind; right shows a side view perpendicular to

the wind.

using an extremely reduced ‘simulation and tracking version’ of the path inequalities Hsim that serves to avoid divide-by-zero

errors in the time derivatives. The parameter equalities gθ (3) that enter into (6)’s Gbsln are also adjusted to the below gθ,sim:

Hsim (WRLL) =


 0− tswitch

0− (tfinal − tswitch)


≤ 0, gθ,sim (θ,ς) =


θ−θRef

ς − ςRef


= 0, (24)450

where the reference homotopy parameters are chosen for simulation to be: ςindRef = ςcompRef = 0, and ςfictRef = ςPRef = 1.

There are some significant downsides to using a Simulation OCP to verify the wake model - substantially higher memory

cost, decreased flexibility in the situations that can be simulated, and a greater reliance on the correct tuning of parameters - as

compared to using a ‘normal’ forward-simulation method. But, there is also one notable advantage: by using the existing OCP

structure to perform our model verification, we end up with a way to test not only the predictions of the model on its own, but455

also its implementation within the OCP formulation.

3.1 Induction verification under rotationally-steady conditions

The work of Haas and Meyers (2017) includes a Large Eddy Simulation (LES) prediction of induction factors over the plane of

the kites’ spans, for a steady-inflow scenario, of three kites flying an axisymmetric, constant-radius, constant-force trajectory.

This case is an ideal verification case because it is simplified enough that a comparison should be able to meaningfully check460

the predictions of a wake model under steady conditions, without being caught up too much by the details of the trajectory.
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Figure 6. The downstream-direction projection of the induced velocity, non-dimensionalized by the reference wind speed (a.k.a. the axial

induction factor), over the plane of the kites’ spans, under the steady-flow situation described by (Haas and Meyers, 2017). The contours

describe the relative levels of induction factor (a=−0.05,0, and 0.2), with the swept annulus shown in gray. Left (a) gives the levels

published by Haas and Meyers (2017), included with permission. Right (b) gives the levels predicted by the awebox, when solving the

simulation OCP (23) with the RLL model, for I= 30 and P= 2.

The LES in Haas and Meyers (2017), specifically integrates its partial differential equation with a pseudo-spectral method in

the horizontal directions x̂ and ŷ, an energy-conserving finite-difference method in the vertical direction ẑ, and a fourth-order

Runge-Kutta method with a time-step chosen to give a Courant-Friedrichs-Lewy number of 0.4 in the temporal direction t.

The LES grid cells have dimensions 5.7m× 5.7m× 2.85m, which Haas and Meyers (2017) claim gives sufficient resolution465

to fully capture the shedding of the wing-tip vortices.

In the specific situation described by Haas and Meyers (2017), the free-stream wind velocity is v∞ = vRef x̂= 10m s−1x̂,

and the kites are assumed to be flying high enough that the atmosphere, including wind velocity profile, is uniform. The air

density is assumed to be the standard, dry, sea-level value of ρair = 1.225 kgm−3. When solving the RLL Simulation OCP in

the awebox, we’ll additionally ignore the asymmetries of the modeled universe - gravity, the presence of the ground, as well470

as those asymmetries already neglected such as atmospheric baroclinity - and the tether drag.
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Each kite in this simulation is modeled as a Lockheed C-5a Galaxy, with a wingspan b= 68m (Haas and Meyers, 2017),

and a wing area of 580 m2 (Wikipedia contributors, 2024). This gives a mean aerodynamic chord of 8.5294 m.

The three kites are evenly spaced in a steady, circular trajectory. The kites are assumed to be oriented with their span-wise

axis ê2,k,k in the circle’s radial coordinate, and their up axis ê3,k,k pointing along the wind axis. In Haas and Meyers (2017),475

the rotation of the trajectory is about the −x̂ axis; in awebox parlance, the trajectory is ‘counter-clockwise’ when looking

along a positive x̂. The first kite is located at an angle of 40
◦

from the ẑ axis in the direction of the −ŷ axis.

In this verification case, we will use fictitious forces to allow the kites to track a circular trajectory with winding number

L= 1. If there is reel-out motion, it is parallel to the freestream wind velocity, so that it can be subsumed into the freestream

wind velocity term in the following calculations. This circular trajectory has a fixed radius (at the kite mid-span position)480

R of 155.77 m. At the kites’ exterior wingtips, the radial distance to the axis of rotation is Rext =R+ 1
2b= 189.77m; at

the interior wingtips, it is Rint =R− 1
2b= 121.77m. The tracked trajectory has a uniform rotational velocity, with one full

rotation requiring a period of tfinal = 13.98 s. This corresponds to a kite speed ratio Λ = ΩR
v0

=
vapp·(−t̂)
vapp·x̂ of 7 and an angular

speed Ω= Λv∞/R= 0.45 rad s−1.

The associated thesis by Haas (2022) gives the lift-per-unit-span L′ on each kite as:485

L′ (r) = ρair
4π

3

v0
2

Ω
a(1− a)∥veff(r)∥2 , where ∥veff(r)∥2 =

√
((1− a)v0)

2
+((1+ a′)ωr)2. (25)

From Haas and Meyers (2017), we have the azimuthally-averaged axial- and tangential-direction induction factors (respec-

tively, a and a′); from Burton et al. (2011), we have the definition of the flow angle φflow:

a=
1

3
, a′ (r) =

a(1− a)

Λ2
(
r
R

)2 , φflow(r) = tan−1

(
v0 (1− a)

Ωr (1+ a′)

)
. (26)

By integrating the lift-per-unit-span over the kite span, and projecting according to the flow angle, we can find the lift force490

to apply to each sth kite:

Leff,s =

Rext∫

Rint

L′ (r)
(
sinφflow(r)t̂+cosφflow(r)x̂

)
dr =

(
1.15 · 105 N

)
t̂+

(
1.25 · 106 N

)
x̂, (27)

when x̂ points axially downwind, and t̂ is pointing in the tangential direction.

When we simulate the above trajectory by solving the RLL Simulation OCP (23) with, for example, I= 30 control inter-

vals and P= 2 periods tracked, we find the vorticity distribution shown in Figure 5, and the axial induction factor (vind,k ·495

(−x̂)/vRef) distribution over the plane of the kites’ spans in Figure 6b. A side-by-side comparison between the axial induction

distribution presented in Haas and Meyers (2017) (Figure 6a) and that predicted by solving the above-described RLL Simula-

tion OCP (23) in the awebox (Figure 6b) shows that the RLL model captures many of the expected features of the induced

velocity distribution: the axial-direction induction concentration behind the kites’ current locations; the region of downwash,

forming a section-wise-expanding annulus; the upwash immediately before the kites, as well as spilling off of the wingtips.500

The main difference between the LES prediction of Haas and Meyers (2017) and the result produced with the RLL model,

is the ‘length’ of the region of significant downwash, in the tangential sense. For example, the LES result of Haas and Meyers
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Figure 7. Vorticity distribution predicted by the RLL Simulation OCP in the Haas (2019) verification test, with I= 80 control intervals and

P= 4 periods tracked. Notice the extremely distinct sections of wake, shed during the reel-in (pale) vs reel-out (dark) phases.

(2017) predicts the region of induction factor 0.2 from the right-most kite (whose lifting-line is drawn in red in Figure 6b.)

extending all the way to the line of y = 0R, where the RLL model has that region end at about y =R/4. The reason for this

difference is likely to be caused by the differing vorticity distribution between the two simulations. First, Haas and Meyers505

(2017)’s elliptical lift distribution, as well as the Gaussian convolution filter that distributes forces from the actuator line into

the flow, would result in more vorticity being present immediately behind the (shaded-gray) swept area, than in the RLL

model. And since the 3D Biot-Savart relationship includes its inverse-squared-distance relationship, this differing vorticity

distribution would impact the induction factors observed on the swept annulus while leaving the areas (white) outside the

swept area less affected. Second, we ought not to forget that the RLL model explicitly assumes rigid convection. In a situation510

where the azimuthally-averaged induction factor is a= 1
3 , the induction within the flow is clearly not negligible, upsetting the

assumption built into the RLL model’s rigid convection. The flow convection speed predicted by (Haas and Meyers, 2017)’s

LES simulation is undoubtedly lower than the free-stream velocity, meaning that the pitch of the vortex helices must also be

tighter and more irregular than is modeled using the rigidly-convected, lifting-line vortex model. This irregularity can be seen

in the slight waver in the boundaries of the contour produced by (Haas and Meyers, 2017)’s LES, which do not show up when515

the wake is represented with the very regular rigidly-convected, lifting-line vortex model.

Despite this local difference within the swept area, the qualitative similarity between the two results suggests that the pro-

posed RLL model and implementation can describe steady wake effects with a reasonable degree of physicality. Of course, we

still need to gain confidence in the model’s behavior under conditions more typical of AWE OCP solutions.

3.2 Induction verification under dynamic conditions520

In order to verify the RLL model’s behavior under dynamic conditions, we’ll turn to Haas et al. (2019), in which a single-

kite trajectory (including aerodynamic force information) created in an earlier version (2019) of the awebox is transferred

into the same LES solver used in the rotationally-steady verification. The study contained results computed at different grid

resolutions, including one dimensioned as 2700m×800m×800m with a resolution of 6.25m×6.25m×3.125m; and another
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Figure 9. The instantaneous x̂-direction flow speed, under the dynamic-flow conditions of Haas et al. (2019). The top set of plots is included

(with coordinates adapted per Haas et al. (2019, Fig.1)) from Haas et al. (2019, Fig.5, included and adapted with permission); the bottom set

is produced by solving the RLL Simulation OCP (23). The sub-figures are aligned so that the x̂ coordinates are on the same axis, with the

ground-stations mutually positioned at q0 = 0, and without cropping the LES-generated reference. For an overlapping ŷ, ẑ-plane projection

of the two trajectories, see Figure C1.
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dimensioned as 2720m× 800m× 800m, with a resolution of 4m× 4m× 2m. In both cases, a total period of 100 s (roughly525

2.8 periods) was simulated, with a timestep of roughly 0.1 s. And, while Haas et al. (2019) include results generated with a

turbulence inflow and without, we will limit situational differences by focusing here exclusively on the non-turbulent inflow

cases.

As mentioned in Table C1, the kite is modeled as a 3-degree-of-freedom point-mass with a controllable lift-coefficient

derivative ĊL and roll rate φ̇roll, in the style of Houska and Diehl (2007). Then, the kite’s drag force is determined with an530

elliptical-wing drag coefficient that depends exclusively on the zero-lift drag coefficient CD0
= 0.0054 (Haas, 2022, pg. 48),

the lift coefficient, and the aspect ratioA= 26 (Haas et al., 2019):

CD = CD0
+
C2

L

πA
. (28)

Also relevant to the aerodynamic force and the shed-vorticity is the determination of the spanwise and upwards reference axes,

respectively ê2,k,k and ê3,k,k, of the kite. These unit vectors are determined by rolling the span by an angle φroll out of a neutral535

direction perpendicular to both the tether and the inflowing effective velocity and into a more rotationally-active direction along

the tether, then completing a right-handed coordinate system with the chord-wise unit vector ê1,k,k oriented along the apparent

inflow:

â=

(
qk − qP(k)

)
×vapp,k∥∥(qk − qP(k)

)
×vapp,k

∥∥
2

, b̂=
vapp,k × êv

∥vapp,k × êv∥2
, (29)

ê1,k,k =
vapp,k

∥vapp,k∥2
, ê2,k,k = âcosφroll + b̂sinφroll, ê3,k,k = b̂cosφroll − âsinφroll.540

Here, the aerodynamic forces are defined with the lift- and drag- components projected and non-dimensionalized with the

apparent velocity:

F aero =
1

2
ρair∞(qk)∥vapp,k∥22 s(CLê3,k,k +CDê1,k,k) . (30)

Notice that the twin facts that - in the 3-degree-of-freedom model - the lift and drag coefficients are directly determined by the

tracked state CL and control ĊL in (28) and that the direction of the forces is determined by the apparent velocity without any545

influence from the induced velocity-field in (30), mean that aerodynamic forces in the verification test are prescribed from the

reference trajectory.

To help direct this reference trajectory into the local minimum reported in Haas et al. (2019), we will also introduce three

additional constraints into the problem: we will pin (with equality constraints) the optimization period and the tether diameter

to the solution values reported in Haas et al. (2019) and Haas (2022), and we will cap the maximum node altitude slightly above550

the addition of the "280 m... difference between [the] highest and lowest altitudes flown by the AWES" to the 120m lower

altitude bound(Haas et al., 2019). The applied inequality constraints are listed in Table C2, with the newly added constraints

underlined.

Beyond this, the most relevant input to the baseline AWE OCP, when trying to match Haas et al. (2019)’s trajectory, turns out

to be the tether drag model. The paper reports that the tether drag force is modeled using Argatov and Silvennoinen (2013)’s555

method of computing the drag-force in relation to the aerodynamic force on a point-mass kite (the model named ‘kite-only’

27

https://doi.org/10.5194/wes-2026-211
Preprint. Discussion started: 12 November 2026
c© Author(s) 2026. CC BY 4.0 License.



in the awebox). However, the baseline AWE OCP finds trajectories that are much-closer matches to those shown in the

results published in Haas et al. (2019) when the then-default awebox tether drag model (‘equivalence-buggy’) is used instead.

Since the RLL wake model does not include the tether-drag among the aerodynamic forces that result in shed vorticity, we

will proceed with this verification test using the ‘equivalence-buggy’ tether drag model. For the sake of reproducibility, the560

implementation of this tether drag model is discussed in greater detail in Appendix Section C.

With these inputs, we can solve the baseline AWE OCP (3) with the parameters and initial guess information given in,

respectively, Tables C1 and C3, and find a reference trajectory that corresponds to the trajectory simulated in Haas et al. (2019).

We will then track that reference with the RLL Simulation OCP (23) using I= 80 control intervals, D= 4 collocation nodes

per control interval, and P= 4 periods tracked23, simulate the wake modeled by the RLL model, and make two comparisons565

against the results published in Haas et al. (2019) and Haas (2022).

In the first planned comparison (see Figure 8), we compare the temporal-average x̂-component velocity deficits at different

locations (top row) sweeping vertically along ẑ, and (middle and bottom row) sweeping horizontally along ŷ, through the

virtual-wind-tunnel.

When this non-dimensionalized downstream-direction flow speed is considered at, or near, the trajectory - where the vis-570

cosity has not had much time to dissipate any shed vorticity - the RLL model (blue, solid) predicts (wake-center) values with

magnitudes similar to the LES-determined result in Haas et al. (2019) (blue, dotted). In this region, the RLL model also predicts

that the regions where the flow speed deviates from the freestream’s logarithmic values - that is, the wake - will be similarly

located with a similar width, compared to that computed with the LES model. Beyond this region, there are some notable

differences.575

First, though the match in velocity deficit at the center of the ‘upper’ and ‘lower’ wakes when first shed (left column) is very

good, the rigidly-convected and inviscid RLL predicts very little change to the induced velocity as the vorticity is convected.

(Further downstream than the tracked four-period’s-worth of convected wake, the induced velocity will very quickly drop

to zero, as the influence of the modeled vorticity cuts off.) Since, by contrast, the LES simulation’s shrinking-amplitude

and widening-width Gaussians represent the momentum distribution that occurs due to both mixing and viscous decay, the580

RLL model begins to over-predict and over-concentrate the velocity deficit as the evaluation point moves further and further

downstream (columns further to the right).

Second, the velocity deficits predicted by the RLL are (generally) much more uniform (box- or hat-shaped) within the

wake, than predicted by the LES ‘ground truth’. It’s uncertain how much of this difference is due to the assumptions included

in the LES (the Gaussian convolution filter used by the actuator line method to distribute the momentum-change due to the585

aerodynamic force into the flow) and how much is due to the assumption included in the RLL model of a uniform spanwise

circulation distribution. We’ll observe, however, that the vorticity distribution (see Figure 7) predicted by the RLL Simulation

OCP includes segments (shed during the reel-out phase) when the pitch of the shed vortices appears fairly tight. The tighter the

23We chose to use P= 4 because of the convection distance shown in (Haas et al., 2019, Fig.5). This corresponds to: number of vortex elements modeled

per instant E= 963 and the total number of vortex elements (at all discrete times) V≈ 3.8 · 105.
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pitch of a constant-strength vortex helix, the more a vortex-structure will resemble a vortex cylinder, whose interior would be

expected (Branlard, 2017, p.433) to have a uniform induced velocity.590

The third difference is the exception to the box-like uniform induced velocity: at the edges of the wake, there are occasional

small ‘spikes’ of velocity. These spikes are always found at the edges of the wake whether one sweeps horizontally or vertically,

suggesting that the spikes occur because - at some point during the temporal averaging - the induced velocity must have been

evaluated within the (regularized) core radius of one of the trailing vortices, resulting in a comparatively-large induced velocity

being included. Such a spike will never appear in the LES result since the Navier-Stokes equations don’t contain the Biot-Savart595

expression’s (regularized) singularity.

In the end, when one considers the difference in the wake-resolution between a vortex filament model with E= 963 elements

at any one instance in time and a LES with 14-million24 control volumes, the match between the predictions made by the two

models is quite good.

An instantaneous comparison between Haas et al. (2019, Fig.5)’s LES-simulated ‘ground truth’ and the RLL solution (see600

Figure 9) again needs to take into account the assumptions made while developing the RLL model. First, the RLL model

assumes rigid convection in an inviscid flow: this explains why the ‘bursts’ of dark blue (low speed) and yellow (high speed),

which represent the slicing-through of the convected vorticity, do not dissipate into clouds of (intermediate-speed) green as one

moves downstream from the kite’s trajectory. Second, the RLL model assumes a uniform circulation distribution, which means

that the induced velocity will not have a smooth (uniform) distribution of downwash between the ‘edges’ of the convecting605

vorticity ‘ribbon’, but will rather take much stronger values (brighter yellow) specifically at the edges of that ribbon, along the

tip vortices.

Those differences being acknowledged, we do see the expected trend of slow flow speeds (blue) occurring within ‘already-

harvested’ flow, while the flow immediately around this decelerated air is accelerated (yellow) in a Venturi-like effect. We

also see that the spacing and intensity of the ‘bursts’ of velocity difference reflect the phases of the trajectory, with the long610

horizontal ‘empty’ space corresponding to slicing through the small-magnitude vorticity shed during reel-in, and more extreme

colors being found when slicing through the large-magnitude vorticity shed during reel-out. One can very distinctly count the

five windings of the trajectory, being repeated exactly four times. All of this is to say that the instantaneous flow speed reflects

what someone would expect from applying the RLL model’s assumptions to the ‘true’ instantaneous flow speed calculated in

Haas et al. (2019).615

Having hopefully gained some confidence that the RLL model describes the flow as well as the assumptions will allow, our

next step is to consider the numerical behavior of the model within its desired framework: optimal control.

4 Tradeoffs in convergence and expense

We’ve now formulated a RLL AWE OCP (22) and confirmed that the model works reasonably considering the underlying

assumptions. But, anyone who sets out to use the model in an AWE OCP, will also need to know whether increasing the620

24Haas et al. (2019)’s ‘Grid 2’ has 432× 128× 256 = 14,155,776 control volumes.
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resolution of the resulting RLL AWE OCP leads to the solution converging at a reasonable computational expense. So, let’s

leave aside the exact details of the solution, and solve an example problem for a two Ampyx-AP2 system and increasing

numbers of control intervals I and periods’ worth of wake tracked P. The below solutions are all for single-winding trajectories,

with the system properties given in Table B1-B2, the inequality constraints given in Table B3, and the initialization information

given in Table B4.625

4.1 Convergence

For all of the solved combinations of I and P (see Figure 10), the RLL AWE OCP finds the same single-winding-number local

minimum25: a trajectory with two overlapping loops, the loop centered further in the +ŷ and +ẑ directions being ‘oval-shaped’

and the one centered further in the −ŷ and −ẑ directions being ‘egg-shaped’. This trajectory is shown in the inset figure in

Figure 10c, with the vorticity distributions at the Pareto-extreme wake-resolutions shown in Figure 4. Increasing the number630

of control intervals I - that is, allowing each kite to progress from 15 sequential control inputs per loop to 30 - allows the kite

to make fine course-corrections, and therefore increases the power available. (The special case of I= 10 control intervals will

be discussed later.)

In general, tracking more of the wake’s history (increasing P) decreases the optimal power (see Figure 10c); this general

trend reflects the fact that - with an underlying periodic trajectory and an assumption of externally-inviscid flow - a longer635

resolved wake means that more vorticity will be modeled, resulting in greater induced velocities at the kites and less power

available to be extracted from the flow. Consistent with this trend is the observation that the largest drop in power happens while

the lengthening-tracked-wake causes the kites to overfly-for-the-first-time more of each other’s shed- and trailing-vorticity.

Since the first kite (k= 2) overflies26 the second kite’s wake at roughly .11t⋆final and 0.39t⋆final and the second kite (k= 3)

overflies at roughly .07t⋆final and 0.36t⋆final, the power found with a longer tracked wake (P> 0.39) is fairly stable. (The640

case of I= 15 control intervals will be discussed in a later paragraph.) Since the increasing-length-wake acts as a source of

aerodynamic inefficiency, the optimizer uses the assumptions of the model - the assumption of rigid convection and, separately,

the discretization of the wake into a finite number of vortex filaments - to help reduce that inefficiency.

The impact of this first modeling assumption - rigid convection - means that the optimizer makes a small increase to the

system’s operating altitude. Specifically: when there is no wake tracked, the trajectory saturates the tether length upper bound645

(700m) at the end of the reel-out period, keeping the elevation angles relatively small (13.5deg) to avoid cosine losses. But,

as more of the wake is tracked, the optimizer adjusts its relative prioritization of the losses due to the wake versus to tether

drag. For I= 15 control intervals (where the impact on the power in Figure 10a is easiest to see), the altitude increases

by 4 meters (to 164.5m) between P= 0.07 and 2.2, to increase the log-law freestream wind speed. (That increasing the flight

altitude leads to increased aerodynamic forces on the kites, is visible in the increased circulation - and correspondingly-stronger650

induced velocity from the stronger recently-shed vorticity - experienced by the kite flying the higher-average-altitude ‘oval-

25even using the not-guaranteed-to-be-repeatable linear-solver MA86
26The overflying times are calculated based on the projection of the kite locations in the plane perpendicular to the convection direction, the ŷ-ẑ plane, as

seen in the inset of Figure 10c.
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shaped’ trajectory in Figure 10c, compared to the kite flying the lower-average-altitude ‘egg-shaped’ trajectory.) However,

an increased freestream velocity on the overall-system will also impact the tether-drag, causing the optimizer to reduce the

tether lengths - the maximum main tether extension decreases by 33 meters (to 666m) without changing the reel-in-distance,

while the secondary tethers, needed for crosswind-flight, shorten by 0.3 meters (to 63.9m) - with the result that the system’s655

elevation angle increases by a degree (to 14.5deg). This ‘priority-adjustment’ happens most intensely during the first period-

of-wake-tracked, but it continues at a slower pace as further-rounds of wake-overflying take place: for I= 15 control intervals,

the elevation angle increases by 1.42-degrees-per-period-tracked between P ∈ [0.27,0.73], whereas there is almost no change

after 1.5 periods have been tracked (0.12-degrees-per-period-tracked between P ∈ [1.8,2.2]).

The curious thing is that the optimal power recovers back a small amount of this dip, and the amount of the recovery is660

resolution dependent: notice that Figure 10a shows much less recovery in the I= 20 control intervals solutions than in the

I= 15 solutions. The resolution-dependence implies that the optimizer is taking advantage of the specific-details of how the

shed vorticity is modeled to ‘break physics’ in some way. Of these specific-implementation-details, we might first consider that

the optimizer is nudging the semi-infinite ‘far-wake’ filaments - standing-in for the wake shed during the infinitely-periodic

system history - into the most-beneficial position with respect to the kites’ locations; but, this explanation appears unlikely665

considering the fact that, by P> 1, (2D) Biot-Savart’s inverse-distance relationship reduces the velocities induced on the kites

by the far wake to a negligible fraction of the incoming flow (see Figure 10b). The second specific implementation detail to

consider would be the impact of discretizing what should be a continuous vorticity-field into finite vortex filaments, especially

the relatively-low resolution ‘rungs’ of shed vorticity in the ‘vorticity-ladder’ that the single-spanwise-discretization lifting-

line model trails behind each kite. At a low resolution of the shedding-grid - which, recall, is coupled to the control grid - the670

optimizer might use minute-adjustments to the control-grid to slide the discrete shed vortices out of the way of the oncoming

kites. We would expect this manipulation to have the largest impact for P ∈ [0.07,0.39] with a decreasing marginal return

in power as each additional overflown vortex is further downstream. We would also expect that the optimizer’s opportunity

to conduct such manipulation would decrease as the resolution of the shedding-grid would tighten with the resolution of the

control-grid. And these two expectations match what we see in the data: for the case of I= 15 control intervals, for a length of675

resolved wake that includes at-least all four of the most-recently-shed period’s overflights, the optimal optimization period is

a very-stable t⋆final = 11.832 s± 0.0017 s while the power is still decreasing (P ∈ [0.6,1.27]), and shifts to another very-stable

t⋆final = 11.861 s± 0.0021 s for P ∈ [1.8,2.2]. The point here is not that the printed decimal points are significant figures, but

that the investigated data-points - chosen for the independent reason of computational memory availability when batching

tasks - include very-stable clusters with differences that are small with-respect-to the full trajectory but large with-respect-to680

the clusters’ local standard-deviations. Coupled with the aforementioned observation that the I= 20 solutions show much less

‘recovery’ of power after the first period tracked than do the lower-resolution I= 15 solutions; the fact that investigated trials

for I= 20 control intervals did not find a similar clustering in the optimization period27; as well as the fact that De Schutter

et al. (2026) - with a vorticity-patch rather than vorticity-filament near-wake - makes no mention of any similar power-recovery-

27For I= 20 control intervals, the investigated trials show a roughly-linear decrease in optimal optimization period from 11.86s to the minimum value at

(P= 0.7, t⋆final = 11.83 s), followed by a gradual increase to 11.91 s.
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effect despite only using 8 control intervals per half-period, suggests that the optimizer is manipulating the coupled control-685

and shedding-grids to adjust the locations of the ‘rungs’ of shed vorticity wherever the wake resolution is rough enough to

make ‘cheating physics’ attractive.

However, if the argument is that the power-dip-then-recovery is related to the resolution of the shedding-grid, then why is

this behavior not seen in the solutions with the lowest wake resolution, those with only I= 10 shedding instances per winding?

Extrapolating the argument suggests that the reason that the I= 10 solutions show no dip-then-recovery is exactly-because the690

‘rungs’ of the shed vorticity are too far apart. After the first overflights-of-the-most-recent-periods’-worth-of-wake have been

completed (P> 0.39), the optimizer is always able to ‘dodge’ geometrically-inconvenient Biot-Savart cross-products, with the

result that the solution is not even pushed to a faster-freestream operating altitude. For the data-points P≥ 0.4, the average

altitude only increases a fairly-constant 1m above its P= 0.2 value of 161m; the elevation angle only increases by 0.1deg, and

the maximum tether length upper-bound remains saturated.695

All of the above is to say that: for wake lengths that track one-full-optimization-period plus a reel-out phase (P≥ 1+

t⋆switch/t
⋆
final with the optimal switching time t⋆switch being the time that the system switches from the reel-out phase to the reel-

in phase), the tracked wake typically includes enough overflight locations that the solution will have reached its final optimal-

average-power value, regardless of the number of control intervals. For control intervals I≥ 20 the resolution of the wake is

fine enough that the optimal power no longer demonstrates much optimizer trickery, with ‘the aerodynamic experience’ of the700

kites - as judged by time-averaged circulation and the average induced speeds experienced - no longer changing much with

further increases in resolution. The observed convergence trends appear reasonable, considering the modeling assumptions:

specifically, rigid convection, a coupled shedding- and control-grid, and a low-frequency shedding of shed-vortices whose

strengths are based on the time-averaged-circulation.

4.2 Expense705

When the problem is solved along the full homotopy path, the inclusion of the rigidly-convected, lifting-line vortex model

into the AWE OCP unfortunately comes with a large cost, both in terms of computational memory needed and in-terms of

processor time. These costs are related to the number of vortex elements that have to be ‘remembered’ (that is, included in the

model, then instantiated within the OCP’s discretization) and ‘processed’ (by requiring the solution of additional dynamics and

equality constraints). This means that the value we need to consider when discussing the problem expense is the total number710

of vortex elements (at all discrete times) V:

V= E((I+1)+ ID) = (3KA)((I+1)+ ID) = 3Kceil (IP+1)((I+1)+ ID) , (31)

where ceil () is the ceiling function, since the number of wake nodes A must be a positive integer. In this expression, we see that

the value V increases with the number of vortex elements modeled at any time-instance E= ⌊E⌉ - a value that itself increases

linearly with the number of wake nodes A and therefore, according to (8), with the number of periods tracked P - as well as715

with the number of control intervals (roughly) squared I2 and the collocation order D. This relationship is shown in the top-left

plot of Figure 11.
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Figure 11. Breaking down the computational cost of the RLL AWE OCP, for a two-kite test problem.
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The size of the RLL AWE OCP is heavily dominated by V, with the number of vortex-related variables vastly outnumbering

the baseline variables. When the number of OCP variables is plotted for increasing numbers of control intervals I and periods

tracked P, the result is a close-to-linear relationship with the total number of vortex elements (at all discrete times). This can720

be seen in the top-right plot of Figure 11.

Since the variables added as a result of the RLL model are all algebraic variables - they do not add any actual degrees

of freedom to the problem - each newly added variable requires one additional constraint. And, since these variables and

constraints have to be stored and handled, the required computational memory grows (roughly) linearly with the total number

of vortex elements (at all discrete times). Should a programmer want to add further inequality constraints to the vortex-related725

variables, such as enforcing a minimum altitude to the wake nodes, this memory should be expected to grow even further.

With the collected constraints of the RLL AWE OCP given in (22), the problem size and the required memory end up match-

ing our expectation that a vortex method’s cost should be related to the number of evaluations of the Biot-Savart expression:

proportional to the number of vortex elements for a rigid-wake28 model with a fixed number of observation points. This trend

changes when the processor-time needed to solve the final homotopy step of the RLL AWE OCP is considered: this form of730

‘computational cost’ is proportional to (roughly) V2.4, which is markedly more than the linear proportionality predicted by

Biot-Savart. (See the middle row of Figure 11.) The point to notice, here, is that the processor time is not predominantly driven

by the evaluation of Biot-Savart when setting up each Exact-Newton’s linear-system, but is rather used to solve that linear sys-

tem. This linear-algebra cost is the product of the cost per linear-solve - which grows with (roughly) V1.3 as the KKT matrix is

close-to sparse - and the number of linear solves necessary - which grows with (roughly) V1 as a result of imperfect scaling.29735

The processor time per linear-solve and the number of iterations are shown, respectively, in the bottom row of Figure 11.

The above discussion of processor time suggests that, because the rigidly-convected, lifting-line vortex model is embedded

within an OCP structure, the methods of estimating computation time that have been theoretically established (see, eg., Branlard

(2017)) for the forward-simulation of vortex models, are likely to be misleading. At this point, the authors are unaware of any

published heuristic for computational cost in the solution of OCPs with included vortex models, within the literature (DeVries740

and Paley, 2013; Zheng and Lyu, 2023; van den Broek et al., 2022, 2024; De Schutter et al., 2026). This has a clear downside,

in that it can be difficult to predict a-priori how long any particular problem will need for solution, which has consequences in

the batching of problems for parallel solution. But, this also hints at a hopeful upside: since the cost30 of evaluating Biot-Savart

is so vastly dwarfed by the cost of the linear system-solves, it is likely that future research will be able to drastically reduce the

cost of such problems through improved tuning or more-tailored algorithms.745

28More commonly stated is the free-wake version of this relationship, wherein the cost is proportional to the number of vortex elements squared(Branlard,

2017, Ch. 41) since, in the free-wake simulation, the Biot-Savart expression needs to be evaluated from every vortex element that can induce velocity, on every

vortex element that needs to be convected.
29The above-described trends in memory and processor time are determined according to least-square curve-fits of types w2 = ϕ1 +ϕ2V and w2 =

ϕ1 +ϕ2Vϕ3 subject to ϕ1 ≥ 0, ϕ2 ≥ 0 and 0.1≤ ϕ3 ≤ 20 on the data shown in Figure 11. The fit with the best ‘goodness of fit’ R2 is the one shown.
30Practical experience suggests that using different scaling strategies, such as IPOPT’s ’linear_scaling_on_demand=no’ option which rescales

each Newton iteration’s linear system instead of only rescaling ‘on demand’, does frequently reduce both the number of iterations and processor time needed

to solve the RLL AWE OCP, but introduces much more variability in both metrics and so was not used in the included convergence-and-expense study.
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5 Comparison against the baseline optimal control problem

Figure 12. A visual description of the comparisons made with the RLL AWE OCP.

As we’ve just seen, the computational cost of including the RLL model into the AWE OCP is substantial. The obvious

question is: is this cost ‘worth it’? This one question has different interpretations based on the asker’s practical concerns. The

first possibility is: would early design decisions be made differently based on the results of the RLL AWE OCP vs. an AWE

OCP built on the assumption that the induced velocity-field will remain negligible whatever trajectory is flown (a.k.a., the750
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Figure 13. The optimal trajectory found when induction is assumed to be negligible (a, baseline AWE OCP) involves many tight turns

including a dramatic reel-in (dashed) swoop to increase the angle between the secondary tethers. By contrast, the optimal trajectory found

when induction is included with the RLL model (b) combines the desire to avoid having the kites fly over each other’s shed vorticity with a

small-distance-between-the-kites during reel-out (solid) and a large-distance during reel-in (dashed). Balanced against the airspeed bounds

and the tether drag, this results in a much shorter winding period.

baseline AWE OCP)? And second, would it be difficult to fly a trajectory found by solving this baseline (no-induction) AWE

OCP in a ‘universe’ where momentum is conserved?

5.1 Direct comparison of the optimal solutions of the baseline (no-wake) AWE OCP and the RLL AWE OCP

In having described the aerodynamic forces and moments on the sth kite as a function of the effective velocity -

F aero,s = F aero,s (veff,s) = F aero,s (v∞ (qs)− q̇s +vind (qs))755

- we have set up the interpretation that the baseline AWE OCP (3) is the specific case of a wake-aware AWE OCP wherein

the induced velocities experienced by the kite are assumed to be negligible: vind (qs)≈ 0. There’s some justification for that

assumption: the former industry-leader Makani Power reportedly observed that AWE systems, as a matter of principle, "sweep

out much more wind area relative to their power, [such that] wake losses will be negligible" (Echeverri et al., 2020). But, this

is still an assumption. It would be important to know how much of an impact the inclusion of this assumption is likely to760

make on an (offline) performance prediction, especially on the sort of highly-simplified prediction that would be made at the

beginning of the design process when foundational decisions about the system - and the system’s eventual niche within an

already-developed electricity market - are still being considered.

As a result, we will make a direct comparison - between the baseline (no-wake) AWE OCP and the RLL AWE OCP - of

certain solution-outputs that would contribute to the levelized cost of electricity (the maximum average power), the system765
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units baseline RLL difference

so
ltn

. average power P
⋆

kW 9.32 6.25 -33%

sec. tether length ℓ⋆scdr m 92.8 64.3 -31%

optimization period t⋆final s 23.1 11.9 -48%

pr
ob

le
m

si
ze

number of vortex elements modeled per instant E - – 342 –

total number of vortex elements (at all discrete

times)

V - – 51642 –

model variables dim(wmodel) - 126 936 6.42 · 100

NLP variables dim(W ) - 1.01 · 104 1.32 · 105 1.21 · 101

number of discrete equality constraints dim(G) – 9.50 · 103 1.31 · 105 1.28 · 101

number of discrete inequality constraints dim(H) – 2.16 · 103 2.16 · 103 0%

co
st

processor time in set-up - CPU- s 1.25 · 102 8.08 · 103 6.34 · 101

processor time in optimization - CPU- s 1.24 · 103 7.84 · 106 6.32 · 103

cumulative max. memory - GB 6.27 62.1 8.90 · 100

Table 1. The impact of the rigidly-convected, lifting-line vortex model on the two-kite AWE OCP, comparing the outputs of the AWE OCP

with the RLL wake model A1 and without any wake model B1 (for I= 30 control intervals, D= 4 collocation nodes per interval, and, in

the RLL case, P= 1.86 periods tracked). This table shows optimal outputs relevant to the levelized-cost-of-electricity, the system design,

and the system operation; resulting problem size; and solution cost in computational time and memory.

design (the optimal secondary tether length), and the system operation (the optimal optimization period). These comparisons

are printed in Table 1, where the first thing to notice is the one-third decrease in average power harvested with the RLL wake

model. Then, the optimal secondary tether and optimization period found by the RLL AWE OCP are both shorter than those

found with the baseline problem. This result is unusual, considering that most wake-aware AWE OCP solutions (Zanon et al.,

2014; Leuthold et al., 2017; De Schutter et al., 2026) tend to find exactly the opposite trend: that including a wake model should770

increase the flight radius by extending both the secondary tether length and flight time. However, referring back to Figure 13a,

we see that the baseline optimal trajectory found does not have a uniformly-large flight radius. Instead, the tight turns of the

‘interlocked-goldfish’ pattern provide many points where the kites would overfly their mutually-shed vorticity. With a model

of physics where the specific proximity-to-vorticity becomes relevant because induction is modeled with Biot-Savart, these

overflight locations themselves become very relevant.775

Indeed, the optimal trajectory found by solving the RLL AWE OCP via homotopy (see Figure 13b) ends up finding a

Venn-diagram-like shape with two partially-overlapping loops, instead of the complicated maneuvers of the baseline problem

(see Figure 13a). Notice that this solution does align with other expectations: the Venn-trajectory is still oriented so that the

reel-out phase corresponds with the kites flying close together - better-aligning the secondary-tethers so that their tensions will

transmit to the main tether - while the kites fly at their largest distances from one-another during the reel-in phase - allowing the780

secondary tethers’ tension forces to partially cancel each other as they reach the main tether. But, the natural consequence of the
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optimizer settling upon a trajectory that can be summarized as ‘simple-circles-with-minimal-overflying’, is that it becomes very

important to reduce the tether drag. This, plus a saturated upper bound on the airspeed, leads to shorter tethers and flight-times.

Further, the fact that the convection is assumed to be rigid means that there’s no incentive to make large
∣∣∣ĊL

∣∣∣ maneuvers in

order to drop locally-advantageous vorticity into the flow. Instead, the kites fly their simple Venn-diagram-shaped trajectory,785

with their shed vorticity convecting downstream in an almost-regular helix. The resulting vorticity distribution (see Figure

4) does much less ‘bunching-up’ when shed during the reel-out phase, than would-be-shed by the baseline trajectory (see

the insets in Figure 14). Even with the shorter optimal optimization period, the combination of this period (see Table 1) and

the freestream wind-speed (8.2± 0.17m s−1 on the first kite, k= 2) means that the wake convects far enough downstream

(97.7m = 17.8b) that (3D) Biot-Savart’s inverse-squared-radius relationship probably also exerts little preference for the sort790

of longer-and-more-complicated trajectory that would further stretch the wake shed behind one winding.

Now, there is a reasonable objection that the large differences described in this section’s direct-comparison-of-solutions

could easily be explained as artifacts of a solution-procedure that schedules the induction homotopy step (ςind → 0) of the

RLL AWE OCP before the power step (ςP → 0): since it is specifically in the power-term of the objective that overflights of

the kites’ mutually-shed vorticity effectively are disincentivized, solving the power-step after the induction model has been795

enforced might be expected to discourage the trajectory from deviating from the (uniform-circular) shape of the reference.

However, a very similar optimal solution is found for the RLL AWE OCP at A1 when the step order is reversed (that is: first

ςP → 0 then ςind → 0). In that case, the optimal trajectory’s yz projection has the same Venn-shape as shown in Figure 13b;

the optimal average power, secondary tether length, and optimization period are very similar (P
⋆
= 6.27 kW, ℓ⋆scdr = 64.2m,

t⋆final = 11.9 s) to those reported in Table 1; and even the computation cost is almost the same (differing only because this800

‘induction-step-after-power’ variant RLL AWE OCP was solved outside the parallel task-batching that was used to generate

the convergence plots) with 7.35 · 103 CPU- s of processor time needed for set-up, 7.72 · 106 CPU- s for optimization, and a

cumulative-maximum memory use of 62.0 GB.

From the above discussion, we determine that the optimal power (proxy for the levelized-cost-of-electricity), secondary

tether length (for the system design as a whole), and optimization period (for the system operation) presented in Table 1805

are sufficiently different between the RLL AWE OCP and the baseline AWE OCP where the induction is assumed to be

negligible, that iterative design processes might be driven in very different directions from these two starting points. From that

perspective, it could be quite valuable to know what both of these potential ‘starting points’ are when approaching preliminary

design review.

Unfortunately, making the sort of direct-comparison-of-solutions represented by the first-block of Table 1 will always be810

difficult in the context of non-convex problems because large differences make it less certain that the outputs-and-trajectories

being compared originate from similar local minima in their Lagrangian-landscapes. For this reason, we will switch focus to

comparing similar local minima.
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units baseline C2(10−6) difference

so
ltn

. average power P
⋆

kW 9.23 7.65 -17%

sec. tether length ℓ⋆scdr m 93.9 93.9 0%

optimization period t⋆final s 23.5 23.5 0%

pr
ob

le
m

si
ze

number of vortex elements modeled per instant E - – 186 -

total number of vortex elements (at all discrete

times)

V - – 18786 -

model variables dim(wmodel) - 126 572 3.54 · 100

NLP variables dim(W ) - 6.74 · 103 5.13 · 104 6.62 · 100

number of discrete equality constraints dim(G) – 6.35 · 103 5.10 · 104 7.03 · 100

number of discrete inequality constraints dim(H) – 1.44 · 103 1.44 · 103 0%

co
st

processor time in set-up - CPU- s 68.1 676 8.93 · 100

processor time in optimization - CPU- s 220 1.90 · 105 8.60 · 102

cumulative max. memory - GB 3.78 14.1 2.72 · 100

Table 2. The impact of the rigidly-convected, lifting-line vortex model on the two-kite AWE OCP, comparing the outputs of the baseline

(no-wake) AWE OCP B2 with those of the RLL SAT OCP C2(10
−6) where ϕPtPf = 10−6. These problems are solved with I= 20 control

intervals, D= 4 collocation nodes per interval, and, in the RLL case, P= 1.5 periods tracked. This table shows optimal outputs relevant to

the levelized-cost-of-electricity, the system design, and the system operation; resulting problem size; and solution cost in computational time

and memory.

5.2 The difficulty of tracking a baseline (no-wake) AWE OCP solution in the RLL AWE OCP

One straightforward alternative for judging the impact of replacing the assumption of negligible induction with the RLL wake815

model, while remaining in a comparable location within the Lagrangian-landscape, is to take the RLL AWE OCP; set the

baseline optimal solution as the initial guess and reference; then solve along the homotopy path until the interior point-,

induction-, and fictitious- homotopy parameters have been driven to zero. That is to say: we can try tracking the baseline

problem’s optimal trajectory, including the RLL model among the constraints. Conceptually, this would be similar to computing

an optimal trajectory with the baseline (vind ≈ 0) AWE OCP, then trying to fly that trajectory with a real kite on a day with820

‘perfect conditions’. Presumably, if it is easy to follow the given trajectory while producing the ‘anticipated’ amount of power,

then the approximation of vind ≈ 0 must be very close to being true. Conversely, if it turns out to be very difficult to track the

trajectory and produce the promised power even without any of the complexities of real-world experimental work, then: the

assumption was maybe too strong.
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Among the decision variables are variables that describe the translational-and-angular positions-and-velocities of the nodes825

(qb and q̇b ∀b ∈ B, as well as R
k,k

and Ωk ∀k ∈ K), as well as variables that describe the instantaneous mechanical power31

as the product of the tether tension and reel-out speed (τb ∀b ∈ B, as well as the ℓt and ℓ̇t). Let’s call the first set the ‘path-

following’ variables, and the second set the ‘power-tracking’ variables.

Now, if we try to track a reference trajectory, the optimizer will ‘try the hardest’ to track the variables whose weighting exerts

the most pressure. So, in order to avoid the potential objection that, whichever value comes out of this tracking experiment830

will purely be a result of the weights chosen, let’s re-weight the RLL AWE OCP. Specifically, let’s take a ratio ϕPtPf and

use it to adjust the weights of the power-tracking variables in comparison to the path-following variables. To do this, we will

multiply the weights K
qb

, K
q̇b

, K
R

k,k

, and K
Ωk

by 1/
√
ϕPtPf ; and multiply the weights K

τb
, Kℓt , and Kℓ̇t

by
√
ϕPtPf .

Then, we will solve the RLL AWE OCP with this ratio-of-power-tracking-to-path-following-weights ϕPtPf covering a range

of orders-of-magnitude from very small (here, 10−6) to very large (here, 1010).835

The results of this tracking are given in Figure 14, for I= 20 control intervals and P= 1.5 periods tracked. We see that

intermediate values of ϕPtPf - where the optimizer tries to track all of the variables with similar weight and consequently

is unable to track any of them particularly well - are the furthest from the power ‘Pareto front’. For values of ϕPtPf smaller

than this intermediate, the kites’ positions and velocities track their reference (baseline) trajectory visually very well, but the

resulting aerodynamic forces are unable to produce the required tether tension. For values of ϕPtPf that are larger than the840

intermediate ratio, the tether tension-per-unit-lengths track very well, but the reduced regularization on the secondary tethers’

orientations (that is, the kite positions, which cannot be uniquely determined from the tether lengths) means that the vector-sum

of the forces doesn’t recover the anticipated baseline power.

So, while the baseline (no-wake) AWE OCP anticipates32 9.23kW from this trajectory, the inclusion of the RLL model into

the SAT OCP means that we wouldn’t actually harvest more than, variously, 7.65kW at ϕPtPf = 10−6 or 7.49kW at ϕPtPf =845

108. Finding solutions that harvest (roughly) 80% of the anticipated baseline problem is a substantial improvement over the

value found in Section 5.1 when the optimizer followed the full-homotopy-path through the decision space (including the

system parameters and optimization period) to the 67%-of-anticipated-baseline-power local minimum. The fact that tracking

with the RLL model can find ‘better’ solutions than full solution with the RLL AWE OCP, suggests that the solution is

heavily influenced by the specific homotopy-initialization used and that the RLL AWE OCP would benefit from future research850

investigating adjusted- or alternative- strategies in order to restore IPOPT’s typical insensitivity to initialization. In any case:

it is up to future AWE OCP users to decide whether being unable to harvest 17%-19% of anticipated power in exchange for

still-substantial computational expense and an early-lock-in on system-design-parameter space, is an acceptable tradeoff. For

that comparison, the computational cost of solving the ϕPtPf = 10−6 problem is listed in Table 2.

One further note about the central plot shown in Figure 14: when the ratio-of-power-tracking-to-path-following-weights855

ϕPtPf becomes very small and the regularization applied to the power-tracking variables disappears, those variables are still

31Recall from page 6 and (5) that all of the terms that enter the instantaneous mechanical power are included within the (continuous-form) OCP’s decision

variables as algebraic variables.
32This value is smaller than the power found in Section 5.1 despite being at ‘the same’ local minimum of the solution landscape, because the trajectory here

was only discretized with I= 20 control intervals, compared to the 30 used in Section 5.1.
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uniquely determined by the model’s holonomic constraints. By contrast, when the ratio ϕPtPf becomes very large and the

regularization applied to the path-following variables disappears, the KKT matrix will approach singularity. Due to its slack-

formulation, automatic rescaling, and regularization strategies, the interior point solver with which these problems are being

solved (Wächter and Biegler (2006)’s IPOPT) is very robust to ill-posed problems; however, the cost of these strategies is860

that we will lose the certainty that the observed outcomes are actually a result of ϕPtPf and not of other numerical effects.

Therefore, we should not expect that ‘simply continuing to increase ϕPtPf →∞’ will lead the optimizer to find trajectories

that continuously improve towards the anticipated baseline power. This is why we have cut-off the domain of the ratio ϕPtPf

at 1010, because this is where the power-tracking worsens in comparison to the next-smallest ratio ϕPtPf = 108.

In the two comparisons made in this section, modeling the conservation of momentum within the flow using a rigidly-865

convected, lifting-line vortex model has a fairly large impact on the power that a given AWE system is predicted to be able to

harvest in its given freestream wind. We specifically find a very different local minimum with the RLL AWE OCP than when

solving the AWE OCP with an assumption of negligible induction effects vind(q)≈ 0. And, upon trying to ‘fly’ that baseline

(no-wake) optimal trajectory in a universe that does conserve flow-momentum (here, approximated by the RLL model), we

find that we’re only able to harvest (roughly) 80% of the anticipated power. These observations suggest that a wake model -870

such as the RLL model - should be included, in some way, during the initial design of an AWE system despite the additional

computational cost.

6 Conclusions

The RLL model makes reasonable predictions of the induced velocity field, considering the modeling assumptions, for both

rotationally-steady and dynamic situations. When included among the sub-models of an AWE OCP, the resulting power pre-875

dictions converge as the length of the tracked wake is increased: the main effects are included as soon as enough wake has

been tracked that the kites have overflown their most-recent periods’ worth of mutually-shed vorticity, though two-periods

worth-of-overflown-vorticity should probably be tracked to limit the optimizer’s capacity for trickery. For the case that one

doesn’t know a-priori where the overflight locations will be on the trajectory, the approximation P≈ 1+ (t⋆switch/t
⋆
final), or

even - conservatively - P≈ 2 could be used. Limiting the opportunity for optimizer trickery also suggests that, if an AWE880

OCP’s shedding grid is coupled to its control grid, one should avoid using fewer than 20 control intervals per winding/looping

of the trajectory.

Between the homotopy approach, the simplification of rigid convection, and the reduction in the number of vortex elements

by shedding vorticity based on the time-averaged circulation and a uniform spanwise circulation distribution, an AWE OCP

with an included rigidly-convected, lifting-line vortex model can indeed be successfully - if expensively - solved. That expense885

is driven by the problem’s size which is itself dominated by the additional lifted-variables and equality constraints of the RLL

model: the required computational memory scales with the total number of vortex elements (at all discrete times), and the

solution processor time scales with that number (roughly) squared.
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Determining whether this cost is warranted, depends on the priorities of the considered task. In this paper’s investiga-

tion, tracking the optimal trajectory found from an AWE OCP with an assumption of negligible induced velocity-fields using890

the RLL AWE OCP resulted in only being able to harvest (roughly) 80% of the anticipated power - a deficit that may be

large enough to cause financial difficulties for a designer or customer of airborne wind energy systems, but may also be

‘close enough’ when considering the other sub-component-model-simplifications made. When the RLL is solved as a power-

maximization power, the solution outcome is heavily influenced by the homotopy strategy used for initialization: the assump-

tion of rigid wake convection tends to preserve features of the chosen reference trajectory in the fully-converged RLL AWE895

OCP solution, even more than does a homotopy-initialization on its own.

Naturally, this raises many further questions. Would modeling free-convection help the optimizer to escape local minima by

encouraging the kites to ‘maneuver’, possibly with the goal of cheating physics, or would it simply increase the penalty on

overflights? How specifically would the solutions-and-cost of the wake-aware AWE OCP change if the problem is adjusted so

that the main opportunities the optimizer has to ‘cheat physics’ at low resolution are closed: for example, by using quadrilateral900

vorticity-patches (as used in De Schutter et al. (2026)’s near-wake representation) rather than vortex filaments? And - returning

specifically to the context of a preliminary AWE system design with very little knowledge of a kite’s specific geometry and

load-distribution - how much of the wake effect that dominates the computation cost of the RLL AWE OCP actually requires

an expensive vorticity-based model, vs. how much could be included using a cheaper, actuator-based representation? These

questions are left for future work.905

Appendix A: Vortex elements modeled according to the rigidly-convected, lifting-line vortex model

The vortex elements modeled according to the rigidly-convected, lifting-line vortex model are described in Table A1.
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type property symbol value units source

w
in

d

wind profile – log –

reference wind speed vRef 5 ms−1

reference altitude zRef 10 m

roughness length z0 0.1 m

atmospheric density profile – international standard – awebox default

reference density ρairRef 1.225 kgm−3 awebox default

ki
te

number of kites K 2 –

kite mass mk 36.8 kg (Licitra et al., 2017)

wing area s 3 m2 (Licitra et al., 2017)

wing span b 5.5 m (Licitra et al., 2017)

mean aero. chord cMA 0.5455 m area/span (s/b)

aspect ratio A 10.08 – span/mean aero. chord (b/cMA)

moment of inertia J
k




25 0 0.47

0 32 0

0.47 0. 56


 kgm2 (Licitra et al., 2017)

degrees of freedom – 6 – (Licitra et al., 2017)

te
th

er

control variable – ℓ̈t – (Licitra et al., 2019)

density ρt 1464 kgm−3 (Licitra et al., 2019)

drag coeff. CDt 1.2 – (Licitra et al., 2019)

aerodynamic elements Z 5 – 2025-awebox default

drag model – ’multi’ – 2025-awebox default

max. reel-out factor Φroutub ∞ – 2025-awebox default
Table B1. System properties used when evaluating the convergence and expense of the RLL AWE OCP, as when comparing the baseline

AWE OCP to the RLL AWE OCP in Sections 4 and 5. All other values are 2025-version awebox default values.

Appendix B: Replication Information for the two-kite Optimal Control Problem with the rigidly-convected,

lifting-line vortex model

The AWE OCP used to generate the convergence and expense plots of Section 4, as well as in the comparison between the910

baseline ’no-wake’ AWE OCP and the RLL AWE OCP of Section 5, uses the system properties given in Table B1-B2, the

inequality constraints given in Table B3, and the initialization information given in Table B4.
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Table B2. Stability derivatives for the Ampyx AP2, from Malz et al. (2019), used when evaluating the convergence and expense of the RLL

AWE OCP, as when comparing the baseline AWE OCP to the RLL AWE OCP in Sections 4 and 5

CX CY CZ Cl Cm Cn

0 -0.0293 – -0.5526 – -0.0307 –

α 0.4784 – -5.0676 – -0.6027 –

α2 2.5549 – 5.7736 – – –

β – -0.1855 – -0.063 – 0.0577

β α – -0.0299 – -0.0003 – -0.0849

β α2 – 0.0936 – 0.0312 – –

δailn – -0.0514 – -0.2489 – 0.01903

δailn α – -0.0024 – -0.0087 – -0.1147

δailn α2 – 0.0579 – 0.2383 – –

δelev -0.0106 – -0.315 – -1.0427 –

δelev α 0.1115 – -0.0013 – -0.0061 –

δelev α2 – – 0.2923 – 0.9974 –

δrudr – 0.1032 – 0.00436 – -0.0404

δrudr α – 0.0268 – -0.0013 – -0.0117

δrudr α
2 – -0.1036 – – – 0.04089

φ̇roll – -0.1022 – -0.5632 – -0.0565

φ̇roll α – -0.014 – -0.0247 – -0.9137

φ̇roll α
2 – 0.0496 – 0.2813 – –

φ̇pitch -0.6029 – -7.556 – -11.3 –

φ̇pitch α 4.4124 – 0.1251 – -0.0026 –

φ̇pitch α2 – – 6.1486 – 5.2885 –

φ̇yaw – 0.1694 – 0.1811 – -0.0553

φ̇yaw α – 0.1368 – 0.6448 – 0.029

φ̇yaw α2 – – – – – 0.0257
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type inequality lower bound value upper bound value units other value

na
m

ed
co

ns
tr

ai
nt

s tether stress – – σt,yield 3.6 · 109 Nm−2 Φsafetyσ 1.5

airspeed veff,klb 10 veff,kub 32 m s−1 – –

aero. validity
αklb −6 αkub 9 deg. – –

βklb −20 βkub 20 deg. – –

anticollision – – – – – Φsafetyacoll 2

yaw-rotation φyawklb
−40 φyawkub

40 deg. – –

si
m

pl
e

bo
un

ds

tether length ℓtlb 10 ℓtub 700 m – –

tether speed ℓ̇tlb −15 ℓ̇tub 20 m s−1 – –

node position qblb [−∞,−∞,100]⊤ – – m – –

angular velocity Ωklb [−50,−50,−50]⊤ Ωkub [50,50,50]⊤ deg s−1 – –

control surf. defln. δcsklb [−20,−30,−30]⊤ δcskub [20,30,30]⊤ deg. – –

tension multiplier τlb 0 – – Nm−1 – –

tether acceleration ℓ̈tlb −2.4 ℓ̈tub 2.4 m s−2 – –

control surf. def. rate δ̇csklb [−2,−2,−2]⊤ δ̇cskub [2,2,2]⊤ rad s−1 – –

main tether diameter �tlb 10−4 �tub 0.1 m – –

secondary tether diameter �scdrlb 10−4 �tub 0.1 m – –

secondary tether length ℓscdrlb 0.01 ℓscdrub 103 m – –

optimization period tfinallb 5 tfinalub 35 s – –
Table B3. Parameters for path inequality constraints hpath and parameter inequality constraints hθ , used in the RLL AWE OCPs solved in

this paper. Here, the kite indices k ∈ K where K is the set of all nodes within the system’s tree-architecture that contain kites, such that the

set of kite-nodes K is a subset of the set of architectural nodes B. The node index b iterates over the set of nodes B = {1,2, ...,B}.
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property symbol value units source

main tether diameter �t 5 · 10−3 m awebox default

secondary tether diameter �scdr 4 · 10−3 m awebox default

main tether length ℓt 200 m (Licitra et al., 2019)

secondary tether length ℓscdr 50 m awebox default

traj. winding number L 1 – –

traj. inclination angle φincl 45 deg. (Licitra et al., 2019)

traj. cone angle φcone 15 deg. (Licitra et al., 2019)

kite groundspeed ∥q̇k∥2 15 ms−1 (Licitra et al., 2019)
Table B4. Initial guess values used to create a reference trajectory for the AWE OCPs of Sections 4 and 5, partially determined using the

solution given in Licitra et al. (2019).
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type property symbol value units source

w
in

d

wind profile – logarithmic – (Haas et al., 2019)

reference wind speed vRef 10 ms−1 (Haas, 2022, pg. 51)

reference altitude zRef 100 m (Haas, 2022, pg. 51)

roughness length z0 2 · 10−4 m (Haas et al., 2019)

atmospheric density profile – international standard – awebox default

reference density ρairRef 1.225 kgm−3 awebox default

ki
te

number of kites K 1 – (Haas et al., 2019)

kite mass mk 8 · 103 kg (Haas et al., 2019)

wing area s 1.385 · 102 m2 (Haas et al., 2019)

wing span b 60 m (Haas et al., 2019)

mean aero. chord cMA 2.3083 m area/span (s/b)

aspect ratio A 26 – (Haas et al., 2019)

zero-lift drag coeff. CD0 0.0054 – (Haas, 2022, pg. 48)

degrees of freedom – 3 – (Haas et al., 2019)

te
th

er

control variable –
...
ℓt – (Haas et al., 2019)

density ρt 970 kgm−3 (Haas et al., 2019)

drag coeff. CDt 0.0501 – (Haas et al., 2019)

aerodynamic elements Z 10 – 2019-awebox default

drag model – ’equivalence-buggy’ – 2019-awebox default

max. reel-out factor Φroutub ∞ – 2025-awebox default
Table C1. System properties used to create a reference trajectory matching the one published in Haas et al. (2019) using the baseline AWE

OCP (3), and then to track that reference trajectory in the RLL Simulation OCP, during the dynamic verification test of Section 3.2. All other

values are 2025-version awebox default values.

Appendix C: Replication Information for the Dynamic-Conditions Verification Test

The AWE OCP used in the dynamic-conditions verification test of Section 3.2 uses the system properties given in Table C1,

with the inequality constraints given in Table C2, and the initial guess information given in Table C3.915
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inequality lower value upper value units source

tether stress – – σt,bub 1.03 · 109 Nm−2 (Haas et al., 2019)

acceleration – – ∥q̈k∥2ub (12)(9.81) m s−2 (Haas, 2022, pg. 131)

tether length ℓtlb 10 ℓtub 1 · 103 m (Haas, 2022, pg. 49)

tether speed ℓ̇tlb −∞ ℓ̇tub ∞ ms−1 (Haas, 2022, pg. 49)

tether acceleration ℓ̈tlb −10 ℓ̈tub 10 m s−2 (Haas, 2022, pg. 130)

node position qblb [−∞,−∞,120]⊤ qbub [∞,∞,405]⊤ m (Haas et al., 2019) and tuning

lift coefficient CLlb -0.5 CLub 1.675 – (Haas, 2022, pg. 47)

roll angle φrolllb -80 φrollub 80 deg. (Haas, 2022, pg. 47)

tension multiplier τlb 0 – – Nm−1 awebox default

tether jerk
...
ℓtlb −100

...
ℓtub 100 m s−3 (Haas, 2022, pg. 131)

lift coeff. derivative ĊLlb −5 ĊLub 5 s−1 (Haas, 2022, pg. 131)

roll rate φ̇rolllb -285 φ̇rollub 285 deg s−1 (Haas, 2022, pg. 131)

optimization period tfinallb 43.8178 tfinalub 43.8178 s (Haas et al., 2019, Fig. 2, digitized)

tether diameter �tlb 9.55 · 10−2 �tlb 9.55 · 10−2 m (Haas, 2022, pg. 50)
Table C2. Inequalities used to create a reference trajectory matching the one published in Haas et al. (2019) using the baseline AWE OCP

(3), during the dynamic verification test of Section 3.2. Underlined values are new bounds introduced by the authors to help compensate for

any changes in awebox AWE OCP formulation and scaling since Haas et al. (2019) was published.
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property symbol value units source

optimization period tfinal 43.8178 s (Haas et al., 2019, Fig. 2, digitized)

tether diameter �t 9.55 · 10−2 m (Haas, 2022, pg. 50)

tether length ℓt 500 m 2019-awebox default

traj. winding number L 5 – 2019-awebox default

traj. mean altitude z 260 m (Haas et al., 2019)

traj. radius R 140 m z− ẑ⊤qklb

traj. inclination angle φincl 31.3323 deg. arcsin(z/ℓt)

traj. cone angle φcone 16.2602 deg. arcsin(R/ℓt)

kite groundspeed ∥q̇k∥2 100.3754 ms−1 2πRL/tfinal
Table C3. Initial guess values used to create a reference trajectory matching the one published in Haas et al. (2019) using the baseline AWE

OCP (3), during the dynamic verification test of Section 3.2.
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The ’equivalence’ tether drag model referenced in Table C1, was initially developed to distribute between the two endpoints

of a straight, rigid tether, a set of equivalent forces that would exactly match a numerical integral of the tether drag (in all three

directions) on the segment, as well as the numerical integral of the tether moment about the tether center in the two directions

that include the length-wise direction of the tether, while prescribing zero tether moment twisting the tether about its own

length. Unfortunately, the initial implementation of this model in awebox had a faulty numerical integration step, which is920

described below. This model has been left un-corrected in the code, to allow verification tests to be constructed against papers

- such as Haas et al. (2019) - produced before the bug was noticed.

In this model, the drag force applied to the node containing a single-kite system’s single kite, is determined as:

Dt,k =

re
tu

rn
to

E
ar

th
-

fix
ed

co
or

di
na

te
s

︷︸︸︷
R

t,k




1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0




︸ ︷︷ ︸
select only the kite-node’s forces,

but you could swap the blocks

to select only the kite node’s

parent’s ’equivalent’ forces

distribute the equivalent forces︷ ︸︸ ︷


1
2 0 0 0 1/ℓt 0

0 1
2 0 1/ℓt 0 0

0 0 1
2 0 0 1

2

1
2 0 0 0 −1/ℓt 0

0 1
2 0 −1/ℓt 0 0

0 0 1
2 0 0 − 1

2







co
nv

er
tt

o
bo

dy
-

fix
ed

co
or

di
na

te
s

︷︸︸︷
R−1

t,k

in
te

gr
at

e
th

e

ea
rt

h-
fix

ed

fo
rc

es
to

di
st

ri
bu

te

︷ ︸︸ ︷
Z−1∑

z=0

Dapp,k,z




1 0 0

0 1 0

0 0 0




︸ ︷︷ ︸
ignore the

’twisting’ moment

R−1

t,k︸︷︷︸

co
nv

er
tt

o
bo

dy
-

fix
ed

co
or

di
na

te
s

Z−1∑

z=0

TD,app,k,z

︸ ︷︷ ︸

in
te

gr
at

e
th

e

ea
rt

h-
fix

ed

m
om

en
ts

to

di
st

ri
bu

te




, (C1)

Dapp,b,z = CD,t
1

2
ρair (qb,z)∥vapp,b,z∥2�tℓ⊥,b,zvapp,b,z, TD,app,b,z =

((
1

2
− z+ 1

2

Z

)(
qb − qP(b)

))
×Dapp,b,z, (C2)925

relying on the rotation matrix R
t,k

= [ê1,t,k, ê2,t,k, ê3,t,k] to transform the forces and moments into- and out-of a tether-

segment-fixed coordinate frame. This rotation matrix is the horizontal concatenation of tether unit-vectors ê3,t,k =
qk−qP(k)

∥qk−qP(k)∥2

pointing up along the tether, ê1,t,k =
ŷ×ê3,t,k

∥ŷ×ê3,t,k∥2
pointing perpendicular to the tether and the earth-fixed axis ŷ, and ê2,t,k =

ê3,t,k×ê1,t,k

∥ê3,t,k×ê1,t,k∥2
completing the right-handed set.

To this point, everything was implemented according to the above description. Unfortunately, the terms entering the tether’s930

zth element’s drag-force contribution Dapp,b,z, which should have been evaluated at the mid-points of the zth element and

should therefore have been functions of z and Z, were instead always evaluated at the mid-point of the entire tether (halfways

between the parent node P (b) and the tether upper node b). This mis-implementation reads as follows:

ℓ⊥,b,z =

√
∥∥(qb − qP(b)

)∥∥2
2
−
((

qb − qP(b)

)⊤ vapp,b,z

∥vapp,b,z∥2

)2

, vapp,b,z =
1

2

(
q̇P(b) + q̇b

)
−v∞ (qb,z) , (C3)

qb,z =
1

2

(
qP(b) + qb

)
. (C4)935
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Figure C1. The trajectory produced with the ’equivalence’ tether drag model (blue) is a much better match for the trajectory reported in

Haas et al. (2019) (turquoise), than that produced with Argatov and Silvennoinen (2013)’s ’kite only’ model (red). Both plots are shown over

adaptations of Haas (2022, Fig. 3.9b), included with permission.

The end effect is that the implemented model counts the same (poor estimate) of the tether drag Z-times over, giving results

that are very different from those produced with other tether drag models.

To produce the trajectory seen in Haas et al. (2019) with Argatov and Silvennoinen (2013)’s ’kite only’ model (or any

other more reasonable tether drag model) would require substantially more un-noted tuning and manipulation than the few

modifications described in Section 3.2 and underlined in Table C2. You can see a comparison between the trajectory reported940

in (Haas et al., 2019), and the solutions of the baseline AWE OCP with the properties, inequalities, and initial guess given in

Tables C1-C3 with both the ’kite only’ and the ’equivalence’ models in Figure C1.
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Code availability. The results generated here, were produced with awebox version 1.0.1 (Sept. 17, 2026, tag: "v1.0.1-wes-2026") available
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Nomenclature

Directions

êX,u,k in a kite’s control reference frame, pointing chordwise, from tail to nose965

êY,u,k in a kite’s control reference frame, pointing spanwise

êZ,u,k in a kite’s control reference frame, pointing upwards, along the axis of symmetry in the half-plane of

positive lift

ℓ̂ semi-infinite filament longitudinal direction
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t̂ tangential direction970

x̂ in the Earth-fixed direction, pointing downstream in the dominant wind direction

ŷ in the Earth-fixed direction, pointing to the edge of the wind-window

ẑ in the Earth-fixed direction, pointing up against gravity

Operations and Mathematical Notation

...
□ third derivative with respect to time975

□̈ second derivative with respect to time

□̇ first derivative with respect to time

□̂ a unit-vector

mod(□,J) the modulo operator, □%J

|□| the absolute value, element-wise if applied to a vector980

□ temporal-average

⌊□⌉ the cardinality of a set, a.k.a. the number of elements in the set

ceil (□) ceiling, the smallest integer value ≥□

dim(□) dimension, for example dimR3 = 3

floor(□) floor, the largest integer value ≤□985

□ a matrix or tensor quantity

□⋆ the optimal value

P (□) the parent of architectural node □, for example P (1) = 0

□′ derivative with respect to the spanwise distance, as in lift-per-unit-span

Subscripts990

∞ the freestream flow

X component along the kite control axis êX,u,k

Y component along the kite control axis êY,u,k
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Z component along the kite control axis êZ,u,k

acoll anti-collision, preventing collision between the kites995

aero aerodynamic forces and moments acting on a kite

ailn aileron, the control surface

air the material properties of the air

app the apparent velocity (relative inflow not including induced velocity)

bsln the baseline (no wake) model or OCP1000

comp the inequality constraints’ complementarity conditions, or the interior point method of handling them

cone the trajectory cone angle (between the ’line of symmetry’ of a kite’s full trajectory in time and the tether),

where meaningful

cs kite control surfaces

c vortex core1005

dyn the model dynamics

D drag force

eff the effective velocity (relative inflow including induced velocity)

elev elevator, the control surface

end the ’end’ of a vortex filament1010

ext an exterior position, especially radially on an annulus

fict fictitious forces and moments acting on a kite

final a final time, especially for the optimization period

flow the flow angle (between the axial-direction inflow and the tangential-direction inflow)

Ffil finite vortex filament1015

hmtp the homotopy solution process

incl the inclination angle (between the main tether and the ground/wind)
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ind the induced velocity, via Biot-Savart

int an interior position, especially radially on an annulus

k the kite1020

lb lower bound

LL the lifting line, or lifting line theory

LMC Lagrangian momentum correction for open systems

L lift force

l roll moment1025

MA mean aerodynamic, as in ’mean aerodynamic chord’

model a local model, as determined by a least-squares fit

m pitch moment

n yaw moment

path an OCP’s path constraints1030

pitch the pitch angle

PtPf the ratio between the power tracking and path-following weights

P the mechanical system power

Ref the reference solution used in OCP regularization or tracking

reg OCP regularization1035

RLL rigidly-convected, lifting-line vortex model

roll the roll angle

rout the main tether’s reel-out motion

rudr rudder, the control surface

safety a safety constraint or safety factor1040

scdr a secondary tether (the tether holding a kite, if not the main tether)
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shed a shed vortex, or the instant of shedding

sim simulation

SIfil semi-infinite vortex filament

sprptn the superposition of vortex elements1045

start the ’start’ of a vortex filament

switch switching from the reel-out to reel-in phase, as in switching time

S side force

tip a kite’s wingtips

track tracking the reference trajectory1050

t the main tether, or the material properties of the tether

ub upper bound

wake the wake

yaw the yaw angle

yield yield stress, as of the tether (purely material-based, does not include any safety factor)1055

⊥ in a perpendicular direction, as for tether drag

Physical Symbols

Ω angular velocity (with magnitude Ω= ∥Ω∥2) [ rad s−1]

D drag force (with magnitude D = ∥D∥2) [N]

F force (with magnitude F = ∥F ∥2) [N]1060

L lift force (with magnitude L= ∥L∥2) [N]

S side force (with magnitude S = ∥S∥2) [N]

v a flow velocity (with magnitude v = ∥v∥2) [ms−1]

α angle of attack [ rad]

A kite aspect ratio [-]1065
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β sideslip angle [ rad]

δ deflection, as in control surface deflection [ rad]

� diameter [m]

ℓ length [m]

Γ circulation, or vortex filament strength [m2 s−1]1070

τ tether tension per unit length, the Lagrange-multiplier of the holonomic tether-length constraint(s) [Nm−1]

Λ kite speed ratio (kite flight speed to freestream flow speed) [-]

L Lagrangian, in a mechanical or optimization sense [as needed]

R2 coefficient of determination, as the goodness of fit of a regression model [-]

J moment of inertia tensor [ kgm2]1075

R rotation matrix [-]

Φ a constant or factor, as in ’safety factor’ [-]

ϕ any local parameterization [as needed]

ρ density [ kgm−3]

σ stress [Nm−2]1080

φ angle [ rad]

q position in Earth-Fixed Cartesian coordinates, as generalized coordinates of Lagrangian dynamics [m]

T torque or moment [Nm]

a axial-direction induction factor [-]

b kite wingspan [m]1085

C a (3D) aerodynamic coefficient, as in the ’lift coefficient’ [-]

c kite chord length [m]

m mass [ kg]

P the mechanical system power [W]
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R radius, specifically for circular trajectories [m]1090

s area, specifically the planform area for a kite [m2]

t time [ s]

z altitude [m]

Optimization Symbols

Continuous form Discrete form Description

scalar value all values single instance all instances

d d – – model dynamics, as components of equality constraints

ψ – Ψ – objective function

g g G G equality constraints

h h H H inequality constraints

k k K K objective weights

r r – – residual functions, as components of equality constraints

u u U U controls

w w W W decision variables

x x X X states

y y Y Y algebraic variables

θ θ θ – system parameters, as decision variables

ξ ξ Ξ Ξ boundary conditions

ς ς ς – homotopy parameters

1095
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Indices, Sets, and Counting

Index Total count Set of indices Pronounced as Counts the

a A A "a", "A" wake nodes, per kite per wingtip

b B B "b", "B" architectural nodes of the system

d D – "d", "D" collocation indices

e E E "e", "E" number of vortex elements modeled per instant

i I – "i", "I" control intervals

j J – "j", "J" any local indexing or counting purpose

k K K "k", "K" kites, especially as observers of induced velocity

– L – "L" trajectory loopings or windings in one period

– P – "P" periods’ worth of wake tracked

s K K "s", "K" kites, as shedders of vorticity

t T T "t", "T" wingtips, per kite

– V – "V" vortex elements (at all time instances)

z Z – "z", "Z" tether elements on a segment between two nodes
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